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Foreword

SO (the International Organization for Standardization) is a worldwide
federation of national standards bodies (ISO member bodies). The work
of preparing International Standards is normally carried out through I1SO
technical committees. Each member body interested in a subject for
which a technical committee has been established has the right to be
represented on that committee. International organizations, governmental
and non-governmental, in liaison with ISO, also take part in the work. [SO
collaborates closely with the International Electrotechnical Commission
{IEC) on all matters of electrotechnical standardization.

Draft International Standards adopted by the technical committees are
circulated to the member bodies for voting. Publication as an International
Standard requires approval by at least 75 % of the member bodies casting
a vote.

International Standard ISO 31-11 was prepared by Technical Committee
ISO/TC 12, Quantities, units, symbols, conversion factors.

This second edition cancels and replaces the first edition
(1ISO 31-11:1978). The major technical changes from the first edition are
the following:

— a new clause on coordinate systems has been added;

— some new items have been added in the old clauses.

The scope of Technical Committee ISO/TC 12 is standardization of units
and symbols for quantities and units (and mathematical symbols) used
within the different fields of science and technology, giving, where
necessary, definitions of the quantities and units. Standard conversion
factors for converting between the various units also come under the
scope of the TC. In fulfilment of this responsibility, ISO/TC 12 has pre-
pared ISO 31.
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ISO 31 consists of the following parts, under the general title Quantities
and units:

— Part 0: General principles

— Part 1: Space and time

— Part 2: Periodic and related phenomena

— Part 3: Mechanics

— Part 4: Heat

— Part 5: Electricity and magnetism

— Part 6: Light and related electromagnetic radiations
— Part 7: Acoustics

— Part 8: Physical chemistry and molecular physics
— Part 9: Atomic and nuclear physics

— Part 10: Nuclear reactions and ionizing radiations

— Part 11: Mathematical signs and symbols for use in the physical
sciences and technology

— Part 12: Characteristic numbers

— Part 13: Solid state physics
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Introduction

0.1 General

If more than one sign, symbol or expression is given for the same item,
they are on an equal footing. Signs, symbols and expressions in the “Re-
marks” column are given for information.

Where the numbering of an item has been changed in the revision of a
part of ISO 31, the number in the preceding edition is shown in parenth-
eses below the new number for the item; a dash is used to indicate that
the item in question did not appear in the preceding edition.

0.2 Variables, functions and operators

Variables, such as x, y, etc., and running numbers, such as i in Z; x;, are
printed in italic (sloping) type. Also parameters, such as g, b, etc., which
may be considered as constant in a particular context, are printed in italic
(sloping) type. The same applies to functions in general, e.g. f; g.

An explicitly defined function is, however, printed in Roman (upright) type,
e.g. sin, exp, In, I'. Mathematical constants, the values of which never
change, are printed in Roman (upright) type, e.g. € =2,718 281 8...;
n=3,141 592 6...; i* = — 1. Well defined operators are also printed in up-
right style, e.g. div, 8 in 8x and each d in dffdx.

Numbers expressed in the form of digits are always printed upright, e.g.
3561 204; 1,32; 7/8.

The argument of a function is written in parentheses after the symbol for
the function, without a space between the symbol for the function and the
first parenthesis, e.g. f(x), cos(wt+ ¢). If the symbol for the function
consists of two or more letters and the argument contains no operation
sign, such as +; —; x; +; or/, the parentheses around the argument may
be omitted. In these cases, there should be a thin space between the
symbol for the function and the argument, e.g. ent2,4; sinnx;
arcosh 24; Ei x.

If there is any risk of confusion, parentheses should always be inserted.
For example, write cos(x) + y or (cos x) + y; do not write cos x 4+ y, which
could be mistaken for cos(x + y).

If an expression or equation must be split into two or more lines, the
line-breaks should preferably be immediately after one of the signs =; +;
—: +: or F; or, if necessary, immediately after one of the signs x; -; or /.
In this case, the sign works like a hyphen at the end of the first line, in-
forming the reader that the rest will follow on the next line or even on the
next page. The signh should not be repeated at the beginning of the fol-
lowing line; two minus signs could for example give rise to sign errors.

v
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0.3 Scalars, vectors and tensors

Scalars, vectors and tensors are used to denote certain physical quantities.
They are as such independent of the particular choice of coordinate sys-
tem, whereas each component of a vector or a tensor depends on that
choice.

It is important to distinguish between the “components of a vector” a, i.e.
a,, a, and a,, and the “component vectors”, i.e. a.e,, a,e, and g.e,.

The cartesian components of the position vector are equal to the cartesian
coordinates of the point given by the position vector.

Instead of treating each component as a physical quantity (i.e. numerical
value x unit), the vector could be written as a numerical-value vector
multiplied by the unit. All units are scalars.

EXAMPLE
component F, numerical-value vector
A PR—
F= (3N, -2N,5N)=(3, -2, 5)r\f
numerical value unit unit

The same considerations apply to tensors of second and higher orders.
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Quantities and units —

Part 11:

Mathematical signs and symbols for use in the physical

sciences and technology

1 Scope

This part of ISO 31 gives general information about
mathematical signs and symbols, their meanings,
verbal equivalents and applications.

The recommendations in this part of 1SO 31 are in-
tended mainly for use in the physical sciences and
technology.

