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Foreword

This British Standard was prepared under the direction of the Materials and Chemicals
Sector Board. It supersedes BS 5324 : 1976 which is withdrawn.

Compliance with a British Standard does not of itself confer immunity
from legal obligations.

Summary of pages

This document comprises a front cover, an inside front cover, pages i to iv, pages 1
to 90, an inside back cover and a back cover.
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Guide

Introduction

Statistical methods have an important role at all
stages of the testing process, from the design of the
experiment to the interpretation of results. Hence,
those involved in testing require basic understanding
of statistical principles and knowledge of the
statistical techniques which need to be applied.

There are many text books and British Standards
which describe statistical methods but it is
convenient to have a guide which is a single, easy
source of reference to the most commonly used
methods and formulae and which also considers
their particular application to the various rubber test
methods. This standard is therefore complementary
both to the general standards on statistics and to the
standards on methods of test for rubbers.

The approach taken in this standard is that for each
subject the text is structured into principles,
methodology and applications to rubber testing.
Under principles, the basic concepts of the subject
are briefly outlined. Methodology considers the
statistical techniques which can be applied; basic
procedures and formulae are given but, as
appropriate, more detailed matter is placed in
annexes and for less commonly used methods or
more advanced treatment reference is made to other
publications. Applications to rubber testing indicates
how and where the methods may be applied and
gives examples which are particular to rubber
properties and tests.

1 Scope

This Part of BS 903 provides guidance on the
application of statistics to rubber testing. It is
intended not to conflict with or replace existing
British Standards covering basic statistical
techniques, but rather to complement them and
provide examples of those techniques applied to
particular rubber testing situations.

2 Informative references

This Part of BS 903 refers to other publications that
provide information or guidance. Editions of these
publications current at the time of issue of this
standard are listed on page 89, but reference should
be made to the latest editions.

3 Definitions

For the purpcses of this Part of BS 903, the following
definitions apply.

NOTE. These definitions, which are expressed as far as possible in
non-mathematical terms, apply to the main statistical terminology
used. A more comprehensive and rigorous list can be found in

B3 iSO 3534 and in the standsrds dealing with specific statistical
technigues indicated in the references.

3.1 population

The totality of data that could (theoretically) be
obtained to characterize the rubber property being
measured.

3.2 sample

The data actually available from the population as a
result of an experimental test programme having
been undertaken.

3.3 variability

The tendency for nominally identical test pieces to
produce different test resuits.

3.4 population mean

The sum of the data in the population divided by the
number of values comprising the population if this is
known.

3.5 sample mean

The sum of the data in a sample divided by their
number.

NOTE. The calculation of the arithmetic mean is given in
equations 1 and 2 in 6.2.2,2.

3.6 median

The middle value (or average of the two middle
values) when the data in a sample are arranged in
numerically increasing value.

3.7 mode

The value of the property being measured which
occurs with the greatest frequency.

3.8 variance

A measure of the dispersion of the data based on the
mean squared deviation from the arithmetic mean.
3.9 population standard deviation

The positive square root of the variance of the
population.

3.10 sample standard deviation

The positive square root of the variance of the given
sample.

NOTE. The calculation of standard deviation is given in equations
5 and 6 in 6.2.3.2.1.

8.11 coefficient of variation

The ratio of the standard deviation to the mean,
generally expressed as a percentage.

NOTE. The calculation of coefficient of variation is given in
equation 8 in 6.2.3.4.

3.12 standard error

The standard deviation of the estimate of the
population mean.

NOTE. The calculation of standard exror is given in equation 7 in
6.2.3.2.3.

© BSI 1997
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3.13 bias

The difference between the expectation of the test
results and an accepted reference value arising out
of one or more systematic errors.

3.14 accuracy

The closeness of agreement between a test result
and the accepted reference value.

3.15 trueness

The closeness of agreement between the average
value of a large number of test results and the true
or accepted reference value. It is usually expressed
in terms of bias.

3.16 precision
The closeness of agreement between test results.

3.17 repeatability

The precision obtained under conditions where
independent test results are obtained with the same
method on identical test material in the same
laboratory by the same operator using the same
equipment within a short interval of time.

3.18 reproducibility

The precision obtained under conditions where
independent test results are produced with the same
method on identical test material in different
laboratories with different operators using different
equipment.

3.19 level of significance

The probability of error associated with a
significance test.

3.20 distribution function

A function giving for every possible value of the
property being measured the probability that any
other value will be less than or equal to it.

3.21 density distribution

The slope of the distribution function at every value,
i.e. the first derivative of the distribution function.

3.22 normal distribution

A symmetrical ‘bell-shaped’ density distribution
which is fully defined by its mean and standard
deviation. (Also known as the Laplace Gauss or
Gaussian distribution.)

