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Foreword

ISO (the International Organisation for Standardization) is a worldwide federation of national
standards bodies (ISO member bodies). The work of preparing International Standards is normally
carried out through I1SO technical committees. Each member body interested in a subject for which
a technical committee has been established has the right to be represented on that committee.
International organizations, governmental or non-governmental, in liaison with 1SO, also take part
in the work. ISO collaborates closely with the International Electrotechnical Commission (IEC) on
all matters of electrotechnical standardization.

The main task of technical committees is to prepare International Standards. In exceptional
circumstances a technical committee may propose the publication of a Technical Report of one of
the following types:

— type 1, when the required support cannot be obtained for the publication of an International
Standard, despite repeated efforts:

— type 2, when the subject is still under technical development or where for any other reason
there is the future but not immediate possibility of an agreement on an International Standard:

— type 3, when a technical committee has collected data of a different kind from that which is
normally published as an International Standard (“state of the art”, for example).

Technical Reports of types 1 and 2 are subject to review within three years of publication, to
decide whether they can be transformed into International Standards. Technical Reports of type 3
do not necessarily have to be reviewed until the data they provide are considered to be no longer
valid or useful.

ISO/TR 7871, which is a Technical Report of type 3, was prepared by Technical Committee
ISO/TC 69, Applications of statistical methods, Subcommittee SC 4, Statistical process control.
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0 Introduction
0.1 Basis of cusum chart

The cumulative sum chart (hereafter referred to by the generally accepted contraction "cusum
chart") is a highly informative graphical presentation of data which are ordered in a logical
sequence. Frequently this sequence corresponds to the order of observation on a time scale.

A reference value, T, is subtracted from each observation. This reference value is generally a
constant but may be a prediction from a forecasting model or a target which may vary. The
cumulative sums of the deviations from T are formed, and these cusums (C) are piotted against
the serial numbers of the observations.

In a cusum chart intended to check a process for departure from a mean value equal to the
reference value, that value is also known as the target value or aim. Without more advanced
cusum procedures the two concepts, target value or aim and reference value must be
distinguished. The former refers to the actual or intended process average, the latter to the
reference values used in the cusum procedure. The intuitive appeal of the term target value is
strong, however, and for most of this standard, clauses 0 - 6, the common value of target value
and reference value is referred to as target value when this does not create ambiguity. In clause 6
upper and lower reference values are created and these must be distinguished from target values
or aims.

The cusum method of plotting resuits is the representation of average by the local slope of the
chart. When the local average corresponds to the target value, the path of the cusum lies roughly
parallel to the sequence axis. When the local average of the series is greater than the target value,
the cusum slopes upwards ; conversely, when the local average is less than the target value, the
cusum slopes downwards. The greater the discrepancy between the local average and the target
value, the steeper the slope of the cusum path.

The result of plotting the cusum is that changes in average level over different subdivisions of the
total sequence of observations are clearly indicated by changes in slope of the chart. The local
averages in such subdivisions can be readily estimated, either from the numerical values of the
cusum from which the chart is plotted or directly, from the chart itself.

A second effect of using cumulative sum procedures is that there is an inherent serial dependence
between the successive cumulative sums. Decisions regarding acceptable departures from the
sequence axis require the use of the method of stochastic processes.

0.2 Simple example of cusum chart

The above principles are best appreciated from a simple example. The calculations and plotting
procedure will, at this point, be developed without mathematical symbolism.

IV
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It Is supposed that the following individual observations have been obtained, over a time sequence
In order shown, and that a reference value of 15 is appropriate.

Table 1 : Data for cusum plotting

Cumuiative sum of

Observation Observed Deviation from

number value

reference value deviations

1 12 3
2 17 1
3 14 2
4 14 3
5 17 1
6 16 0
7 14 1
8 11 5
9 13 - 2 - 7
10 14 - 1 - 8
11 15 0 - 8
12 11 -4 -12
13 14 - 1 -13
14 16 + 1 -12
15 13 - 2 - 14
16 14 - 1 - 15
17 11 - 4 -19
18 12 -3 -22
19 13 - 2 - 24
20 16 + 1 - 23
21 12 -3 - 26
22 18 + 3 -23
23 18 + 3 - 20
24 17 + 2 -18
25 20 + 5 -13
26 15 0 - 13
27 14 - 1 - 14
28 18 + 3 - 11
29 20 + 5 - 6
30 16 + 1 - 5
31 18 + 3 - 2
32 14 - 1 - 3
33 16 + 1 - 2

For a conventional control chart, as in figure 1, the observed values are plotted against their
corresponding observation numbers. There is some indication that the last dozen values appear to

be clustered around a different mean level from the first 20 or so.

Plotting in the cusum mode give a much clearer display than the conventional chart. The cusum
(column 4 of table 1) is plotted against the observation number using the y ("vertical") axis for the
cusum and the x ("horizontal") axis for the observation number, figure 2.
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Figure 1 : Conventional chart of data from table 1
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Figure 2 : Cusum chart of data from table 1
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The cusum chart clearly separates into three segments. From observations numbered 1 to 7
(Inclusive) the cusum path is generally parallel to the observation number axis, i.e. the path Is
roughly horizontal. From observations 8 to 21 inclusive the path is downward (despite local
irregularities such as at observations 14, 20). From observations 22 to 33, the path is upward
(again with local irregularities).

Thus it could tentatively be inferred that :

a) observations 1 to 7 constitute a sample from a "population" whose mean is at or near the
target value (15) :

b) observations 8 to 21 appear to have been sampled from a population whose mean is
below 15 ; |

c) observations 22 onward appear to come from a population whose mean is greater than 15.
There are now a number of questions that might be asked :

1) in the light of the underlying variability (as indicated, for example, by the irregularities in the
cusum path) can it be concluded that the changes in slope represent real shifts in average
rather than merely lucky or unlucky runs of samples from a stable population ?

2) if the changes are real, how should the data be used to estimate local averages ?

3) to what extent might the inferences or estimates be affected by the choice of the reference
value or the cusum scale factor ? Thus figures 3 and 4 show the same series plotted first with
the same cusum scale but with a target of 12 ; and second with a target of 15 but a
compressed cusum scale.

In figures 3 and 4, the change in slope around observation number 8 is less apparent. The change
around number 21 Is still visible, but it is less easy to “pinpoint” in figure 4. Thus the choice of
reference value and scale factor need careful attention, to avoid either the suppression of useful
information or, conversely, the exaggeration of spurious effects. It is also clear from figure 3 that
use of a an inappropriate target value may result in the chart running off the upper of lower edge
of the graph paper, although this problem may also be minimized by replotting from a new zero at
any point in the sequence.

VIl
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Figure 3 : Cusum chart of data from table 1, with reference value 12
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Cumulative sum charts — Guide to quality control and data
analysis using CUSUM techniques

1 Scope and general principles

1.1 General

This standard introduces the principles of cusum charting and includes guidance on the
preparation and interpretation of cusum charts using basic decision rules.

1.2 Fundamental requirements
The fundamental requirements from cusum charting are as follows :
a) the observations should be at least on an interval scale of measurement :

b) there should be logical grounds for the sequence for plotting. This arises naturally in process
control.

These requirements are taken in order. The interval property requires any given numerical
difference between two observations to have the same interpretation throughout the range of the
variable. Thus a difference of 0,1 mm between the lengths of two objects has the same meaning
whether the objects are woodscrews of length 10,1 mm and 10,0 mm or steel girders of length
10 000,1 mm and 10 000,0 mm although the latter difference may be unimportant. Many arbitrary
scales do not have this property : ratings are an example, where perhaps a serious nonconformity
scores 10 points, a moderate nonconformity 5 and minor nonconformity 1. We cannot then

interpret this to mean that the following items are necessarily equally undesirable, although their
score differences are zero :

- item A one serious nonconformity Score =10 ;
- item B two moderate nonconformities Score =10 ;
- item C one moderate, five minor nonconformities Score =10 ;
- tem D ten minor nonconformities Score = 10.

Interpretation of "average” score could be misleading if the balance of serious, moderate and
minor nonconformities, rather than merely their overall frequency, changes.

The logical sequence property may arise in numerous ways. The observations may occur in a time
or length sequence, thus forming a natural progression. Monitoring for quality or process control
provides many cases of this kind.
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Observations may be ordered according to the value of some auxiliary variable measured on the
items. The cusum then provides a means of presenting or investigating relationships between
variables, or augmenting a regression or correlation analysis. Any kind of ordering or grouping that
uses some structural feature of the observations or the background from which they are taken may
provide the basis for the cusum sequences.

1.3 Types of data amenable to cusum charting

Many types of data satisfy the fundamental requirements a) and b) of 1.2 ; Perhaps the most
frequent applications of cusum charts have been in quality control, where observations such as
sample means or ranges are plotted in sequence to assess the state of a process. When using a
cusum chart as a device for effective data presentation, it is not necessary to specify a distribution,
nor to require independence between successive observations. These conditions are important for
decision rules, but not for data presentation. Indeed, the cusum chart may assist in the
identification of distributional features such as serial correlation or cyclic behavior.

Thus data involving ranges or sample estimates of standard deviation may be plotted on cusum
charts, as well as sample averages. Counts of nonconformities are also encountered in quality
control, and may be monitored by cusum charts.

1.4 Monitoring or retrospective analysis
In prescribing decision rules and statistical tests, two distinct situations should be recognized :

a) the object of charting may be to monitor the behavior of a series of observations against
some specified or standard reference value such as in quality control operations. Decision rules
for monitoring are presented in clause 4.

b) the object may be to examine historical data, or observations grouped in some logical
manner, so as to detect any differences between segments. No formal standard or reference
value exists. This situation is close to that of testing the significance of apparent differences
between groups of observations, but it differs in that the grouping may be effected on the basis
of a preliminary inspection of the cusum chart. Statistical tests for retrospective analysis are

presented in clause 5.

2 Preparations for cusum charting

2.1 Notation

A reference value will be denoted by T. As each observation in the sequence is encountered, the
difference (Y, - T) is formed. These differences are summed, so that by the time Y, is reached, the

cusum is formed :

Ci= i(yl'_T)
r=1 (1)
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The cusum, C;, is plotted as ordinate ("vertical" axis) against the abscissa ("horizontal" axis).
Assuming that i takes successive integer values 0 (at the origin), 1, 2, ..., the scale factor on the
vertical axis will be denoted by A. This is interpreted as meaning that the distance which, on the
horizontal scale, corresponds to one plotting interval, represents A on the cusum scale. This scale
factor may often be expressed as mutiples of the standard error of the plotted values (c.), and this

standardized scale factor will carry the a (thus A = ac,). The meaning and estimation of O, IS
detailed in appendix A.