2 Normative reference

The following standard contains provisions which,
through reference in this text, constitute provisions
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of this part of ISO 31. At the time of publication, the
edition indicated was valid. All standards are subject
to revision, and parties to agreements based on this
part of ISO 31 are encouraged to investigate the
possibility of applying the most recent edition of the
standard indicated below. Members of IEC and ISO
maintain registers of currently valid Internationa!
Standards.

ISO 31-0:1992, Quantities and units — Part 0: Gen-
eral principles.
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3 MATHEMATICAL LOGIC
Symbol, A . .
item No. sign Application Name of symbol Meaning, verbal equivalent and remarks
11-3.1 A pAg conjunction sign pandgq
(11-2.7)
11-3.2 | v pvay disjunction sign p or ¢ (or both)
(11-2.2)
11-33 | = - p negation sign negation of p; not p; non p
(11-2.3)
11-34 | = p=q implication sign if p then gq; p implies ¢
(11-2.4) .
Can also be written ¢ < p.
Sometimes — is used.
1135 |« p<eq equivalence sign p = q and q = p; p is equivalent to ¢
(11-2.5) . .
Sometimes « is used.
11-36 |V VxeA p(x) universal quantifier for every x belonging to 4, the proposition
(11-2-6) (VxeA) p(x p(x) is true
If it is clear from the context which set A
is being considered, the notation V x p(x)
can be used.
For x € A, see 11-4.1.
1137 |13 JxeA px) existential quantifier there exists an x belonging to A for which
(11-2.7) (IxeA) plx) p(x) is true
| If it is clear from the context which set A
is being considered, the notation 3 x p(x)
can be used.
For x e A, see 11-4.1.
1
3l or 3 is used to indicate the existence
of one and only one element for which
p{x) is true.

2
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4 SETS
item No. S\;rir::‘ol, Application Meaning, verbal equivalent Remarks and examples
11-4.1 € xeA x belongs to 4; x is an
(11-1.1) element of the set A
11-4.2 | ¢ y¢éA y does not belong to A; The symbol ¢ is also used.
(711-1.2) y is not an element of the
set A
1143 | > Asx the set A contains x (as A 2 x has the same meaning as x € A.
(11-1.3) element)
11-44 | % Ay the set A does not contain | A 3 y has the same meaning as y ¢ A.
(11-1.4) y {as element) The symbol % is also used.
1145 |{} (%1 %30 oo 2} set with elements Also {x:i e I}, where I denotes a set of
(11-1.5) Xpe Xps ves Xy indices.
11-46 | {]|} {xeA|p(x)) set of those elements of EXAMPLE
(11-1.6) A for which the {xeR|x <b}
proposition p(x) is true If it is clear from the context which set A
is being considered, the notation
{x | p(x)} can be used.
EXAMPLE
{x|x <5}
11-4.7 | card card (A) number of elements in A;
=) cardinal of A
11-48 | @ the empty set
(71-1.7)
1149 |N N the set of natural N={0,1,23,..}
(11-1.8 numbers; Exclusion of zero from the sets 11-4.9
the set of positive to 11-4.13 is denoted by an asterisk,
integers and zero e.g. N*,
Nk= {O, 1, ...,k'—' 1]
11410 |z Z the set of integers zZ={.,-2,-1,01,2..)
(11-1.9 See remark to 11-4.9.
11411 |@ Q the set of rational See remark to 11-4.9.
(11-1.10 numbers
11412 |R R the set of real numbers See remark to 11-4.9.
(11-1.11)
114143 |C C the set of complex See remark to 11-4.9.
(11-1.12 numbers
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4 SETS (continued)
Item No. s‘;’:;:o" Application Meaning, verbal equivalent Remarks and examples
11-414 | [,] [a, b] closed interval in R froma | [a, b]={xeR|a<x<b)}
() (included) to b {included)
11-4.15 | 1],] Ja. b] left half-open interval in R | Ja,b] = {(xeR|a<x<b}
=) (.] (a, b] from a (excluded) to b
: (included)
11-4.16 [.[ [a, B[ right half-open interval in R | [a, bl = {xe R|a<x < b)
=) L.) [a, b) from a (included) to
{excluded)
11-4.17 |1.[ Ja, b[ open interval in R from a Ja,b[={xeR|a<x<b}
) () (a. b) (excluded) to b (excluded)
11-418 | BcA B is included in 4; Every element of B belongs to A.
(11-1.13) B is a subset of A c is also used, but see remark to 11-4.19.
11-419 | BcA B is properly included in A4; | Every element of B belongs to A, but B is
(11-1.14) B is a proper subset of A not equal to A.
If < is used for 11-4.18, then & shall be
used for 11-4.19.
11-4.20 | ¢ C¢A C is not included in 4; ¢ is also used.
(11-1.18) C is not a subset of 4 The symbols ¢ and ¢ are also used.
11-4.21 | 2 A2B A includes B (as subset) A contains every element of B.
(11-1.16) o is also used, but see remark to 11-4.22.
A 2 B has the same meaning as B < A.
11-4.22 | o A>SB A includes B properly A contains every element of B, but A is
(11-1.17) : not equal to B.
If o is used for 11-4.21, then 2 shall be
used for 11-4.22.
A o B has the same meaning as B < A.
11-4.23 | 2 A2C A does not include C (as # is also used.
(11-1.18 subset) The symbols D and 3 are also used.
A 2 C has the same meaning as C & A.
11-4.24 |y AUB union of A and B The set of elements which belong to A
(11-1.19 or to B or to both A and B.
AUB={x|xeAvxeB)