3.23 double exponential distribution

An asymmetrical distribution, fully defined by a
single ‘shape’ parameter, which has been used to
characterize the distribution of tensile strengths in
rubber compounds.

3.24 Weibull distribution

A symmetrical distribution fully defined by three
parameters and found to be useful in characterizing
lifetime tests such as fatigue.

3.25 degrees of freedom

The number of independent differences between the
readings available for an estimate of standard
deviation.

3.26 confidence interval

The range within which a value or parameter can be
expected to lie with a given probability.

3.27 confidence limits

The extreme values of the confidence interval.

4 Symbels

x An individual numerical value, such as the
tensile strength of a single test piece.

x; A single value in a series of values, such as a
tensile strength in a set of 5 replicate values.

xy;  Asingle value in a series of values in which
two factors are present, such as the tensile
strength in sets of replicates obtained at
different temperatures.

n The number of values in a series.

JS(x) A property or parameter which is a function of
« or a density distribution function.

p(x) A probability distribution function.

T The arithmetic mean of a series of numbers,
xi»

u The population mean of a distribution.

pi The estimate of the population mean from the
available sample.

s’ the standard deviation of a series of numbers.

g The population standard deviation of a

distribution.

s The estimate of the population standard

deviation from the available sample.

The coefficient of variation.

P, The plot positions for the graphical

presentation of a series of values.

The probability of an event occurring.

I, The Student’s ¢ value for a given probability
(or confidence level) a.

F The observed value of Snedecor’s F ratio in a
given case.

F.  The F value for a regression line.

F..  The statistically critical value for ‘F’ at a given
confidence level and for the given degrees of

freedom for the lesser and greater mean
squares.

S The weighted standard error for the
combination of two series of values, or the
rank sum for a sample in Friedman’s test.

K Friedman's statistic for a rank correlation test.
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C The coefficient of concordance in Friedman’s
test, or Cochran’s quotient when testing
variances for the presence of outliers.

Q Dixon’s quotient when testing values or means
for outliers.

8;  The total sum of the squares of the differences
between individual values and their mean.

S,  The sums of squares for factor z.

v,  The degrees of freedom for factor 2.

M, The mean square for factor z.

a,b,c... Constant coefficients in a regression line.

Cpq Factors used in the derivation of the
regression coefficients.

C;  The i cusum value.

U,  The random uncertainty in a measurement.

U;  The systematic uncertainty in a measurement.

T The repeatability of a test method for a
particular test or series of tests.

()  The repeatability expressed as a percentage of

the mean from a test or series of tests.

R The reproducibility of a test method for a
particular test or series of tests.

(R) The reproducibility expressed as a percentage
of the mean from a test or series of tests.

HyH, The null/alternative hypothesis parameter.
zZ The Z-score in hypothesis testing.

5 Limitations of test results
5.1 Variability

5.1.1 All measurements are subject to variability. It
is necessary to know the sources of variability and
make a reliable estimate of its magnitude. From this
information it should then be possible to judge the
reliability of the results and hence their uncertainty
and significance.

5.1.2 The term population is, expressed simply, the
total number of objects in a large group (see 3.1). In
testing terms a population may be, for example, the
total number of possible tensile strength results
which could be obtained on a particular rubber
compound if every piece of the material made was
tested.

5.1.3 A sample is a selected number of, for
example, parts or tensile results taken from the
population.

NOTE 1. To avoid confusion sample should not be used to mean
test piece.

NOTE 2. Sample can have two meanings:
a) in the physical sense as in taking five parts from a boxful;
b) in the statistical sense as in taking five test results.

5.1.4 If five tensile strength measurements are made
from a sheet taken from a batch of rubber an
example of the results which might be obtained is
shown in table 1.

Table 1. Tensile strength measurements from
one batch of rubber
EXAMPLE

Measurement number

Tensile strength
MPa

16.8
154
16.3
17.7
17.6

(IR VV I VR

The sources of variability are:

a) the intrinsic variability of the sheet rubber
arising from the fact that it is not perfectly
homogeneous;

b) the variability due to the testing procedure,
including test piece preparation, machine accuracy
and operation error.

If several sheets are tested there is an additional
source of variability due to variations in moulding.

If several batches are mixed two more sources of
variation are added:

1) that from the mixing procedure;
2) any variation in compounding ingredients.
If sheets, which are nominally the same, are given to

a number of operators there is variability due to the
operators.

Similarly, if a number of different test apparatuses
are used, variability due to the machines is
introduced. Taking things further, sheets may be
tested in different laboratories and
between-laboratory variability introduced.

5.1.5 In practice the magnitude of variability is
minimized by carefully controlling the processing
operations and the test apparatus and procedures. It
is never eliminated altogether and inter-laboratory
comparisons have demonstrated that for many
rubber tests it can be far greater than was previously
thought.