It will frequently be useful to calculate a local average for the sequence of points from i to j, or from
1to -1, or perhaps from j to j +r, etc. These will be indicated by :

Other notation will be defined as it is introduced.

2.2 Choice of reference value (T)

Choice of a suitable target value is one of the two most important steps in the preparations. An
unsuitable target value will cause the cusum to slope persistently up or down, making changes
more difficult to observe, and necessitating frequent replotting when the chart runs off the top or
bottom of the graph (see Appendix D).

2.3 In many cases, T is a specified target or aim level of the quality measure. It is wise to have
assurance that the process can produce this quality, otherwise the cusum chart will merely be a
persistent reminder of failure, and in such circumstances any control system tends to be ignored
or fall into disuse.

There may not always be an aim value for T. Sometimes the mean leve! of the quality measure
over a recent stable series of data may be used. |

2.4 \Where a cusum chart is to be used for retrospective examination of a series of historical
data, or residuals form an experiment, the natural target becomes the arithmetic mean of the
complete series. Apart from any minor discrepancy arising from rounding of the mean, this choice
for T will result in the cusum being and ending at the same ordinate value. Combined with suitable
scaling (see appendix B) the cusum plot may be contained within the limits of the graph grid used
for plotting. |

2.5 Binary data, coded as a sequence of 0's and 1's, require an appropriate estimate of the
proportion of responses which are scored as 1's. This proportion is then used as a target value.
For quality control applications, a proportion of nonconformities or Acceptabie Quality Level (AQL)
may be specified by contract, or a feasibility study may provide a suitable value. In experiments
involving binary response, either the overall proportion for the complete experiment may be used
or, in the case of sequential experiments, the target may be set at the proportion observed in the
first complete segment of the experiment, modifying this later if it proves unsuitable.
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2.6 Types of variation

In order to scale the chart effectively, and also to provide a basis for significance tests, a measure
of the underlying short-term variation in the series is required. In engineering terms, the noise
should be measured in order to scale the system for detection of signals.

The fundamental statistical measure of variation is the standard deviation. It may be estimated
from a sample of n vaiues by :

. 1 —\2
s(estimate of 5) = V77 (vi—¥) (2)
where :
— 1
= —2V
y o yi

The summation extending over the n observation in the sampile.

Frequently the values to be plotted are some function of a group of observations, a statistic such
as their mean, range, proportion nonconforming, etc. The appropriate measure of variation then
becomes the standard error of the plotted sample statistic (or an estimate thereof if this is
unknown). The simplest cases are those of the sample mean, x, or proportion non conforming,
p, in a sample of n items. Not that n is the size of each of the samples, that is, the number of
observations per sample, not the number of samples to be plotted.

In these two simple cases, assuming an in-control process .

Standard errorof y, 6, = o/ Jn - often being replaced by its estimate.

When the observations are counts or proportions of items with a specified attribute in samples of
size n, if the process is under statistical control with p, the probability an item has the attribute,

then the binomial distribution is appropriate giving :

\ p0(1; Po) (3)

Standard error of p, ¢, =

often written as, G, = \p‘ft’, g, =1- P,

The standard deviation of number of items per sample having the required attribute Is :

6 = NPol (4)
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This is one instance where the standard deviation itself may be useful for diagnostic purposes in
connection with a plot of raw sample data. Another is the number of nonconformities, faults.
defects, or other occurrences in some quantity of product or material, or observed in some time
segment. Examples are faults per meter (or square meter) of cloth, and accidents per week in a
factory. Here, if the conditions appropriate to the Poisson distribution are assumed :

c = Jm

where m is the average level of occurrences per sample. In particular, if the probability of a
nonconformity in a very smail volume of product is very small and is proportional to the volume of
the product, and if the nonconformities occur independently of one another, then a mathematical
consequence is that the nonconformities can be expected to follow the Poisson distribution.

The requirement of “statistical control” implies that, during any period when no "assignable"
change, or cause of variation, occurs, all the items sampled may be regarded as simple random
samples from the whole process (or population, or time segment, etc). In this case, the short-term
variation as observed between items within samples forms a suitable basis (via the standard error
of the chosen summary statistic) for estimating the expected variation in the sequence as a whole.
Any variation greater than this is assumed to arise from assignable causes, indicating a shift in the
mean of the series or a change in the nature or magnitude of the variation.

There are many cases where the simple use of overall estimates of the standard deviation is
inappropriate. Some circumstances resulting in its breakdown are as follows :

a) In making observations on a continuous process, there may be small but unimportant
variations in the average level ; it is against these variations, rather than the extremely short-
term variation, that systematic or sustained changes should be judged. As examples, an
Industrial process may be controlled by a thermostat or other automatic control device ; quality
of raw material input may be subject to minor variations although never violating a specification.
In monitoring a patient's response to treatment, there may be minor metabolic changes
connected with meals, hospital or domestic routine, etc., but any effect of treatment should be
judged against the overall typical variation :

b) The method of sampling may itself induce effects like those in a). Often samples comprise
items taken close together from a production line, on the grounds that a true random sample of
all tems manufactured is inconvenient. The items then constitute a "cluster" sample, and may
tend to be too similar to each other to form a basis for assessing overall variation ;

c) Samples may comprise output or observations from several sources (machines, operators,
administrative areas). As such, there may be too much local variation to provide a realistic
basis for assessing whether meaningful changes have occurred.

Because of this, data arising from a combination of such sources should be treated with caution
as any local peculiarities within each contributing source may be overiooked ; moreover, |
variation between the sources may mask any changes occurring over the whole system as time

progresses.
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d) Serial correlation may be present in the observations, that is, one observation is correlated
with others nearby. For example, if moving averages are used, the overlap between the data
values used in one such average and the next produces a positive serial correlation. In
estimating use of a bulk material from differences between successive gauge or dipstick
readings, an overestimate on one occasion will tend to produce an underestimate on the next,
giving negative correlation. The possible presence of one or other of these effects needs to be
recognized. Positive serial correlation is especially likely in some industrial processes where
one batch of material may partially mix with preceding and succeeding batches producing what
Is sometimes termed as "heel" effect. Successive additions of fuel to the tank of a vehicle is an
everyday example, each new addition being made before the tank is exhausted.

It is thus necessary to consider other measures of variation in the series or sequences of data,
and the circumstances to which they are appropriate. Such measures of variation include treating

the differences between successive sample values (Sj = Y- yj-__1) as the appropriate type of

variation and treating all the sample values, y;, as though they were drawn from a singie
population. These measures are discussed in appendix A.

2.7 Measures of variation

See appendix A.

2.8 Scaling the chart

See appendix B.

2.9 Check list of cusum preliminaries

As a reminder of (but not a substitute for) the detailed description of preliminary steps set out in
this chapter, the following check list may be useful.

Choose an appropriate target value. The possibilities include :
a) a specification value ;

b) a satisfactory level of performance (for a process) which has a reasonable chance of being
achieved ;

c) an average level of performance over a recent and typical period or segment

d) the average level of a complete set of observations, where retrospective analysis is involved.
Select a suitable measure of variation, taking the points in 2.7 into account.
Decide on the scaling convention to be adopted. The method of B.1 is generally the simplest for
both preparation and interpretation, but for some special purposes one of the other two

conventions may be preferred or special forms may be prepared for routine use.

Ensure that staff involved in the preparation or interpretation of the charts are familiar with the
procedure.
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3 Presentation

3.1 In clause 2 preparations for plotting the chart were detailed, including selection of the target
value, defining and calculating a measure of variation, and the choice of a scaling factor.

Some practical points of labelling also deserve attention. The minimum information presented on
the chart shouid include the following :

a) Target value (which may be accompanied by a brief indication of the reason for its selection,
e.g. specified mean value, mean of past data) :

b) Standard error of the observations (which may be accompanied by a note on the method
used to estimate it) ;

c) Nature of the observations (original values, sample means, nonconformity counts, etc.)

d) Title indicating the purpose of the chart (e.g. "Cusum chart for controi of .....", or
"Retrospective cusum for data from .....") ;

e) Clear labelling of the i-scale (sample intervals) and cusum scale.

3.2 To assist in interpreting observed cusum chart pattern changes in conditions that are known
to have occurred can be noted at the appropriate point on the i-scale. Examples are new deliveries
of raw materials for the manufacturing process, or changes of personnel or of methods of
operation.

In examining residual errors from an experiment, the points where changes in levels of the
experimental factors occurred may be noted. For data collected over time, occasional date marks
should be highlighted on the i-scale.

The likely inclusion of information of this kind may affect the choice of sample interval scale ; if
appreciable annotation is envisaged, a more generous scale may be preferred than would
otherwise be the case, to avoid a chart excessively cluttered with auxiliary information.

3.3 Choice of chart origin

For most applications, the origin for plotting the cusum scale will be zero, with provision for positive
and negative cumulative sums to be plotted. However, the subsequent visual interpretation of the
chart is not affected by the actual origin adopted, and if non-negative values are preferred, the
cusum may be commenced at a suitable positive value. For example, when a chart is a
continuation of some previous plot, or when the cusum path runs off the top or bottom of the
graph, it may be useful to commence the new chart (or replotted segment) at a value
corresponding to the general level near the conclusion of the previous chart (or segment).

3.4 Calculation of local averages

See appendix C.
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3.5 Replotting the cusum chart

See appendix D.

4 Decision rules for monitoring and control
4.1 Iintroduction

4.1.1 In this clause and in clause 5, simple decision rules are presented for determining whether
apparent changes in cusum slope (and hence of the average level of the plotted variable) are real,
or whether they may be regarded as part of the underlying variability in the data.

The present clause is concerned with monitoring and control applications : the plotting of data
points in sequence as the observations are obtained, to detect as rapidly as possible any shift
from a target level. Clause 5 deals with decision rules for the retrospective analysis of existing data
to establish whether particular segments differ in average level from the preceding or succeeding
segments.

4.1.2 The use of decision rules may not always be necessary, especially in cases where cusum
charts are used only as a means of effective presentation of series data. However, where
decisions and possibly resulting action need to be taken, the cusum method often yields more
efficient use of the available data than other traditional techniques. In this context, efficiency
implies either that decisions about changes in level are reached more quickly ; or that false alarms
(erroneous decisions that a shift in mean has occurred when in fact there has been no change)
are less frequent ; or that both advantages may be obtained together.