4
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4 SETS (continued)
item No. Sy;rir::‘ol, Application Meaning, verbal equivalent Remarks and examples
11-4256 | U L"J A union of a collection of sets CJ A=A UA UL UA,
(11-1.20) =1 Ay, o Ay i=1 .
the set of elements belonging to at least
one of the sets Ay, ..., A,
Uj=1 and _UI. Uier
te
are also used, where I denotes a set of
indices.
11-4.26 | n ANnB intersection of A and B, The set of elements which belong to both
(11-1.21) read as A inter B A and B.
AnB={x|xeA AxeB}
11-4.27 | N r”‘| A intersection of a collection f] A=A NAN.. NA,
(11-1.22) i=1 of sets 4, ... 4, d=1 _
the set of elements belonging to all sets
Ay Ay, .and A,
n?=1 and ﬂ: niel
iel
are also used, where I denotes a set of
indices.
11-4.28 |\ A\B difference between A and | The set of elements which belong to A,
(11-1.23 B; but not to B.
A minus B A\B={x|xeAAx¢B}
A — B should not be used.
11-4.29 | [ (4B complement of subset B The set of those elements of A which do
(11-1.24) of A not belong to the subset B.
If it is clear from the context which set A
is being considered, the symbot A is often
omitted.
Also (,B=A\B
11-4.30 | (.) {a, b) ordered pair a, b; (a, b) = (c, d) if and only if a = ¢ and
(11-1.25) couple a, b b=d.
{a, b) is also used.
11431 | (/o) (ay, ag, ..., @) ordered n-tuplet (@, ay, ..., a,) is also used.
(11-1.26)
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4 SETS (concluded)
Item No. Sysr;;l;ol, Application Meaning, verbal equivalent Remarks and examples
11-4.32 | x AxB cartesian product of A The set of ordered pairs (a, b) such that
(11-1.27) and B aeAandbeB.
AxB={(ab)|acAAbeB)}
AxAx..xAis denoted by A", where n
is the number of factors in the product.
11-4.33 | A Ay set of pairs (x, x) of Ax A, | Ay={(x,x) |xeA}
(—) where x e A; id, is also used.
diagonal of the set A x A
6
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5 MISCELLANEOUS SIGNS AND SYMBOLS

Symbol,

Item No. sign

Application

Meaning, verbal equivalent

Remarks and examples

1161 | = a=b
(11-3.1)

11-6.2
(11-3.2)

+*
Q

H*
Sy

&

=
IS
Il
o

11-6.3
(11-3.3)

I

11-6.4
(11-3.4)

1
S

n»
8

11-6.6
(11-3.5)

124
Q
Q
o

11-5.6 a~b
(11-3.6) | < ach

t

1167 | < a<b
(11-3.7)

1168 | > b>a
(11-3.8)

11-6.9
(11-3.9)

VAN
2

A
S

11-6.10
(11-3.10)

v
o
\%
Q

116.11 | K akb
(11-3.11)

11612 | > b>a
(11-3.12)

11-6.13 | o0
(11-3.13)

ais equal to b

a is not equal to b

a is by definition equal
tob

a corresponds to b

a is approximately equal
tob

a is proportional to b

ais less than b

b is greater than a

a is less than or equal
tob

b is greater than or equal
toa

a is much less than b

b is much greater
than a

infinity

= may be used to emphasize that a
particular equality is an identity.

The symbol = is also used.

EXAMPLE
p &£ mv, where p is momentum, m is

mass and v is velocity.

4 and := are also used.

EXAMPLES

When E=kT, 1 eV =11 604,5 K.
When 1 cm on a map corresponds
to a length of 10 km, one may write
1em= 10 km.

The symbol = is reserved for “is
asymptotically equal to". See 11-7.7.

The symbols < and £ are also used.

The symbols = and = are also used.
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5 MISCELLANEOUS SIGNS AND SYMBOLS (concluded)

)

Item No. Sysrir;I:‘ol, Application Meaning, verbal equivalent Remarks and examples
11-6.14 | () (a + b)c ac + bc, parentheses In ordinary algebra the sequence of (),
(—) [1] [a + b]c ac + be, square brackets [ 1 {}and () in order of nesting is not
{}) {a + b)c ac + bc, braces standardized. Special uses are made of
O (a + b)e ac + be, angle brackets (). L1 {}and () in particular fields.
11-56.15 | AB JCD the line AB is parallel to the
(=) line CD
11-6.16 | L AB L CD the line AB is perpendicuilar

to the line CD

.
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6 OPERATIONS

Meaning, verbal

()

11-6.5 a-b axb ab
(11-4.3)

1166 |% ab ap”"
(11-4.4)

11-6.7 a
(11-4.68) | =1

11-6.8 ﬁa,.