Whatever test is carried out, there is genuine
variation due to the material and also variation due
to uncontrolled testing errors. It is often very
difficult to separate the two. For example, testing
€Irors can arise:

a) from random variations in test piece geometry
due to the limitation of cutting precision;

b) from variations in the response of the test
apparatus;

¢) from fluctuations in the operator’s performance.

These errors may be large or small and of
indeterminate direction so that eventually they tend
to cancel out. More serious is systematic error or
bias which is unidirectional, for example, the error
due to a machine being wrongly calibrated or an
operator consistently misreading a scale.

© BSI 1997
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B5.1.6 Testing error apart, the sample of results will
not be representative of the whole population if the
physical sample is not representative. Differences
between repeat mixes and between repeat mouldings
should be expected because of some variation in the
quantities and quality of ingredients used, the
efficiency of mixing and the time of curing, etc. If
gross errors are made, some very atypical results are
recorded and it is dangerous to rely heavily on one
small sample unless certain that it is representative.

The evaluation of an alternative ingredient by
comparison with the standard formula may be
considered. The mixes are uniform, the tester
follows the procedures correctly and it is concluded,
using statistical methods, that the new ingredient is
an improvement. It is easily forgotten that this
conclusion assumes that the samples of each
compound were truly representative of the
population. If the variability which would arise from
repeat mixings is rather larger than the testing error,
as is often the case, then tests on a series of repeat
mixes may show no difference between the
ingredients or even that the new ingredient was
worse.

5.2 Accuracy, trueness and precision

Accuracy is the closeness of agreement between a
test result and the accepted reference value

(see 3.14), while trueness is the closeness of
agreement between the average value of a large
number of test results and the true or accepted
reference value (see 3.15). Precision, on the other
hand, is the closeness of agreement between the test
results (see 3.16), independent of any reference
value that may exist. To keep variability to a
minimum the test method should be as reproducible
as possible, i.e. it should have good precision.
However, having high precision may be of little value
if the test has a large bias and hence poor accuracy.
Both are required and indeed they are related in that
poor precision (reproducibility) will contribute to
lowering the accuracy.

Reproducibility (see 3.18) is the term generally
reserved to describe the variation found between
different laboratories, and perhaps also at different
times. Repeatability (see 3.17) is used to describe
the variation between repeats in the same laboratory
at essentially the same time. It follows that
laboratories may exhibit very good repeatability but
because of bias the reproducibility between the
laboratories is poor.

5.3 Relevance and significance

5.3.1 If accuracy or repeatability were the only
interest testing would be limited to the most
accurate or precise methods. However, the test
should be relevant in the sense that the results have
a useful meaning in terms of material or product
performance. Al tests are not equal; some have more
relevance than others in terms of product

performance, material consistency or value as design
data. The word significance is sometimes used to
mean relevance and applied to the actual test or
property measured, but significance is used in this
standard in the statistical sense as in one material
being significantly, for example, stronger than
another.

Significance in this sense is concerned with whether
observed differences in results are likely to be real
or can reasonably be attributed to chance alone. If
the probability of obtaining the observed difference
through pure chance is small, for example less than
1 in 20, then the difference is said to be significant.

5.3.2 The set of tensile strength results quoted

in 5.1 could be compared to other sets obtained on
different materials on the same occasion giving, for
example, three sets as in table 2.

Table 2. Tensile strength measurements from
three materials
EXAMPLE
Measurement | Tensile strength
number MPa
Material A | Material B Material C
1 16.8 15.6 16.4
2 154 16.4 154
3 16.3 14.5 143
4 17.7 15.8 14.7
53 176 16.0 144

The averages of the results for materials A and B are
higher than that for C but an assessment should be
made as to whether or not they are significantly
higher. Without the use of statistical tools it is rather
difficult to make this assessment. In fact, using a test
for significance as discussed in 7.2.2 it can be
proved that A is significantly greater than C with

95 % confidence but that A is not significantly
different from B, again with 95 % confidence. This is
a useful conclusion but its limitations should be
appreciated. The statistical tests prove (with a 1 in
20 chance of being wrong) that results A are
significantly greater than C. They do not prove that
material A is stronger than material C. It is known
that results from one sheet of one mix may not be
represenfative of a formulation and these results
from a very small test programme should be treated
with caution.
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5.3.3 In the above example the differences between
the average results were relatively small but tensile
strength can be measured accurately with reasonably
small variability so that it is not surprising that 10 %
difference could be proved significant. For other,
less reproducible tests a much greater percentage
difference may be needed before the difference can
be proved significant. For example, in an electrical
resistivity test the mean value for one material was
several times higher than that for a second material
but the difference could not be proved significant.
The deduction can be made that significance is not
only dependent on the difference between mean
values but also on the amount of variability which is
inherent in the test.