4.1.3 Cusum procedures when used for monitoring and control have the dual objectives of
detecting significant changes and the points at which they occur. In order to measure the
performance of such procedures, it is relevant to consider the average number of samples taken
until an apparent change is signalled by the chosen decision rule. When no real change has
occurred, this average run length shouid be long -perhaps hundreds of samples - as any signals
will then be false alarms. When a large shift from target occurs, a short average run length is
desirable so as to detect off-standard conditions rapidly. The response of a decision rule to various
magnitudes of shift from target can be represented by an average run length curve (ARL curve),
which provides a means of comparing decision rules in a manner analogous to that of the
operating characteristic (OC curve) for comparing acceptance sampling procedures, or the power
curve for comparing statistical hypothesis tests. |

It should be noted that the run length itself is subject to statistical variation. Sometimes one may
be "lucky" in obtaining no false alarms over a long run, or detecting a change very quickly.
Sometimes an "unfortunate" run of samples may generate false alarms, or mask a real change so
that it does not yield a signal. The average run length (ARL) is used as a summary measure for
comparison of schemes and decision rules, but other aspects of run length (moae or median run
length, or the complete run length distribution) may sometimes deserve attention. Typical run
length distributions are illustrated in Figure 9.
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a) ARL =5 b) ARL =20
c =4 o, = 18,9
Median = 3.5 Median = 14
Mode = 2 Mode = 3
2.9 % of runs > 16 12.5 % of runs > 41
1 % of runs > 19, etc. 7.5 % of runs > 50, etc.
0,15
0,1C 0,04
0,03 41 .
0.0 0,02 i i
0.0 [ARHIRRRRRRIIGL

. s T 15 20 (= ° 10 2Z0 30 40 SO L —»

c) ARL = 96,5
o, = 95,6
Median = 67
Mode = 4
12,5 % of runs > 200
7.5 % of runs > 250, etc.

50 0 80 do 100 120 130 130 |

Figure 5 : Distributions of characteristic run lengthes
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4.1.4 The essential features of the cusum chart relevant to the detection of changes in the
underlying average level are the steepness of the cusum slope and the number of samples over
which the slope persists. For monitoring and control, the object is to detect shifts from a target
level. When the process is running at the target level, because of sampling variation, inevitably
there will be occasions when the cusum path apparently diverges from the horizontal. The decision
rule should not give false alarms that indicate that such sequences represent significant departure
from target. On the other hand, when the process moves to an unsatisfactory condition, the
decision rule should give as rapid a response as possible. The desiderata are thus :

True process condition Cusum response
At or near target Long ARL (few false alarms)
Substantial departure from target Short ARL (Rapid detection)

The detailed specification of cusum procedures to give prescribed ARLs at particular quality levels
is deferred to other standards. Here are presented simple rules that cover a wide range of
applications. Their run length properties are related to quality levels generally defined as
departures from target, measured in standard errors of the plotted variable. The standard error is
assumed to be known from some preliminary evaluation, as described in Appendix A of this
standard.

4.2 CUSUM V-masks
4.2.1 General

The simplest decision rules for use in conjunction with cusum charts are embodied in V-masks.
There are three slightly differing forms, but all are identical in principle and effect. Each form may
be applied with any of the three scaling conventions ; they will be applied to the more generally
used version, as detailed in B.1 of Appendix B of this standard.

If the cusums are implemented by computing, the decision rules are also identical in principle and
effect, but are different in form and are described in clause 6.

4.2.2 The truncated V-mask

Although a complete V-mask may be used, the truncated form is convenient in practice. The mask
geometry is referenced to a point, indicated by A in figure 6, which may be identified by a small
notch in the vertical section BC. Two sloping arms run from B to D and C to E, but they may be
extended indefinitely beyond D or E if required. To correspond with later sections of this standard
the vertical half-distances AB. AC will be termed the decision interval, and the lines BD, CE as
decision lines. The slope of these decision lines, measured in scale units per sample plotting
interval, will correspond to the reference values introduced in 6.1.3.

The construction of the mask is detailed in figure 6. Note that the distances 5o,, 106, may be
transferred from the cusum scale if desired, or calculated from o, and the scale factor, if preferred.

10
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The mask is used by placing the geometric reference point A, over any plotted point on the chart :
this will often be the most recent point plotted, or the last point in some segment of particular
Interest. The AF axis is laid parallel to the sample number axis of the chart. If any preceding
cusum point is outside the sloping arms (or their extensions beyond D or E), a significant

departure from the target value is signalled. However, if the entire cusum path remains inside the
arms, no significant shift is indicated.

Figures 7 and 8 show the truncated mask applied at two points on the cusum chart of the data
from 0.2 (table 1 and figure 2). The value of o, is assumed to be 2,0. With the mask applied at
observation 16, the cusum remains within the sloping arms, and the segment from samples 8 to
16 does not differ significantly from the target value of 15. However, with the mask applied at

sample 18, the cusum path is seen to touch the upper decision line, indicating that, by the time the

18th value is obtained, sufficient evidence has accumulated to signal a downward shift from the
target value.

B

T_ Decic
F — — — — intervals
1|0864 2 |}5

Sampie intervals
100,

Decision line

Figure 6 - General-purpose truncated V-mask

Several points are worth noting here :

a) the upper decision line is touched by sample points 6 and 7. If the cusum touches or crosses
the decision line it is deemed to be a violation, yielding a signal

b) the point at which the decision line is violated requires extending the arm of the mask, but
the inference of a change in mean is valid ;

c) if the mask is applied at any point before 18, no decision is signalled. If it is applied at any
point between 18 and 21 (the end of the downward segment) a significant downward shift is
indicated. Repeated (even unnecessary) use of the mask does not invalidate or modify the
signals already obtained ;

11
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d) the signal occurs at sample 18. At this point, the evidence Is sufficient to support a
conclusion that the mean has changed, but the change is likely to have set in at some eariier
stage. Inspection of the chart suggests samples 7 to 8 as the first of a sequence in which the
average is displaced from the target value ;

e) similar use of the V-mask later in this series would reveal a violation of the lower arm,
indicating an upward shift by the 29th sample point.
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Figure 7 : Truncated V-mask applied to cusum chart : no indication of shift

Cuosum T=15.oe=2
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Figure 8 : Truncated V-mask applied to cusum chart : indication of shift
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f) In a control situation, appropriate action would be indicated after plotting sample value 18 and
obtaining a signal from application of the V-mask. An estimate of the new mean level is useful
In determining the correct adjustment, and use of the method described in appendix C of this
standard yields :

C,;=-22,C,=0

-22 -0

y =15+~ =13,16

If action is delayed or ineffective, this estimate may be up-dated at a later stage if required.

4.3 The full V-mask

Appendix E details the construction of full V-masks.

4.4 Local decision lines

Appendix F details the construction of local decision lines.

4.5 Average run length characteristics of basic decision rule

4.5.1 This clause presents the average run length properties of the basic decision rule formulated
in 4.2 and incorporated in the various graphical methods of cusum application by masks and
decision lines. Readers familiar with Shewhart-type control charts may find it useful to compare
this ARL curve with those for two well-established procedures :

a) Shewhart-type control chart with action limits only ;
b) Shewhart-type control chart with action limits and warning limits.

The ARL data refer to observations having a normal distribution with known standard error (o, )

which Is unaffected by changes in mean level of the observations. For non-normal distributions, or
where variation may be affected by changes in mean, the ARL data may be considerably affected,
both for Shewhart-type control charts and cusums. The average run lengths refer to two-sided
control of the average.

The ARL data are listed in table 2 and presented graphically in figure 9.

13
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Table 2 : Average run lengths for cusum and Shewhart-type control charts
(h=5andf=0,5)

Action Action and
limit warning

Action and
warning

Shift in process
average from CUSUM | Action limit
target value

(units of 6)

3,090, 196 0,| 30, 36,20,

Readers familiar with Shewhart-type control charts will recognize that in many countries the
multipliers 3,09¢, and 1,96c, are conventional, while in many other countries the multipliers 3o,
and 2c, are conventional. As table 2 makes clear, the CUSUM ARL curves are significantly better
than Shewhart-type charts using either convention ; better in the sense of long on-target ARLs
combined with short ARLs in the important off-target range of about 1,0c..

Decision rules :
CUSUM has H = 56, f = 0,5 (slope of decision line F = 0,5¢, per sample interval).
Shewhart-type control charts :
Action limits at + 3,095, correspond to "1 in 500" points (99,8 %) of distribution.
Action limits £ 3,0c, correspond to "1 in 370" points (99,13 %) of distribution.
Warning limits at + 1,96c, correspond to "1 in 20" points (5,0 %) of distribution.
Warning limits at £ 2,0c, correspond to "1 in 22" points (4,6 %) of distribution.
Signal generated by single action value only, or

Signal generated by single action value or two successive warning values on the same side of
the target value.

14
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Figure 9 : Average run length data for cusum and Shewhart-type

(see table 2)
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4.5.2 In general, when the design parameters of a CUSUM scheme are chosen to give an on-
target ARL roughly equal to that of a conventional Shewhart-type scheme, the CUSUM scheme
can be designed to give much shorter ARLs than the Shewhart scheme for shifts from target in the
important range 0,5c, to 1,50,. This is a decisive advantage for CUSUM, and is illustrated in table

2 and figure 9. Note the logarithmic ARL scale in figure 9. The Shewhart-type charts are faster in
responding to very large process shifts, as can be seen from the crossing of the ARL curves in
figure 9. However, both types of charts respond very rapidly to very large shifts and the practical
difference is minimal.

4.5.3 The user of the basic cusum decision rule may find it useful to have some indication of the
possible effect of non-normality on the ARL characteristics. In general, skewness with the longer
tail in the same sense as the direction of potential shift in one-sided control will resuit in shortening
the ARL at target, but it will have little effect on the ARL for large shifts in mean. Conversely, if the
shorter tail is in the direction of potential shift, the ARL at target level will be considerably
lengthened (again with little effect on ARL for large shifts).

If the distribution is discrete rather than continuous (as may occur with coarse measurements as
well as with counting of nonconformities of defects), the ARL near target is again shortened, with

little effect on ARL for large shifts.
The effects of skewness and discreteness may be illustrated by two examples

a) for a "folded" normal distribution, as may occur in observing absolute deviations from a
target quantity, the ARL at target conditions falis from 930 samples (for the normal distribution)

to 370 samples ;

b) for a Poisson distribution with mean = 4 (so that the standard deviation is 2) a cusum
scheme with H = 10 and f = 0,5 (slope of decision line = 1) has ARL 420 samples as compared
with 930 samples for a normal distribution with the same mean and standard deviation.

In both cases. shifts which would yield ARL less than about 20 for a normal distribution yieid very
similar ARLs for the non-normal cases.