(11-4.6) |i=1

1169 |d°

(11-4.7)

i | @ e /e
(a9 | e

11-6.12 | |a|
(11-4.10)

a multiplied by b

a divided by b

a+ayt..+a,

a1+ ay* ... "qQ,

a to the power p

a to the power 1/2;
square root of a

a to the power 1/n;
nth root of a

absolute value of a;
magnitude of q;
modulus of a

Item No. Symbol, application equivalent Remarks and examples
11-6.1 a+b aplus b
(11-4.1)
1162 |a-b»b a minus b
(11-4.2)
1163 |a+b a plus or minus b
=)
1164 [aFb a minus or plus-b ~(atb)=—aFb

See also 11-4.32, 11-13.6 and 11-13.7.
The sign for multiplication of numbers is a
cross (x) or a dot half high (). If a dot is used
as the decimal sign, only the cross shall be
used for multiplication of nhumbers. For
decimal sign see 1SO 31-0:1992,

subclause 3.3.2.

See also ISO 31-0:1992, subclause 3.1.3.

n
Also E foq G E a;, E ; G E a;
i

Also ]___[:=1 a, ]___[a,-, ]_—_[,- Gin I—.[a"
i

ifa >0, then \/;>0.
See remark to 11-6.11.

n
lfa >0, then y/a >0. |
If the symbol / or "/ acts on a composite
expression, parentheses shall be used to
avoid ambiguity.

abs a is also used.
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6 OPERATIONS (concludead)
. Meaning, verbal
Item No. Symbol, application equivalent Remarks and examples
11-6.13 | sgna signum a For real a:
11-4.
{11-4.17) 1ifa>0
sgna=1{0ifa=0
—1ifa<0
For complex a, see 11-10.7.
11-6.14 |a (a) mean value of a The method of forming the mean shall be
(11-4.12) stated if not clear from the context.
n
11-6.15 | n! factorial n Forn >1: nl=] [e=1x2x3x..xn
(11-4.13) k=1
Forn=0: nl =1
11-6.16 n cr binomial coefficient n, p n\ _ oy
arata | (p) G (o) = s
11-6.17 | enta the greatest integer less [ ent2,4=2
(11-4.15) | E(a) than or equal to a; ent( —2,4) = —3
characteristic of a [a] or int a is sometimes used for ent a, but
is now often used with the meaning "integer
part of 4", e.g.
[24]=int24=2
[-24] =int(-24)=-2
10
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7 FUNCTIONS
Iitem No. Symbol, application Me::i?‘?él:‘:;bal Remarks and examples
1171 | f function f A function may also be denoted by x> f(x).
(11-6.1) Letters other than f are also used.
117.2 | f(x) value of the function f at
(11-6.2) | f(x. 3. ...) xorat (xy ..)
respectively
1173 | f)8 () — fla) This notation is used mainly when evaluating
(11-6.3) definite integrals.
[F)la
1174 |gof the composite function of | (gof) (x) = g(f(x))
(11-5.4) fand g, read as g circle f
11756 |x—a x tends to a
{11-5.5)
11-7.6 | lim f(x) limit of f(x) as x tends to | lim ,_, , f(x) = b may be written f(x) — b as
(1156 |” a x—a.
lim, L o fx) Limits “from the right” (x > a) and “from the
left” (x < a) may be denoted by
lim ;g4 f(x) and lim ., ,_ f(x) respectively.
177 | ~ is asymptotically equal to | EXAMPLE
(11-6.7) 1 1 o
o - a.
sin(x—a) *—9¢ xma
11-7.8 | O(g(x)) |f(x)/g(x)| is bounded
(11-6.8) | f(x) = O(g(x)) above in the limit implied
by the context;
fis of the order of ¢
11-7.9 | o(g(x)) f(x)[g(x) = 0 in the limit
(11-56.9) | f(x) = o(g(x)) implied by the context;
fis of lower order than g
11-7.10 | Ax (finite) increment of x
(11-5.10)
11711 | df derivative of the function | Dfis also used.
(11-6.11) | Gx f of one variable
d
e 1Y) a1, DF)
S If the independent variable is time ¢,
fis also used for %
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7 FUNCTIONS (continued)
Item No. Symbol, application Me:;i?‘?;l:f‘;bal Remarks and examples
11-7.12 df value at a of the derivative | Df(a) is also used.
(11-6.12) | \ 4% of the function f
x=a
(dffdx), - 4
f'(a)
11713 | g nth derivative of the D"f is also used.
(11-5.13) O function f of one variable
nx . Forn=2,3,f", f' are also used fgrf("). Iif
d’fldx the independent variable is time ¢, fis also
2
f( " used for d—{-
dr
11-7.14 | of partial derivative of the D, fis also used.
(17-6.14) | 3% function f of several
variables x, y, ... with (%, Y ...
af/ox respect to x —(ax———)- . of(x, y, ...)[ox,
o, f 0. f(x i -..). D, flxy ...)
The other independent variables may be
shown as subscripts, e.g. (i)
ox
This partial-derivative notation is extended to
derivatives of higher order, e.g.
A _a (o
ox2  Ox \ ox
o 3 (¥
0x0y X y
11-7.15 | df total differential of the of of
(11-6.15) function f df.y, ) =5 de+ 5 dy +
11-7.16 | &f (infinitesimal) variation of
(11-5.16) the function f
11717 | [ fa) ax an indefinite integral of
(11-6.17 the function f
12
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7 FUNCTIONS (concluded)
Item No. Symbol, application Me::i?g;.:ﬁ;bal Remarks and examples
11-7.18 | & definite integral of the Multiple integrals are denoted by, for
(11-5.18) if(x) dx function f from a to b example:
b d b
[ £ ax § ) dedy
a y=c¢ x=a
Special notations
F1Jé
cC s VvV
are used for integration over a curve C, a
surface S and a three-dimensional domain V,
and over a closed curve or surface,
respectively.
11-7.19 | &, Kronecker delta symbol 5 = 1fori=k
(11-6.19) ik—[Ofori;ék
where i and k are integers.
11-7.20 | gy Levi-Civita symbol gg=1for (i, 7, k) = (1,2, 3) and is completely
(11-5.20) antisymmetric in the indices, i.e.
€123 = €31 = €312 = 1
€132 = E3p1 = 813 = —1
all others being equal to 0,
11-7.21 | 3(x) Dirac delta distribution +oo
(11-5.21) (function) J fx) 3(x) dx = £(0)
11-7.22 | &(x) unit step function; 1forx>0
(11-5.22) Heaviside function &%) ={0 forx< 0
H(x) is also used.
9(t) is used for the unit step function of time.
11-7.23 | f*g convolution of fand g +oo
(11-5.23) (7 * 8)(x) =f J0) 8(—v) dy
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8 EXPONENTIAL AND LOGARITHMIC FUNCTIONS
Sign, symbol, .