Table 3 : Effect of incorrect value of o, on ARL for one-sided control

Process average Over-estimate Correct Under-estimate
(as function of true ¢.) | o, by 10 % estimate of o, c. by 10 %

3 000 930 410
45 35
10 10
6 6
4,4 4,5
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4.5.4 The importance of having a reliable estimate of o, has been noted in 2.3 of this standard.
Under or over-estimation of o, will distort the ARL characteristics, again having little effect for large
shifts but gross effects on ARL near target conditions. Thus for 10 % errors in estimation of o,, the
distortions shown in table 3 could occur for one-sided control.

4.5.5 Finally, it should be noted that the effects of non-normality, error in estimating parameters
and other possible departures from explicit or implicit assumptions apply in similar degree to the
use of conventional control charts, and are not a peculiarity of cusum methods.

4.6 Modifications to the standard cusum procedure

Among the various modifications to the standard CUSUM that have been developed, three are
described briefly in this standard as being especially useful.

The CUSUM design can be made more sensitive to shifts of a defined magnitude by adjusting the
design parameters h and f. For the value f = 0,5 discussed in this standard, greatest sensitivity is
focused on shifts of magnitude equal to o,

A combined Shewhart-CUSUM scheme can provide enhanced sensitivity to very large deviations
with littie degradation of the other regions of the ARL curve.

A Fast Initial Response (FIR) CUSUM can provide greater sensitivity to being off-target during
startup or after a change has been made in the process being monitored or controlled.

4.6.1 Combined Shewhart-CUSUM

The traditional action limits on Shewhart-type charts are set at either 3 (Shewhart version) or
3,090 (99,8 percentile of normal distribution), with warning limits at 2 (Shewhart) or 1,96c

(97,5 percentile of normal distribution). To combine a Shewhart-control limit (SCL) with a CUSUM
scheme to test for upward movement, we take the current observatory y; (which may be an
average for a routine sample) and test whether y, > m + SCLo, where m is the desired mean
value and o is the know standard deviation of the y observations. if y; passes this test, it is added
to the CUSUM in the usual way, if y, fails this test then an out of control state is signalled. The
modification if we test against downward movement is clearly to test whether y, < m - SClLo. The
average run length of this modified procedure is given in table 5 for both SCL = 3,0 and SCL = 3,1.
The increased sensitivity to large deviations is clear since 3o displacements are detected (on
average) more quickly by the revised scheme than 4c displacement by the original scheme and
four displacements have ARL's to signal approximately 1,2 in place of 2 sampling intervals. The
sensitivity may itself be an embarrassment if there is an appreciable probability of obtaining fauity
y observations unrepresentative of the process at the time of sampling. There is more likely to
happen when y is in fact a single observation of the process (not an average of a routine sample).
This sensitivity to spurious values may be compensated for by treating an observation as an outlier
if it lies outside specified limits and replacing it by a second sample if practical or by the next
sample if not. Two successive outliers require immediate attention even if they lie on opposite
sides of the desired mean value. This form of presenting the procedure is to be preferred to one
which ignores the outliers completely and to a lesser extent it is to be preferred to a procedure
which replaces the outlier by the nearest value which would not be classified as outlying.
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4.6.2 Combined snub-nosed scheme

Greater sensitivity to large departures from the in-control state can also be achieved by running
parallel CUSUM procedures with different values for h and f. For example if the values h = 5,

f = 0.5 are used to control the smalier displacements of the mean then using h = 1,55 and

f = 1,55 will reproduce the effect of SCL = 3,1 and also produce an approximation to the use of
warning limits. The ARL will be approximately the same as the SCL = 3,1 scheme for low ARL's.
In general the true average run length will not be greater than the minimum of the average run
lengths under the parallel CUSUM schemes. For many purposes this knowledge will be sufficient
without a detailed calculation of the average run length for the combined schemes. The controi
procedures requires only two running totals, it is referred to as a snub-nosea CUSUM mask.

Table 4 : Data for construction of a typical snub-nosed CUSUM mask

Half-width of mask at 1
(units of c,)

y

Distance from datum
(sample intervals)

0 1,95
1 3,
2 4,65
3 6,2
4 7.0
5 7,9
6 8,0
7 8,5
8 9,0
S 9,5
10 10,0
15 12,9
20 15,0

The equations may be used for construction if required.
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Figure 10 : Snub-nosed CUSUM mask

Table 5 : Comparison of average run lengths for various modified procedures

Single sided schemes

Shewhart-
CUSUM

Standard FIR scheme

CUSUM

Snub-nosed
scheme

Displacement of

process mean Combined

(units of o)

f=0,5
S=25

SCL=3,0 SCL = 3,1 h=25,0
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Table 6 : ARL's for one sided CUSUM scheme S(0) = H/2

Parameters Displacement of current mean (mulitiple of true value of sigma)

T < [ =0 [ a0 [amo oo o7 | 1om | 10 | 200 | 20 [ w0 [ m_

Parameters

5668 | 3,663 1,169
8,991 | 5,291
13,48 7,382
17,86 9,416
22,13 [11,43
7,785 | 4,626
13,25 | 6,799
20,25 8,991
28,76 | 11,24
38,76 | 13,48
9,747 | 5,658
18,72 9,004
33,39 113,25
56,40 |18,36
91,74 | 24,32
10,04 6,084
18,70 9,747
3440 {1519
61,68 |22,87
108,0 33,38
185,98 47,59
18,31 | 11,27
40,61 20,79
89,74 |39,44
203,5 175,30
464,3 |142,8

- H = Decision interval for the CUSUM scheme ;

- K = Reference value ;

- S(0) = Headstart value.

4.7 Non-standard average run lengths

The average run lengths described for the various schemes are appropriate when the CUSUM IS
set at zero when the change from in-control conditions occurs. Aithough this condition i1s not
realistic in practice, the ranking it produces for alternative CUSUM schemes is satisfactory since
the expected value of the cumulative sum Is zero in the steady state in-control condition and the
distribution of starting points is concentrated about zero.
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There are circumstances, however, in which the average run lengths from a starting point other
than zero are important. When starting up a process, or readjusting the process after an out of
control situation has been signalled, there may be some doubt as to whether the process is in
control to begin with. There are advantages here in having an early warning of unsatisfactory
adjustment to the process parameters. This can be achieved by giving the decision boundary
(either upper or lower) the standard starting value of zero. With a "head start", s, those values of
the process mean that are at some distance from the reference value have an effective decision
interval close to (h - s) if the mean is on the unfavorable side and an effective decision interval h
if the mean is on the favorable side of the reference value. Intermediate values have intermediate
effective decision intervals. Table 6 gives some values of ARL's for selected CUSUM schemes
with "head starts" equal to h/2 are of interest. A comparison with other schemes is given for

h =50, f=0,5 and head start equal to 2,5 in table 5.

The use of a non zero starting value for the cumulative sum is known as the fast initial response
procedure. The effect of the initial setting lasts until either the CUSUM attains the value zero
before signalling an out of control state or signals an out of control state without passing through
the value zero. In the first case the CUSUM behavior reverts to the standard mode starting from
zero, in the second case the out of control signal is given earlier than would have been the case
with the standard mode of operation for most sequences and never later.

Cusam T=15 g =20 (Segment fromi=7 10 i=30 from table 1, figure 2)
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Figure 11 : Application of span test to CUSUM chart
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5 Decision rules for retrospective analysis

5.1 Introduction

9.1.1 The fundamental difference between retrospective analysis and monitoring is that for the
latter (as detailed in the previous clause) the mean levels in all suspected segments are compared
with a target value, specified in advance. In the case of retrospective analysis, the interest centres
on differences between adjacent segments ; sometimes they may be prior grounds for the
definition of the segments (e.g. changes in operating or experimental conditions occurred at known
points in the sequence), but often the basis for segmentation and estimation of points of change
will be the appearance of the cusum chart itself.

5.1.2 Where a decision rule is applied to test whether the apparent difference between segments
may be merely a manifestation of the underlying variation in the sequence, the problem is
analogous to the use of tests of significance of the difference in mean between two groups of
observations. Indeed, where the segmentation is based on external factors, conventional tests of
the "no difference in mean between two groups of observations” hypothesis may be applied, and
the CUSUM regarded merely as a useful device for data presentation (and perhaps further
diagnosis). However, where the segmentation is based on inspection of the chart, the initial
hypotheses are formulated after inspection of the data, so that conventional tests are no longer
applicable.

5.1.3 In the course of retrospective analysis of a long series of observations, numerous tests of
the differences between successive segments may be applied. Each of these tests carries a risk of
- type 1 errors : an incorrect decision that a difference exists when no real change has occurred.
When many tests are carried out, the overall significance of apparent differences between
segments shouid therefore be interpreted with caution. It is suggested that, when testing a
difference between two segments of total length m in a series of N observations in all, the required
significance level, o, for individual tests should be modified to ma/N to avoid excessive type 1

errors in examining the complete series. Alternatively, the observed probability of the test statistics
for individual tests may be multiplied by N/m.

5.2 "Span" tests

5.2.1 When inspecting a cusum chart for possible points of change in average level of the plotted
variable, the basis for segmentation is the occurrence of local maxima or minima in the CUSUM.
A useful criterion for assessing the significance of such change is the maximum extent to which

the CUSUM deviates from a straight line joining the ends of the sequence within which a change is
suspected.

5.2.2 For a CUSUM chart, the maximum vertical height, V..., standardized by dividing the
observed height by the standard error of the observations, is measured by drawing a chord (AB

in figure 11) between the points at the ends of the sequence, and measuring the maximum vertical
distance (CD) from the CUSUM to the cord. This maximum will occur at an apparent turning point
in the CUSUM : either a local maximum or minimum, or a point where the slope becomes steeper
or flatter ; such points are termed "corners".
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The value of V., /o, is then referred to the nomogram of figure 12 for the appropriate span, i.e.

the horizontal length of the segment AB, in sample intervals. The P-scale of figure 12 then gives

the probability of exceeding V., /o, in a sequence of length m from a series of independent
standard normal observations.

5.2.3 Alternatively, where the original CUSUM calculations are available, the maximum vertical
height may be calculated from :

Vo =C,-Ci-1'-—:-i-(Ci—Ci),m=j—i

] —1

where r is the sample number corresponding to a suspected change point in the sequence i + 1
to | (i.e. i, r and | are successive "corners" on the CUSUM charts).

Thus for the sequence i =7, r =21, j = 31 on figure 2, from table 1 :
C;=-1,C=-26,C;=-2
hence :

21-7 14
V. =26 (1) = = (2= (=1)) = ~25 - 2 x — 1= —24 42
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With 6, = 2,0 for this series :

= 24’4‘2-: 12,21
2

V. /o,

From figure 12, this value lies well below the 0,001 point for m = 24, and the change in mean level
Is a highly significant indication of a real shift in the average level of the series under observation.
The analysis by direct measurement from the chart gives the same conclusion, subject only to
limitations of graphic precision.

9.3 Distribution-free CUSUM tests

Appendix G details distribution-free CUSUM tests.

6 Computational CUSUM techniques
6.1 CUSUMS without charts

6.1.1 Where the purpose of a CUSUM procedure is mainly to detect off-standard conditions, rather
than to present a graphical summary of sequential data, the information available at any point in
the sequence (usually a time sequence in monitoring applications) can be recorded in a CUSUM
tabulation instead of a chart. A numerical decision rule then replaces the mask used with a chart.

- To Introduce the tabulation method, it will be uséful to present the use of a decision line on a
CUSUM chart a slightly different format.

6.1.2 Instead of erecting the vertical decision interval through a suspected change point, and
then drawing the sloping decision line from the end of the vertical line (as in appendix F and
figures 22 and 23), begin by drawing a line of the same slope as the decision line, but passing

through the suspected change point (AB in figure 13). This "reference line" will slope upward if the
mean level is suspected to have increased, and downward if a decrease in mean is apparent. A
signal will then be generated if the CUSUM path rises more than H units above an upward
reference line or falls more than H units below a downward reference line. This alternative
construction will yield identical signals to the usual decision line or mask (given equal slopes and
H-values).
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6.1.3 The decision line CD is thus parallel to, and H vertical units above or below, the sioping
reference line AB. Now slope on a CUSUM chart represents average level in the observations, so that

the reference lines with slopes t F (i.e. t fo, = + 0,55, in this case) correspond to hypothetical
mean levelsto T+ F (here T £ fo,, i.e. T £ 0,5¢,). If we construct a CUSUM chart by calculating
d.=y;-(T +0,5¢,) ord,; =y, - (T -0,5c,) and then plotting :

Syi=max. [S; ;4 +d;0]
or
Sy = min. [S;; ¢ + 0y 0]

where :

we have a partial CUSUM plot of sequences where the mean either exceeds the upper reference
value K, = T + 0,56, or falls short of the lower reference value K, = T - 0,5c,. A horizontal decision

line may now be drawn at +H or -H units from the origin of the CUSUM scale ; if the CUSUM path

crosses either of these lines ; a signal occurs. The sequence of figure 13 is plotted in this format in
figure 14.

6.1.4 A computational CUSUM has the following advantages :

a) the decision rules are condensed into two parameters, the decision interval H and the
reference shift given by F = K, - T =T - K,. Each may be referred to parameters expressed in

terms of standard error. H = ho,, F = fo,. It may also be noted that, where the exact 2o, scale
convention is adopted, f/2 has an interpretation as the tangent of the angle between the
decision line and the sample (horizontal) axis of the chart. For f = 0,5, we thus have f = tan-
0.25 = 14°. This interpretation is invalidated by any departure from a scale factor of 2c, per
sample interval.

b) any decisions become independent of precision if plotting values on the chart, as the_table of
calculations can be used directly. Any upper CUSUM exceeding H or lower CUSUM faliing
below - H produces a signal, and a chart is unnecessary ;

c) dispensing with a chart, whist sacrificing direct presentation of the data, permits the use of
routine tabulation sheets or automatic data storage methads, including computers. This can be
especially useful when many processes are controlled simultaneously, or where automatic
instrumentation is linked to an on-line computer system ;
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d) In many situations, satisfactory quality may be achieved by maintaining the process average
within an acceptable quality band rather than at a single target value. Readers familiar with
control charts will recognize this as the situation where modified control limits are applicable for
a "high precision” process. In these cases, two target levels may be chosen to correspond to
the outer edges of the acceptable region, T, et T,. The reference values for tabulation are then

setatK, =T, +fo, etK, =T, - fo,. The CUSUM is then dormant until any value exceeds K, or
falls below K,, and attention is drawn to the process when a possible out-of-control situation

occurs. Under these circumstances, simultaneous activity in the upper and lower CUSUMs is
unlikely. Furthermore, some difficulty may be encountered plotting a satisfactory CUSUM chart

where T, and T, are widely separated, and two CUSUM schemes (either charts based on
T,, T, or tabulations using K,, K,) are preferable.

6.1.5 The calculations on which this modified CUSUM is based are shown in table 7. It is apparent
that when there are some disadvantages in using this procedure :

a) the chart no longer gives a complete presentation of the series of observations ; plotting
occurs only when a possible change is being evaluated ;

b) two CUSUM schemes need to be operated simultaneously, and they may both be active for
short periods (as samples 22 to 25) ;

c) the two reference values (K,, K,) have less intuitive appeal than the target value ;

d) in consequence of a), local averages can be calculated only over segments whose means
differ from the target by 0,5¢, or more.
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Table 7 : CUSUM calculations for modified procedure

Upper CUSUM Lower CUSUM

%16 | S-Ylx-16) | X1 | S=F(x-14
1 12 -4 0 -2 -2
2 17 1 1 3 0
3 14 -2 0 0 0.
4 14 -2 0 0 0
S 17 1 1 3 0
6 16 0 1 2 0
7 14 -2 0 0 0
8 11 -5 0 -3 -3
9 13 -3 0 -1 -4
10 14 -2 0 0 -4
11 15 - 1 0 1 -3
12 11 -9 0 -3 -6
13 14 -2 0 0 -6
14 16 0 0 2 -4
15 13 -3 0 - 1 -9
16 14 -2 0 0 -5
17 11 -3 0 -3 -8
18 12 -4 0 -2 -10 1)
19 13 -3 0 -1 - 11
20 16 0 0 2 -9
21 12 -4 0 -2 - 11
22 18 2 2 4 -7
23 18 2 4 4 -3
24 17 1 S 3 0
25 20 4 9 6 0
26 15 - 1 8 1 0
27 14 -2 6 0 0
28 18 2 8 4 0
29 20 4 12 1) 6 0
30 16 0 12 2 0
31 18 2 14 4 0
32 14 -2 12 0 0
33 16 0 12 2 0

1) Decision interval reached or exceeded = Decision line touched or crossed in
figure 14.

T =15, 0, =2,0 Upper reference value K, =T + (0,5x2,0) =16
Lower reference value K, = T-(0,5x2,0) =14
Decision intervalH=5,0x 2,0 =10
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6.1.6 For particular purposes, parameters other than h = 5 and f = 0,5 may be preferred (see
appendix H).These will give different ARL characteristics suitable to some circumstances. This
subject wiil be developed in other standards, but it may be noted that any pair of (h, f) parameters
may be readily converted to a CUSUM mask, using ho,, as the vertical half-height at the root of the
mask, and fo, per sample interval as the slope of the mask. Figure 15 shows a simple means of
setting up such a mask. In some cases (where only upward or downward shifts, but not both are
of interest) only a half-mask will be required.

(10f + h)o“

BA=AC=hO
DE = EF = (10 f +h)0,

Figure 15 : Generalized CUSUM mask construction

7 Examples of applications

7.1 Example 1

7.1.1 A common quality control problem is the need to keep a product characteristic within a
tolerance interval which is narrow relative to the process capability so that very little latitude IS
permitted to the mean process level. Consider the case of fibre boards. The specification for
individual boards requires the width to be measured 100 mm from each end of the board and
these widths to the nearest mm, must lie in the interval 1 187 mm to 1 203 mm, if the board is
to conform to specification. The acceptability of batches of boards is determined by a sampiing
clause with an AQL of 10 % for nonconforming boards. The standard deviation for width

measurements made within one batch is reliably estimated to be 1,6 mm, and this implies that
approximately 3 % of measurements would be recorded as outside limits if the distribution were

normal centered at 1 200 mm. Since there are two measurements on a board effectively
independent of each other, this would give 6 % of boards outside the specification limits. Even
a 1 mm deviation of the process mean would give rise to greater than 10 % of nonconforming

boards.
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7.1.2 These circumstances dictate the choice of 1 200 mm as the reference value and other

parts of the specification require that 5 boards be selected from each batch, hence the statistic
used for the CUSUM chart is the average of the 10 widths measured on the 5 boards. The

average of the 10 widths has a standard error o, of 1,6 / 10 mm or 0,506 mm. For simplicity we
use o, = 0,5 mm to give H = 2,5 mm and k = 0,25 mm. The first 19 points of a CUSUM chart
prepared with these values and with the sample averages given in table 8 are illustrated in figure
16. The CUSUM wanders without crossing the V-mask until the 19th observation. The immediately

preceding points indicate a change around samples 16 or 17. The chart also records that between

samples 15 and 16 the machine was overhauled and since the overhaul the mean width is
estimated to be :

1200+[—(-%(-93——2—)-]mm=1201,1mm

7.1.3 After the process has been adjusted the cumulative sum can be restarted from zero without
affecting subsequent performance of the CUSUM chart. If, however, it is desired to use the fast
initial response feature then aithough the CUSUM will start from zero there will be two dummy

points corresponding to the "head-start" in both the upward and downward directions and indicated
by crosses on figure 16.

Table 8 : Average width of 5 fibre board panels selected from each sampling period

Sample Average width Average width -1 200 mm Cumulative
n° (mm) sum

1 1199.5 - 0,5 -0,5
2 1201.9 +1.9 + 14
3 1199 8 -0.2 + 12
4 1199.5 -0,5 + 0,7
O 1199.0 -1.0 -0,3
6 1198.5 - 1,5 -1.8
4 1202,1 + 2.1 + 0.3
8 1199.8 - 0,2 + 0,1
O 1201 .2 + 12 +13
10 1199,7 -0,3 +10
11 1200,2 + 0,2 + 1.2
12 1200,7 + 0,7 + 1.9
13 11992 - 0,8 + 1 1
14 1199, 1 -0.9 + 0,2
15 1200,0 0,0 + 0.2
16 1199.,5 -0,5 -0,3
17 1201.3 + 13 + 1.0
18 1201.,3 + 1,3 + 23
19 1202,2 + 2,2 + 495
Break in cumulative sum
20 1199,7 -0,3 -0,3
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7.2 Example 2

7.2.1 It sometimes happens that a pilot quality monitoring procedure has to be set up without a
preparatory study of process capability. Obviously, such procedures should be revised as soon as
some operating experience is gained but a specification may provide the only basis for the initial or
tentative scheme.

As an example, consider the hypothetical case of a packer required to meet a specification that
controls both average weight and individual weights for pre-packaged goods.