item No. expression Meaning Remarks and examples

11-8.1 a” exponential function to Compare 11-6.9.

{—) the base g of x

1182 |e base of natural logarithms 1\

(17-6.1) o =,,“£EL(1 + T) — 2,718 281 8...

11-83 | & exponential function (to

(11-6.2) | exp x the base e) of x

11-8.4 | loggx logarithm to the base g of | log x is used when the base need not be
(11-6.3) X specified.

11-85 |Inx Inx = loggx; log x shall not be used in place of In x, Ig x,
(11-6.4) natural logarithm of x Ib x or loggx, logqox, logyx.

11-86 |lg=x ig x =logyor: See remark to 11-8.5.

(11-6.5) common (decimal)

fogarithm of x
11-87 |lbx b x = log,x; See remark to 11-8.5.
(11-6.6) binary logarithm of x
14
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9 CIRCULAR AND HYPERBOLIC FUNCTIONS
Item No Sign, symbol, Meanin Remarks and exampl
. expression 9 mples
11-9.1 T ratio of the circumference | = = 3,141 592 6...
(11-7.1) of a circle to its diameter
11-9.2 | sinx sine of x (sin x)", (cos x)", etc., are often written sin"x,
(11-7.2) cos"x, etc.
11-9.3 | cosx cosine of x
(11-7.3)
1194 | tanx tangent of x tg x is still used.
(11-7.4)
1185 |cotx cotangent of x cotx =1/tanx
{11-7.5)
119.6 |secx secant of x secx = 1/cosx
(11-7.6)
11-9.7 cscx cosecant of x cosec x is also used.
(11-7.7) cscx =1/sinx
11-9.8 | arcsinx arc sine of x y= arcsinx «>x=siny, —n/2 <y <n/2

(11-7.8) The function arcsin is the inverse of the
function sin with the restriction mentioned
above.

See remark following 11-9.13.
11-9.9 | arccosx arc cosine of x y= arccosx <+ x=c0sy, 0<<y<n

(11-7.9 The function arccos is the inverse of the
function cos with the restriction mentioned
above.

See remark following 11-9.13.
11-9.10 | arctanx arc tangent of x arctg x is still used.

(11-7.10) y= arctanx < x=tany, — w2 <y <xn/2
The function arctan is the inverse of the
function tan with the restriction mentioned
above.

See remark following 11-9.13.
11-9.11 | arccot x arc cotangent of x y=arccotx<x=coty, O<y<m

(11-7.11) The function arccot is the inverse of the
function cot with the restriction mentioned
above.

See remark following 11-9.13.
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9 CIRCULAR AND HYPERBOLIC FUNCTIONS (continuea)
Sign, symbol, .

Item No. expression Meaning Remarks and examples

11-9.12 | arcsec x arc secant of x y=arcsecx<x=s5ecy Oy <n,y#mn/2

(11-7.12) The function arcsec is the inverse of the
function sec with the restriction mentioned
above,
See remark following 11-9.13.

11-9.13 | arccsc x arc cosecant of x arccosec x is also used.

(11-7.13) Yy = arccsc x < x = CSC y,
-2 <y<nf2,y#0
The function arccsc is the inverse of the
function ¢sc with the restriction mentioned
above.
Remark on 11-9.8 to 11-9.13.
The notations sin~'x, cos ', etc., for the
inverse circular functions shall not be used
because they may be mistaken for (sin x) ™",
(cos x)7", etc.

11-9.14 | sinhx hyperbolic sine of x sh x is also used.

(711-7.14)

11-9.15 | coshx hyperbolic cosine of x ch x is also used.

(11-7.15)

11-9.16 | tanhx hyperbolic tangent of x th x is also used.

(11-7.16)

11-9.17 | cothx hyperbolic cotangent of x | cothx = 1/tanhx

(11-7.17

11-9.18 | sech x hyperbolic secant of x sechx =1/ coshx

(11-7.18

11-9.19 | csch x hyperbolic cosecant of x | cosech x is also used.

(11-7.19 csch x = 1/ sinh x

11-9.20 | arsinh x inverse hyperbolic sine arsh x and argsh x are also used.

(11-7.20) of x y=arsinh x < x = sinhy
The function arsinh is the inverse of the func-
tion sinh.
See remarks following 11-9.25.