7.2.2 For packages of nominal weight 250 g, the requirements are that the mean weight should be
not less than nominal, and that few packages should have weights below 241 g. In this context, it
appears reasonable to interpret the "specification" in terms of a process mean over 1 h production,
and "few packages" as implying not more than 2,5 % of packages in the long run. It may also be
reasonable to assume that, under controlled conditions, a filling machine will produce normally
distributed package weights. Thus if the process mean happens to be at just the nominal weight,

a standard deviation of 4,59 g will yield just 2,5 % of packages below 241 g. The packer might thus
regard a standard deviation of 4 g as giving a satisfactory product, provided the mean weight is
carefully controlled.

Let it be further supposed that the packer wishes to control the mean level slightly above the
nominal, so that, if it should fall to 250 g this condition will be detected within 1 h. With a standard
deviation for individual packages of 4 g, a number of options are open.

7.2.3 If the packer chooses a sample size of 4 packages, the standard error of the sample mean

(given random samples of the packages produced between sampling times) will be s /4 =2 d.
If a sampling interval of 10 min is chosen, the question to be answered is "at what target level
must the process be operated so that a drop of 250 g will be detected with ARL 6 samples, given
c,=297

" Reference to figure 9 indicates that a shift of about 1,5 standard errors is detectable with this ARL.
The target level should thus be set a 1,56, = 3 g above the nominal, i.e. 253 g.

Alternatively, the packer may prefer, say, samples of six items every 15 min so that an ARL of
four samples is implied. The target then has to be set about 2o, above nominal, and with

s/ /6 = 1,63, atarget level of 253,3 (slightly more than the previous value) is required. In fact the
total rate of sampling (24 per hour) in the two cases is identical, and in the absence of
complications from within sample and between-sample components of variation, small frequent
samples are preferable to large infrequent ones. There is also (with frequent sampling) the
advantage that a gross change may be detected in the first sample taken, soon after the actual
point of change.
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7.2.4 However, the packer may regard 253 g as representing an excessive "overfill" : on average,
the packages exceed the nominal weight by 1,2 %. If it is wished to reduce the target fill to a
value closer to the nominal weight, the prospect of a higher level of sampling must be faced. For
example, if a target is chosen for a fill of 252 g, with a sample size of 4, the difference between
target and nominal weights is now one standard error. A shift of this magnitude requires about

10 samples, on average, for its detection (from figure 9, ARL = 10 for 1o, shift), implying sampling

every 6 min.

7.2.5 The example should not be taken too far. It is purely an indication of how a pilot scheme
might be set up from a specification in the absence of process data. In a real situation, the
assumed standard deviation of 4 g would need to be monitored, and the scheme redesigned on
the basis of available data as soon as practicable. In particular, the above procedure should not be
regarded as an effective means of satisfying legal requirements for package fill control, which
should be based on real performance data. Such data might not involve true random sampling, so

that 2.

Jn

may not be a suitable estimate of standard error.

7.3 Example 3

7.3.1 In the manufacture of a synthetic resin for use in glues and plastics, it was considered
important that the proportions of volatile matter should not exceed an average level of 1 %.
Observations made on the process over a series of batches, produced under what were regarded
as stable conditions, yielded the following data :

Number of batches : 42
Overall mean : 0,8893 (% volatile matter)

Standard error of means :

—\ 2
a) %Z(?—y} = 0,0669

1 Y.
V241 (Vi = Vi) =0,0852

See appendix A of this standard

b)

With so little difference between the two estimates of standard error, its appears unlikely that the
process suffers cyclic fluctuations in average, and a rounded value o, = 0,065 may be assumed to

be appropriate for setting up a CUSUM procedure.
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7.3.2 In this case, there were no specified requirements for the process, the 1 % upper limit being
regarded as a level at which fairly rapid detection should be achieved. The level of 0,89 % was
regarded as a satisfactory process target, and considerations of sampling frenquency did not
arise : every batch is adequately tested. The objective is to detect any sustained upward shift from

the target level, and to evaluate within how many batches a shift of any given magnitude will be
detected.

A CUSUM computer scheme was set up with target value T = 0,89 %, o, = 0,065 %, reference
value K =T + 0,50, = 0,923 and decision interval H = 55, = 0,325. A typical series of test results
are listed in table 9. The decision interval is exceeded at sample 31. A calculation of the average

level since the minimum of the CUSUM shows the mean is 0,947 %. Thus although the critical

value of 1 % has not been reached, some fundamental shift appears to have occurred, requiring
Investigation and corrective action.

7.3.3 We can check the average run length to a signal of upward movement by using figure 9.
This shows that when the mean is at the target level 0,89 % the average run length is 1 000
batches, at 0,95 % it is 15 batches and for a process mean of 1,0 % the average run length drops
to S batches. Thus, on average, a shift of mean to 1,0 % or more volatile matter would be detected
within five batches. This was regarded as adequate in the light of the time for production of

batches, and the possibility of blending batches of high volatile matter with others, provided they
did not occur in larger numbers of excessive concentrations.

Table 9 : Batch % volatile matter

Batch Batch % Modified Batch Batch % Modified
n° volatile y-T-K | CUSUM n° volatile CUSUM
(Y) S, (Y) '
1 0,87 - 0,053 0,000 17 0,84
2 0,93 0,007 0,007 18 0,91
3 0,89 - 0,033 0,000 19 0,93
4 0,94 0,017 0,017 20 0,96
5 0,84 - 0,083 0,000 21 0,99
6 0,89 - 0,033 0,000 22 0,92
7 0,86 - 0,063 0,000 23 1,01
8 0,80 - 0,123 0,000 24 0,98
S, 0,83 - 0,093 0,000 25 0,97
10 0,87 - 0,053 0,000 26 0,87
11 1,05 + 0,127 0,127 27 0,93
12 0,87 - 0,053 0,074 28 0,94
13 0,94 0,017 0,091 29 0,96
14 0,89 - 0,033 0,058 30 0,91
15 0,92 - 0,003 0,055 31 0,98
16 0,77 - 0,153 0,000 32 0,85

CUSUM calculations use T + K =0,923.
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7.4 Example 4

7.4.1 Example 4 concerns the retrospective analysis of data. For this example, 100 values of %
ash-content in deliveries of coal are presented. The recipient of the first 40 deliveries, who has
concluded that the quality over this trial period is satisfactory, and using the data obtained, wishes
to monitor subsequent deliveries against sustained shifts in mean level.

7.4.2 The data for 100 deliveries are shown in table 10. The mean of the first 40 is 7,03 % and the
standard error (estimated from mean square differences) is 1,60. The recipient might reasonably
adopt a target value of 7 % for a CUSUM chart, and it may be useful to plot the CUSUM for the
trial period as well as for subsequent deliveries. The CUSUM chart for the whole series is shown in
figure 17 but note that, for deliveries 1 to 40, the CUSUM forms part of a retrospective analysis of
accumulated data, whereas the data for deliveries 41 to 100 would be plotted sequentially as they
become available.

Table 10 : Data for ash-content in coal

(Read the following across rows)

5,58 3,36 4,79
8,48 099 | 5,54
575 6.05 6,07
4 55 5,50 7.66
924 8.05 7 88
727 | 11,29 6,72
9.09 3.20 6,07
5.42 7 48 8,71
5,54 4 64 8.59
528 | 15,71 7.65

7.4.3 The CUSUM chart reveais some striking features in the data, both in the "tnal” sequence

1 to 40 and the "production" sequence 41 to 100. After a short run (deliveries 1 to 4) below 7 %
there is a run above 7 % (deliveries 7 to 13, average 7,9 %) followed by a stable sequence unti!
the end of the trial run, and continuing to delivery 50. There is then a general tendency for a rising
CUSUM i.e. deliveries averaging more than 7 %. With short sequences of steep slope, longer runs
of lesser slope. The sequence 86 to 93, averaging 10 % ash, is especially noteworthy. One also
gains the impression of increased variability in the latter part of the series, and in fact the standard
error of the last 60 observations is around 2,5 compared with 1,6 for the first 40 observations.
Applying the span test to the sequence from 6 to 33, the maximum height above the chord joining
5 and 33 occurs at delivery 13 and is 15,8. The length of the sequence, m, is 28 and o, is 1,60.

Using the nomogram in figure 12 the probability of exceeding observed value of IVW_ / cgl is less
than 0,001.
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Appendix A

Measures of variation

A.1 Standard deviation and related measures

The standard deviation may be relevant either when used explicitly in connection with individual
observations (in a weights and measures context, often termed "onginal values"), or when used
implicitly to provide an appropriate measure of variation in sample statistics. The most obvious
example is that of the standard error of the sample mean, but other cases arise in monitoring, for
example, sample medians, ranges or standard deviations.

In either context, the individual observations are assumed to be random samples from an
homogeneous segment of the process. Sometimes this assumption is obviously ill-founded and
other appropriate measures of variation have then to be considered. In most cases it is at least
advisable to check on the assumption by calculating alternative measures and noting any

discrepancies, or by testing for serial dependences.

If a measure of the process standard deviation is required, there are several means of estimating
it. Note the three most useful methods as follows :

a) For the complete set of N values, calculate the conventional estimate, s :

s= =y, - ¥) = (A1)
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then &, the estimate of o, = s. If the data to be plotted are individual observations, s now
provides the basis for scaling the chart and drawing inferences about changes in average level.

b) Alternatively, the within-sample estimates of variance may be averaged over the m samples.
This procedure is especially usefull if the samples are not of the same size (as may occur if
items or test results are lost). Denoting the size of the jth sample by n; and the variance

estimate by s’ the combined estimate is :

Z ("j - I)Sf

2 J=1

§ =

Z("j "’1)

j=1

then & = /s* (A.2)

Where all sample sizes are identical, this simply becomes the average of the variances :
n2 1 2
G'l=—) s (A.3)

c) Where the data are already formed into m samples of n observations, a rapid estimate of s
(and hence of ¢,) may be obtained from the average of the ranges in these groups.

For average range R, the estimate is given by :

&=R/d,, where —é:iZRj (A.4)
m

=1
where d is the conversion factor for the appropriate sample size, from table 11.

Table 11 : Factors for converting mean range to an estimate of standard deviation ¢ = RI d,

YR N N I N KN R
N RN K 1 ) A R

If the sample means are to be plotted, for sample size n use :

5 =5/Jn (A.5)
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A.2 As noted in 2.6, the preceding estimates are often unsuitable because of the nature of the
process or sampling procedure. In such cases, a direct estimate of the standard error of the
sample statistic is preferable. Such sample statistics may be averages, proportions, medians, etc.

Denoting them by y;, then for m sample statistics the following is an estimate of the standard error
of the sample statistic .

1
m-15

G* =-———EZ(yj —_}7’)2 where j/’:lZyj (A.6)
=1

NOTE : The alternative measures based on between sample variability need to cover a

number of samples. It is recommended that at least 20 samples should be included in any
measure of between sample variability.

A.3 Even the above estimates may sometimes fail to yield satisfactory measures of the true
variation. In cases where shifts in mean level occur in the sample data from which the standard

error is to be estimated, these shifts will inflate the estimate, and a procedure based on successive
differences (5;) between the sample values :

5] = yj‘ - yj+1

Then either :

a) square and sum these differences, and estimate :

1 m-1

N 52 |
3im 7 ‘15, (A7)

j=

G =

or

b) sum the absolute values of differences, calculate their average and use :

(A.8)

(The factor 8/9 is approximately 1/1,128, treating the successive differences as ranges Iin

overlapping pairs of values and using the conversion factor d, = 1,128 to estimate the standard
error from these ranges).

A.4 When setting up a CUSUM chart for data presentation purposes, the choice of procedure for

measuring the variability may be made largely on grounds of the nature of the data, method of
sampling and possible convenience of calculation. However, where statistical tests for change
points or shift in level are to be preformed, care should be exercised In the selection, and the

possibility of serial dependencies between successive values, or of cyclic phenomena, should be
considered.
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A useful general test for anomalies in the series of observations from which the standard error is
estimated is as follows :

a) estimate o, using the formula (A.7) or (A.8) and denote this estimate by the symbol A :
b) also estimate o, using the formulae (A.5) or (A.6) and denote this value by B ;
c) form the ratio (A/B)=.

For a series of 20 or more observations from a normal population, this ratio is itself approximately
normally distributed with mean 1 and standard error 1/./(k +2). Thus a simple test at the 5%
significance level is to check whether the ratio lies within the range :

2

1+ .]-
K+ 2

Where the observed ratio (A/B) significantly exceeds 1, the implication is of negative serial
correlation (alternation or over-control). A ratio significantly below 1 may occur with cycling, other
forms of positive serial correlation (e.g. lag effects) or changes in mean level within the sequence
of observations, whether regular or irregular step changes, drifting or trends.
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Appendix B

Scaling the chart

B.1 The relationship between the CUSUM and sample number scales will determine the
appearance of the chart. Too large a CUSUM scale will produce a chart with saw-tooth
appearance on which small changes will be difficult to detect, while large shifts in average will
quickly send the CUSUM path off the top or bottom of the graph sheet. Too small a scale will
effectively damp out minor variations but may also suppress real changes in the mean level of the

data.

A widely accepted convention is that the distance on the vertical (CUSUM) scale equal to one
sample interval should represent approximately 2o, units of the plotted variable. This convention

may be applied in one of three ways.

B.2 Decide on a convenient interval for the i-scale (sample number axis). This may be, for
example, 5 mm (or 0,2 in) for a chart intended for "desk" use, or 1 cm, 2 cm (or 1/2 in, 1in) for a

chart designed for wall display.

Mark off this ample interval on the CUSUM scale, and let it represent approximately 2o, units of
the CUSUM values to be plotted. For graph grids divided on a decimal system, it is advantageous
to round the value of 2c,, to a convenient number such as 1,0, 2,0, 2,5, 4,0, 5,0 or some multiple
thereof. If 2o, happens to lie midway between two convenient values, it is preferable to round
down. Thus if 2c, then with a scale of 1 cm per sample on the i-scale, use 1 cm = 5 units on the

CUSUM scale (rather than 1 cm = 10 units).

B.3 Conversely, decide on a convenient CUSUM scale, and then adopt a distance equivalent to
2c ., as the i-scale length for one sample interval.

This has the minor advantage of preserving the exact 2o, relationship (so that, for example, a
change from a horizontal CUSUM path to one at 45° represents a shift of 26, in mean level).
Some decision procedures for CUSUMS may be interpreted in terms of angles (or their tangents)
when this scale convention is adopted.

B.4 \Where identical scale factors and equality of sample-interval scale are desirable for
comparison between charts of two or more variables on the same sequence of items, a

standardized chart may be useful. In this case, instead of the CUSUM C = Z(yr — T), the
deviations from target are divided by the standard error, L.e. :

Cg
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This procedure sets the standard error of the plotted variable to unity, and one unit on the i-scale
corresponds to two units on the CUSUM scale. Different charts may then be compared by
alignment or superimposing and decision rules can be implemented directly from the standardized
parameters detailed in the appendix, tables and charts, without the necessﬁy of adapting them to
any special convention.

Against this must be set the disadvantage of losing direct contact with the actual variable involved.
The additional standardization operation may be a further objection in some circumstances.

B.5 Other considerations may affect the choice of scale factor, and the special case of

counted data (where prominence must obviously be given to integer values) is considered in
detall in B.6. The mode of rounding may affect the choice of both scale factor and graph grid,

e.g. measurements in hours, months, inches, etc. may be more readily plotted on a grid divided in

twelfths than one based on decimal divisions.
B.6 Binary data, or counts of events containing frequent zeros

Whilst CUSUM methods are appropriate to counted (as well as measured) data, problems of
scaling may arise when the counts are confined to 0's and 1's (binary events, such as failure = 0,
success = 1) or comprise frequent zero counts (as in inspecting samples for nonconforming units
when quality is good). These problems are readily overcome by suitable choice of the interval
between sample points on the horizontal axis of the CUSUM chart.

An approximate indication is required of the expected proportion, p, of successes or failures
(which-ever are fewer) scoring 1. In the case of event counts, the average number of events (e.g.
nonconformities or faults) per sample should be estimated ; if this exceeds one, no special scaling
is necessary, and the usual 2c, convention may be adopted, where ¢, how becomes the standard

deviation of the number of events per sample.
For binary counts, or event counts averaging less than one per sample, proceed as follows :

a) calculate the average number of samples required to yield one binary score (1) or one
event ;

b) round this value up to a convenient integer for plotting, and adopt it as the horizontal interval
for the CUSUM chart. Note that for small p or low frequency of events, the interval between
individual sample points will be very small : a reminder that individual samples contain little

information in these circumstances ;

c) mark off the vertical (CUSUM) scale in intervals of the same length as the horizontal scale,
and label as consecutive even integers upward and downward from zero ;

d) the CUSUM is now plotted as :

C = > (y- p) for binary data where p is the frequency of 1-scores ;

or

C = Z(y - ) for small event counts, where p is the mean number of events per sample.
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The formulation of decision criteria requires a more advanced level of statistical knowledge than is
assumed here and is therefore deferred to other standards. The use of conventional tests of
significance (based on appropriate distributional assumptions) remains valid, however, subject to
the modifications noted in 5.1.3 and appendix G, and, even without decision procedures, the
CUSUM chart is an effective means of presenting binary or "rare event” data.

Cusurn scales (Drawn untypically large scale for clarity) _
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Figure 18 : Construction of CUSUM protractor (slope guide)
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Appendix C
Calculation of iocal averages

C.1 One of the principle virtues of the CUSUM presentation is the clarity with which changes in
average level are seen as changes in the CUSUM slope, and the facility the CUSUM technique
offers for calculation of the local averages on either side of a suspected change point. This is
achieved without recourse to recalculation from the original data.

C.2 A simple method of assessing approximate local averages is to incorporate a slope guide or
"protractor” on the chart. Any inclination of the CUSUM path may then be compared with the
protractor, and a useful indication of the average level thus obtained.

The protractor (see figure 18) comprises a pencil of lines, each drawn at an angle corresponding
to the CUSUM inclination for a hypothetical average level. To construct the lines, it is only
necessary to recognize that, for any mean level y, the CUSUM path will have an average slope of
y - T CUSUM units per sample interval. The choice of useful values of y will, of course, depend
on the application, but frequently a range covering T £ 25, in steps between 0,25¢, and 0,55, will
be found suitable.

To construct the protractor, a horizontal line (i.e. parallel to the i-axis) is drawn to represent an
average level T. The line should be of length corresponding to ten sample intervals.

Now for each chosen y, mark off a pair of points 10 (y - T) CUSUM units above and below the

right-hand end of the baseline. Join each point to the left-hand end of the baseline to complete the
pencil of lines.

In using the protractor to estimate local averages, a parallel rule, roller rule or a piece of
transparent material (e.g. clear plastics or acetate sheet as used for overhead projector
transparencies) ruled with a set of parallel lines will be useful. Alternatively, the protractor itself
may be drawn on transparent material, and used by superimposing on the CUSUM chart over the
segment of interest.

C.3 A more precise estimate of a local average can be obtained from the numerical values of the
CUSUM at two points in the sequence. These values may be read from the chart or taken directly
from the CUSUM calculations if these are available.

The first step is to define the segment whose average is required. Sometimes external
considerations will dictate this, e.g. the average for a week or month may be needed for reporting
purposes, or some change in conditions in an experiment may indicate the appropriate segment.
In other cases, inspection of the CUSUM chart may reveal suspected change points as changes in
the CUSUM slope (the point at which such a change occurs on a CUSUM chart is termed a
‘corner”).
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The first and last sample numbers in the required segment are defined as 1+1 and j. Thus sample
number i is the last point in the previous segment (or point O if the first segment on the chart is

being dealt with). Note, however, that any change in CUSUM from C; and C.,., is due to the
contribution of y.,,, the first point in the segment under consideration. The two CUSUM values
required are thus C; and C..

C.4 The average departure from target over the segment is then the average contribution of the
sample values to the CUSUM and is simply : change in CUSUM from C; to C; divided by the

number of values in segment.

The actual average level for the segment is then obtained by adding the target value to the
average CUSUM contribution, giving :

C,-C,

] —1

yr'+1,y = T+

It is apparent that the CUSUM contains all the information required for this estimate, and there is
no necessity to refer back to the original data unless any check on anomalous values is indicated
by the appearance of the CUSUM chart.
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Appendix D '

Replotting the CUSUM chart

D.1  Circumstances occur when it may be desirable to replot a CUSUM chart, in part or in whole.
Replotting the whole chart (for example, because a change of scale is desirable) presents no new
problems. However, sometimes the CUSUM may, because of a shift in the average level (or a
wrong choice of target), tend to run off the graph at the top or bottom. In this case, only part of
the chart may need to be replotted. Two situations occur.

D.2 A change in mean occurs, taking the CUSUM off the graph. No change in target value is
required, perhaps because some specification value has been adopted. In this case, a new
CUSUM scale, displaced by an appropriate number of units, can be drawn at any convenient point
and the CUSUM replotted. An alternative (and equivalent) procedure is merely to reduce the
CUSUM by an appropriate amount to bring it back to a convenient iocation on the chart.