11-9.21 | arcosh x inverse hyperbolic cosine | arch x and argch x are aiso used.

(11-7.27) of x y=arcoshx<x=coshy y =0
The function arcosh is the inverse of the
function cosh with the restriction mentioned
above.
See remarks following 11-9.25.,

16
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9 CIRCULAR AND HYPERBOLIC FUNCTIONS (concluded)

item No. s:g(l:)'r:::i‘:: L Meaning Remarks and examples

11-9.22 | artanh x inverse hyperbolic arth x and argth x are also used.

(11-7.22) tangent of x y =artanh x <+ x = tanhy
The function artanh is the inverse of the
function tanh.
See remarks following 11-9.25.

11-9.23 | arcoth x inverse hyperbolic argcoth x is also used.

(11-7.23) cotangent of x y=arcothx<x=cothy, y#0
The function arcoth is the inverse of the
function coth with the restriction mentioned
above.
See remarks following 11-9.25,

11-9.24 | arsech x inverse hyperbolic secant | y =arsechx<«x=sechy y>0

(11-7.24) of x The function arsech is the inverse of the
function sech with the restriction mentioned
above.
See remarks following 11-9.25.

11-9.26 | arcsch x inverse hyperbolic arcosech x is also used.

(11-7.25) cosecant of x y=arcschx<x=cschy, y#0

The function arcsch is the inverse of the
function csch with the restriction mentioned
above.

Remarks on 11-9.20 to 11-9.25.

arsinh, arcosh, etc., are also called area
hyperbolic sine, area hyperbolic cosine and so
on, because the argument is an area.

The notations sinh™'x, cosh™ %, etc., for the
inverse hyperbolic functions shall not be used
because they may be mistaken for (sinh x) =,
(cosh x) ™Y, etc.
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10 COMPLEX NUMBERS

Sign, symbol,

Item No. expression Meaning Remarks and examples
11-10.1 | j imaginary unit, i = —1 In electrotechnology, j is generally used.
(11-8.1)

11-10.2 | Re: real part of z

(11-8.2)

11-103 | Imz imaginary part of z z=x+1iy, wherex=Re zand y=Imz.
(11-8.3)

11-10.4 | |z| absolute value of z; mod z is also used.

(11-8.4) modulus of z

11-10.5 }argz argument of z; z=re®, where r = |z| and ¢ = arg z, i.e.
(11-8.5) phase of z Rez =rcose andIm z =rsing.
11-10.6 | z* {complex) conjugate of z | Sometimes 7 is used instead of z*.
(11-8.6)

11-10.7 {sgnz sighum z sgn z =1z/|z| = exp(iarg z) forz # 0,
(11-8.7) sgnz=0forz=0.
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11 MATRICES
Sign, symbol, -

item No. expression Meaning Remarks and examples
The use of capital letters in this section is not
intended to imply that matrices or matrix
elements cannot be written with lower-case
letters.

11111 | A matrix A of type m by n A is the matrix with the elements A;;

(11-9.7) A o A m is the number of rows and » is the number

11 12 !
: of columns. 4 = (4,) is also used.
A A Square brackets are also used instead of
m1 mn

parentheses.

11-11.2 | AB product of matrices 4 and | (AB); = ZA,-,-Bjk

(11-9.2) B ]
where the number of columns of A must be
equal to the number of rows of B.

M-113 |E I unit matrix Any square matrix for which Ejy = 8.

(11-9.3) See 11-7.19.

11-11.4 |A47" inverse of a square matrix | Ad'=A A =E

(11-9.4) A

11115 | AT A4 transpose matrix of 4 (AT) w=Ay

(17-9.5)

11-11.6 | A* complex conjugate matrix | (4%); = (4;)* = Ax

(71?9'6) of 4 In mathematics, 4 is often used.

11-;1 1.7 | A" 4t Hermitian conjugate (AH),-k = (A4n)* = Af)

(11-9.7) matrix of 4 In mathematics, A* is often used.

11-11.8 | detA determinant of a square

(11-9.8) Agq - Aqy matrix 4

An1 b Ann

11-11.9 [trd trace of a square matrix [trd = ZA,-,-

(11-9.9 A i

11-11.10 | 4] norm of the matrix 4 Several matrix norms can be defined, e.g. the

(11-9.10) Euclidean norm
14| = (tr(44%))"?

19
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12 COORDINATE SYSTEMS

Position vector and its

Name of coordinate

(—) dr=dge,+
edpe,+dze,

Item No. Coordinates differential system Remarks
11121 | x 9,2 r=xe, +ye, + ze, cartesian e, e, and e, form an
(—) dr=dx e +dye +dz e | coordinates orthonormal right-handed
system. See figure 1.
11-12.2 (0, ¢, 2 r=ge,-+ze,; cylindrical e,(0), e,(p) and e, form an

coordinates

orthonormal right-handed
system. See figures 3 and 4.
If z=0, then g and ¢ are the
polar coordinates.

avoid the risk of sign errors.

11123 | 8¢ r=re, spherical e.(3. 0), (9, ¢) and e, (o) form
(—) dr=dre +rd$ e+ coordinates an orthonormal right-handed
rsin 8 do e, system. See figures 3 and 5.