Provided that the chart is labelled to indicated this adjustment, no problems of interpretation arise,
due to the fact that the magnitude of the CUSUM has no absolute importance, the inferences
being drawn from changes in CUSUM and slopes on the chart.

D.3 Where a change in average has occurred, and is expected to persist, it may be appropriate
to adjust the target value to match (approximately) the new mean level. This procedure will provide
a maximum sensitivity for detection of any further change. Obviously the chart should be clearly
labelled to indicate the change of target, as interpretation of slopes will be affected by the
adjustment.
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Appendix E

The full V-mask

E.1 Decision rules may also be applied by means of a mask based on a complete V. This has

the same basic properties as the truncated mask, but the arms are brought to a vertex (0 i.n.
figure 19). This means that there is no longer a datum point, and the vertex should be positioned

on the chart so that it is a distance OA ahead (i.e. to the right) of the latest point of interest. For
obvious reasons OA is known as the lead distance.

E.2 This form of mask was originally described in connection with charts scaled strictly on the
20, rule, and the half angle ¢ (or its tangent, f) is then a useful characteristic. The slope of the
decision line (as for the truncated mask) is 0,50, per sample interval, and with scale factor 20,,
the tangent of & becomes 0,5/2 = 0,25, corresponding to an angle of 14°. Then the lead distance

d, tan ¢ and decision interval H are related by :

LANpY tan¢ or (where h = H/c_) and a = 2 (E.1)

Ce

giving in this case d = 5/(2 x 0,25) = 10 sample intervals. For any other scale convention, 3, where
a o, units on the CUSUM scale correspond to one sample interval :

h=21_ad tan ¢, ord:—{:-; (E.2)

Oe

The simplest way of constructing the mask is to draw the truncated form as figure 19 and extend
the arms to meet at 0. Alternatively, the lead distance and decision interval (d, H) may be
calculated from (E.1) or (E.2) and the construction of figure 20 adopted.
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Lead distance 10 sample intervals

Figure 19 : Full CUSUM V-mask

Den;...
- Ne

—

Extend as required

For decision rule of 4,22, h = 5o, d = 10 samples

Figure 20 : Alternative method of constructing full V-mask
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Cusum T=15 o =2
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Figure 21 : Full V-mask applied to CUSUM chart (T = 15, ¢, = 2)

E.3 In practice, the full v-mask will yield identical decisions to those signalled by the truncated

form. Therefore only one example of the application of the full mask is shown. This is at sample 29
on the chart for the data of table 1, and is shown in figure 21.

E.4 As for the truncated mask, some features may be incorporated to aid in using the full-V form.
If drawn on transparent material, the datum point may be indicated to avoid counting out sample
intervals for the lead distance. Where a cut-out mask of opaque material is used, indicator marks
may be included to assist in aligning the mask correctly (as shown in figure 21). If the solid masKk IS

preferred, a small hole may be located at the datum point, and the mask placed so that the sample
point of interest appears in the aperture.
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Appendix F
Local decision lines

F.1 Two further methods of implementing the decision rule are available. One does not involve
the use of charts, being applied directly to a CUSUM tabulation. This procedure is described in
6.1. The other method is to construct local decision lines on the chart whenever a possible change
Is suspected. This has two advantages : firstly, there is no need to prepare a permanent mask,
and secondly the decision line may be drawn when a CUSUM slope suggests a possible shift in
average level. The decision is not, of course, actually signalled until the decision line is touched or
crossed, but as the CUSUM nears the decision line appropriate preparations for action may be
initiated. On the other hand, there is the risk that over-enthusiastic construction of decision lines
may add unnecessary clutter to the chart.

F.2 The method uses the same constructions as for the full and truncated masks, but it is
necessary to inspect the CUSUM, and locate a suspected point of change. This will generally be
apparent, often corresponding to a local maximum or minimum on the chart (as in figure 2, where
points 6 and 7 are a local maximum and point 21 is a local minimum).

Where (as for points 6 and 7) it is not clear which of two points to use, the general rule is that the
line should be constructed with its datum at point i-1, where C, differs from C._; by at least
2fo,. For the present decision rule f = 0,25, so that y, should differ by at least half a standard error

from y, , in the direction of the suspected change. In the case of samples 6 and 7 of table 1 and
figure 2, we have (with o, = 2) :

C7='1, C6=0, (C7'C6)/Ge='1/2

Thus the slight downward slope from C, to C, is just sufficient to justify basing the decision line on
sample point 6.

F.3 Having located a likely point of change, 0, a vertical line OA of length 5c,, is drawn in the

same sense (upward or downward) as the suspected shift in average. A horizontal line OD is also
drawn from the suspected change-point towards the right. At C, 10 samples to the right of O, a
second vertical line BC is drawn from the horizontal base, of length 10c,. The ends of the two

vertical lines are joined to produce the decision line AB, extended to the right as required. The
construction is illustrated in figure 22.
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In more general terms, we have :

OA=H=ho,
OC=d
BC =2H = 2h o,
h H
S| fBC=tan¢ =f=—=
ope o an¢ ad 2ado,

The construction shown is for testing an apparent upward change in mean. For a suspected
downward change, OA, CB are drawn downward from the horizontal base line.

For the rulein 4.2, H=5 g, d = 10.

F.4 The application of a local decision line is illustrated in figure 23, again using the data of
table 1. A line erected on sample point 6 yields a signal at sample 18, the same point at which
the V-masks signal the downward shift from target.
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Appendix G
Distribution-free CUSUM tests

G.1 In order to apply a distribution-free CUSUM test, it is necessary to locate the median value of
the segment under observation. Scores of +1 or -1 are then given to observations respectively
greater of less than the median (any values exactly equal to the median scoring 0). A CUSUM
chart, or merely a cumulative total, of the ordered scores is then formed, and the maximum
absolute value noted. For values of m > 10, critical levels for the score (under the null hypothesis

of no change in level within the segment) may be obtained from table 12.

G.2 Again using the same data:
a)i=7,r=21,1j=24, m=17

Median of sequence 8 to 24 is 14. The scores and cumulatives are then as shown in table 13.

Table 12 : Percentage points for CUSUM score (+1, -1)
about median (distribution-free test) '

Significance level 1) Critical level is next m=>10
integer above f Jm

o oM

W

f =
f =
f =
f =
f=
f =

S U T I I G
O ~NO A WUN
)

8]

1) For other values of ¢, use f = 0,697 + 0,403 ., where y, is the standard normal deviate with
one tail probability ¢.
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Table 13 : Scores and cumulatives of sequence 8 to 24

8 -1

g -1
10 0
11 1
12 -1
13 0
14 1
15 -1
16 0
17 -
18 -1
19 -1
20 1
21 1
22 ' 1
23 1
24 1

For m = 17, the critical (absolute) score for o = 0,051s 1,36 J17 = 5.6, and the observed score
does not reach the next higher integer, 6. Using the distribution-free procedure, the change cannot
yet be judged significant .

b)i=7,r=21,j=31, m=24

The median now becomes 14,5 (the average of the 12th and 13th ordered values in the segment).
The new table of scores is as shown in table 14.

Table 14 : Scores and cumulatives of sequence 8 to 31

The critical value is now the next integer above 1,36 v24 =6,66, i.e. 7. This is reached by the
(absolute) scores at samples 18 to 23, indicating a significant change within the segment.
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Figure 22 : Construction of local decision line
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Figure 23 : Decision line constructed on CUSUM chart (T = 15, Cgo = 2)
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Appendix H

Alternative standard schemes

H.1 The schemes presented in this subclause extend the range of decision rules in two ways :

a) an option for shorter ARL at Target level is provided, and permits the more rapid detection of
undesirable conditions at the expense of a higher rate of false alarms ;

b) where shifts of a particular magnitude are of especial interest, the most suitable of three
alternatives may be adopted to provide near-optimum efficiency in detection.

H.2 Schemes having ARL's at AQL of around 700 to 1 000 samples are here referred to as C1
schemes : those with shorter ARL's at AQL, around 140 to 200, are denoted C2 schemes.

Within each of these groups, three subdivisions are made on the basis of the magnitude of shift
which is of greatest interest or importance. These subdivisions are :

a) critical shift less than 0,75 o, ;
b) critical shift 0,75 o, to 1,5 ¢, ;
c) critical shift greater than 1,5 c,.

It will be noted from the ARL data provided in Table 16, that there is little difference in ARL
behavior of neighboring schemes at or near the boundaries of the subdivisions. Thus if the critical
shift is around 0,7 to 0,8 standard errors, wither scheme a) or scheme b) may be adopted.
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H.3 The CUSUM decision rule parameters (h, f) are listed in table 15. Average run length data
are provided in table 16. Data for two Shewhart procedures are also listed :

- 51 : Conventional Shewhart chart with Action Line at T + 3,09 o, (or T - 3,09 o,) and warning
ine at T +1,96 6, (or T - 1,96 ¢,). These are the usual 1 in 1 000 and 1 in 40 limits, and for

one-way control yield an ARL of 640 samples at the Target value. This is roughly comparable
with the 700 to 1 000 ARL for the C1 procedures.

- 52 : Limits at displacements of 2,65 o, and 1,65 o, providing 1 in 250 and 1 in 20 probabilities
at Target level, and a corresponding ARL of 167. This is compatible with the ARL's at AQL of
the C2 procedures.

Table 15 : CUSUM parameters for alternative decision rules

Critical from target, C2 Schemes

5 0,25
5 | os| | 35 | os
1,8 1,0

NOTE : Boxed parameters are those for the basic rule, C1(b). Corresponding Shewhart type
chart parameters are :

Action line Warning line
S1 T+3,09 g, T+1,9 o,
S2 T+265¢0, T+1,650,
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Table 16 : Average run length data and alternative decision rules

Shift from Target C1 Schemes C2 Schemes S2
s r -n- N

0 540 170
0,25 85 205 | 265 68
0,5 29 68 11 30
0,75 16,4 27 52 15
1,0 11,4 13,4 | 26 8,8
1,5 7.1 54 | 89 4,0
2.0 5,2 325! 4,15 2,5
2,5 4.2 23 | 246 1,9
3,0 3,5 1,85 1,75 1,5
4,0 2.6 1,32 1,19 1,12

NOTE : Boxed and arrows indicate range of shifts for which each scheme is most effective.
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ICS 03.120.30

Descriptors:
conditions.

statistical analysis, quality control, statistical quality control, data representation, graphic methods,

© |SO

charts,

general