NOTE 1 If, exceptionally, a left-handed system {see figure 2) is used for certain purposes, this shall be clearly stated to

The x-axis is pointing towards the viewer,

Figure 1 — Right-handed cartesian coordinate

system

Figure 3 — Oxyz is a right-handed
coordinate system

20
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The x-axis is pointing away from the viewer.

Figure 2 — Left-handed cartesian coordinate

system
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13 VECTORS AND TENSORS

item No.

Sign, symbol,
expression

Meaning

Remarks and examples

11-13.1
(11-10.1)

11-13.2
(11-10.2

11-13.3
(11-10.3)

11-13.4
(11-10.4)

11-13.6
(11-10.5)

Ql

vector a

magnitude of the vector
a

unit vector in the direction
of &

unit vectors in the
directions of the cartesian
coordinate axes

cartesian components of
vector a

In this section, only cartesian {(orthonormal)
coordinates in ordinary space are considered.
The more general case requiring covariant and
contravariant representations is not treated
here. The cartesian coordinates are denoted
X, ¥y, z OF Xy, X3, %3. In the latter case, indices i,
J, k, I ranging from 1 to 3 are used, and the
following summation convention is adopted:
if such an index appears twice in a term,
summation over the range of this index is
understood.

Remarks to 11-13.1 to 11-13.20

A scalar is a tensor of zero order and a vector
is a tensor of the first order.

Vectors and tensors are often represented by
general symbols for their components, e.g9. ¢;
for a vector, Tj; for a tensor of the second
order, ab; for a dyadic product.

An arrow above the letter symbol can be used
instead of bold face type to indicate a vector.
Any vector @ can be multiplied by a scalar or
a number £, i.e. ka.

|| is also used.

ea=a/|al

a=ae,

a = aqe, +ae, + ae

a.e,, etc., are the component vectors.

If it is clear from the context which are the
base vectors, the vector can be written

a=(a,a, a).

r=xe, +ye, + ze,
is the radius vector (position vector).
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13 VECTORS AND TENSORS (continued)

Sign, symbol, .
item No. expression Meaning Remarks and examples
11-136 la-b scalar product of @and & | @-b=ab,+ab, +ab,
(11-10.6)
a - b = Zaib"
i
often written a; by convention (see remark
preceding 11-13.1).
a-a=a’= |a|2=a2
In special fields, (e, b) is also used.
11-13.7 |axb vector product of @ and b [ The components are (a x b), = a,b, — a,b,,
(11-10.7) etc., in a right-handed cartesian coordinate
svstem.
xB= XS e
For &, see 11-7.20.
11-13.8 |V nabla operator V=e, 9 + e 92 + e,—a— = Ze,-i
x 7 ay dz ' OX;
(11-10.8) | - 9 i
v —— is also used.
or
11-13.9 | Vo gradient of ¢ grad ¢ is also used.

(11-10.9) | grad ¢

Vo =Ze,-—g(p—‘

11-13.10 [ V- a divergence of @ da:
(11-10.10)| div @ V-a= Z .

11-13.11 | Vx a rotation of a; The components are
(11-10.17) rot @ curl of @ da. O
curl a (Vxa),= ayz 8? .

rot a, curl a are also used.

(Vx a); Zz'ﬂ‘ax

For g, see 11-7.20.

<
N

11-13.12 Laplacian P, * P
. A= + +
(11-10.12| A o a2t o

22

Copyright International Organization for Standardization
Provided by IHS under license with ISO
No reproduction or networking permitted without license from IHS Not for Resale



© SO

ISO 31-11:1992(E)

13 VECTORS AND TENSORS (concluded)
Item No Sign, symbol, Meanin Remarks and examples
‘ expression 9 pie
11-13.13 | O Dalembertian - 92 N 92 N 22 1 3
(11-10.13 PYe) 8y2 302 2 o
111314 | T tensor T of the second Two arrows above the letter symbol can be
(11-10.14) ? order used instead of bold face sans serif type to
indicate a tensor of the second order.
111316 | Ty Ty - T, cartesian components of | T=T.ee, + T ee, + ..
(11-10.15) T} tensor T T.e.e, etc., are the component tensors.
If it is clear from the context which are the
base vectors, the tensor can be written
., T, T,
T= I, T, T,
I, T, T,
11-13.16 |ab a® b dyadic product; tensor of the second order with components
(11-10.16) tensor product of two (ab); = ab;
vectors @ and b
111317 | T® S tensor product of two tensor of the fourth order with components
(11-10.17) tensors T and S of the (T® S)jju =TS
1 second order
11-‘i:3.18 T-S inner product of two tensor of the second order with components
(11-10.18 tensors T and S of the
second order (T Su= > TSk
J
111319 | T-a inner product of a tensor | vector with components
(11-10.19 T of the second order and
a vector a (T-a);= Zﬂﬂj
j
11-13.20 | T: 8 scalar product of two scalar quantity
(11-10.20} tensors Tand S of the
second order T:§= ZZTUSJ.
i J
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14 SPECIAL FUNCTIONS
It?m No. smrmzl' Meaning Remarks and examples
[ 11-14.1 Ji(x) cylindrical Bessel solutions of
(11-11.1) functions (of the first 2y +xy + (x2 - 12)y =0
kind) ) ( 1)1:( /2)l+2k
= X
W=D ey (20
For T, see 11-14.19.
11-14.2 | Ny(x) cylindrical Neumann Jy(x) cos kn - J_,(x)
{11-11.2 functions; N;(x) =}|;'_"f‘1 : SN i :
cylindrical Bessel functions Yix) is al q
of the second kind i{x) is also used.
11143 | H"(x) cylindrical Hankel HIY () = Jy(x) + iN,(x)
(11-11.3 2 functions; 2) .
Hi™ (x) cylindrical Bessel functions| Hi”’ (¥) = Ji{x) — iN;(x)
of the third kind
11-14.4 | 1)(x) modified cylindrical solutions of
(11-11.4) 0 Bessel functions 2yt xy - (x2 + 12)y =0
I
Li(x) =i ()
Kifx) = (m/2)1 " (dy(ix) + iNy(ix))
11-14.5 | ji(x) spherical Bessel functions | solutions of
(11-11.8) (of the first kind) B+ 2y + [l )]y=0 (30
(%) = (%/22)"2; 4 10(%)
11-14.6 | nyx) spherical Neumann nx) = (8]20) N, 1200)
(11-11.6) functions; ,
spherical Bessel functions | Y(x) is also used.
of the second kind
11147 [ h(x) spherical Hankel h{(x) = jy(x) +iny(x) = (129 "PH) 1 (%)
(11-11.7) functions; . )
hl(z)(x) spherical Bessel functions hl(z)(x) = jy(x) —in(x) = ("/7-")”2"*1(221/2(")
of the third kind Modified spherical Bessel functions are de-
noted i;(x) and k;(x) respectively; compare
11-14.4.
11-14.8 | Py(x) Legendre polynomials solutions of
(11-11.8 | (1-)y" - 20 +10+ 1)y=0

!
Pie) = —-

e O v
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14 SPECIAL FUNCTIONS (continued)
item No. s?x';r:::;::l' Meaning Remarks and examples
11-149 | PI'(x) associated Legendre solutions of
(17-11.9 functions 2
(1 —xz)y" — 2y + [1(1+ 1) - 1'" . ]y:O
-Xx
m
PP = (1-29)"" -d—‘iﬁ P,(x)
(,meN;m<gl)
11-14.10 | Y{'(8, ¢) spherical harmonics solutions of
11-11.1
| ? 13 [gng 2,
sind 99 o9
1 &y
=2 +i(I+1)y=0
sin%8 dg? =+
@+1) (= 1m)t ]
+ — |m])?
Y% 0)=(-1"
P}™ (cos 8 )e"™
(. Im| eN; |m| £
11-14.11 | H,(x) Hermite polynomials solutions of
(11-11.11) ¥ —2xy' +2ny=0
2 At 2
H,(x) = (- 1) %e" (ne N)
11-14.12 | L,(x) Laguerre polynomials solutions of
(11-11.12 '+ (1-x)y +ny=0
L,x) = i x"e™  (meN)
n dx?l
11-14.13 | L (x) associated Laguerre solutions of
(11-11.13 polynomials '+ (m+1-xy +(n-my=0
() = :;—";. L)  (mneN;mgn)
11-14.14 | F(a, b; ¢; x) hypergeometric functions | solutions of
(11-11.14) x(1=x)y" +[c=(@a+b+1)x]y —aby=0
F(a b;c,x) =
b+ 1)
1 _a_b_ a(a + 2
e T e+ )
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14 SPECIAL FUNCTIONS (continued)
Htem No. s?)::;rz‘:l‘::" Meaning Remarks and examples
11-14.15 | F(a; c; %) confluent hypergeometric | solutions of
(11-11.15) functions ' +(c—xy -ay=0
PR | ala+1)
Flaicix) =1+ x+__2!c(c+ 1 4+
9
11-14.18 | F(k, p) {incomplete) elliptic F(k o) = a5
(11-11.16) integral of the first kind ‘/ 1 - K2sin2s
0
K(k) = F(k, =/2) O<k<1)
is the complete elliptic integral of the first
kind.
1114.17 {E(k, ) (incomplete) ellipti "
-1417 }E(k, @ incomplete) elliptic _ 42 a2
(11-11.17 integral of the second Bk 9) L T -k sin’s o
kind
E(k) =E(kn/2) (0O<k<?)
is the complete elliptic integral of the second
kind.
o
11-14.18 | I1(k, n, ¢) {incomplete) elliptic Nk, n, @) = g
(11-11.18 integral of the third kind (1 +n sinzs) ‘ /1 — ¥ sinds
A 0
Nk, nn/2) (0<k<?)
is the complete elliptic integral of the third
kind.
11419 | T (x) gamma function rg=[Fled  (x>0)
(11-11.19 0
‘ T(n+1)=nl (neN)
1
11-1420 | B(x, y) beta function B(x ) =j (I " dr
e I 0
(x,yeR;x>0,y>0)
B(x,y) =T(x)T()T G +y)
11-14.21 Eix exponential integral : w o=t
(11_112@ EIx=L—dt
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14 SPECIAL FUNCTIONS (concluded)
item No. ngx':)’ r:‘;:i]:: I Meaning Remarks and examples
11-14.22 | erf x error function orf x = —2 re"z dr
(11-11.21) NERL
el"f(oo) =1
The function erfc x = 1 — erf x is called the
complementary error function.
In statistics the distribution function
1 * 2
o) =—L [ &g
2r T
is used.
11-14.23 | ¢(x) Riemann zeta function Ex) = % + % + —137 +o. (x>1)
(11-11.22

27
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