6 Distribution of results and measures
of central tendency

6.1 Principles

A collection of values, for example individual test
results relating to a specific property, are arranged
about a mean value. Usually the distribution of
results may be represented by a particular
mathematical law such as the curve shown in
figure 1.

From the shape of the curve it is possible to obtain
useful measures of the tendency towards a central
value, the degree of the spread of results and the
proportion of resuilts likely to differ by more than a
certain amount from the centre.

© BSI 1997
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Gaussian (normal) density function
0
Parameter y |

Figure 1. Gaussian (normal) density function
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6.2 Methodology
6.2.1 Types of distribution

6.2.1.1 The normal distribution

The most widely used distribution function is called
the normal, or Gaussian, distribution function

(see 3.22) which can be completely characterized by
two parameters, the mean y (see 3.4), and the
standard deviation g (see 3.9 and 3.10). These
parameters are considered further in 6.2.2 and 6.2.3
respectively. The density distribution is a
symmetrical bell-shaped function, the mathematical
description of which can be found in annex A.
Values of the ordinate, i.e. the density of the
function, f(z), at given values of z have been
tabulated and can be found in any statistics text
book. In order to make the tables suitable for
general application, the abscissa 2, is presented in
reduced form, such that 2 is the number of standard
deviations x (the value measured in the experiment)
is away from the mean. Since the curve is
symmetrical it is usual to find only the positive
values of 2 that are tabulated since f(z) = f(—2).

The proportion of the whole distribution which lies
between two values, x; and x3 (i.e. the probability
distribution function) can be determined from the
integral of the density distribution (see annex A), but
since this integral cannot be expressed analytically,
it is more convenient to use tabulated values, which
again are available in the form of the reduced
variable Z, in any standard text on statistics.

In these tables the value of x; is usually set to ¢ with
only the positive reduced variable Z quoted.

For these tables:
— when 2 = 0, p(Z) = 0.0;
— when 2z — x, p(Z) — 0.5.
If z is negative, p(Z) = ~p( + Z).
To find the proportion of the curve (i.e. the

probability of the observation) lying between 2; and
3, (x2 > x1) the procedure is as follows:

a) Determine Z; and Z> where
Zy = (x; — wo,
Zy = (22 — Wo.
b) Find p(Z;) and p(Zs) from the tables.
¢) Determine the required probability p(Zs — Z7)
where
p(Zz — Zy) = p(Z3) — p(ZY).
NOTE. The signs should be taken into account.

6.2.1.2 The double exponential distribution

In the case of the distribution of tensile strengths
(and elongations at break) for vulcanizates there is
considerable evidence that the density distribution
function is not symmetrical but is skewed towards
lower strength values (see references [1] to [6] on
page 91) although this has been questioned by some
investigators (see reference [7] on page 91). The
density distribution function which has been found
to give a good representation of these skewed data is
given by the double exponential distribution

(see 8.23), shown in figure 2 and described
mathematically in annex A.

Although of theoretical interest, the double
exponential function has not found widespread
application both because of its complexity and the
fact that with the small number of test pieces
normally considered in a tensile test there is no
significant difference in the mean and standard
deviation derived from the double exponential
function and the normal Gaussian function.

6.2.1.3 The Weibull distribution

A distribution function that frequently arises out of

fatigue data and similar lifetime testing is the Weibull
distribution function (see 3.24), the form of which is
illustrated in figure 3 and mathematically in annex A.

The distribution is characterized by the following
three parameters.

a) The parameter ¢ represents the minimum life
parameter for x at which the probability of failure
just reaches zero (that is giving an infinite
lifetime). In most practical applications a is taken
to be zero, but where there is a genuine fatigue
limit, @ can take a finite, non-zero value.

b) The parameter b affects both the spread of
results and the peak position of the density
function.

¢) The parameter & alters the shape of the density
distribution.

When k = 1 the function is a simple exponential.
When k > 1 the distribution increases from zero
(at x = a) reaches a maximum and then decreases
monoctonically reaching zero again at x = infinity.
When k is approximately 3.44 the distribution is
approximately Gaussian with the mean and median
equal to each other.

Generally the Weibull distribution is positively
skewed (i.e. skewed towards longer lifetimes).
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6.2.2 Measures of central tendency

6.2.2.1 Even under the most careful experimental
conditions, repeat measurements on identical
material produces a scatter of results. It is useful,
therefore, to have some idea of the average or
typical value that can be expected of those results.
Since typical values tend to lie towards the middle of
the data when these are arranged in numerical order,
such numbers are also called measures of central
tendency.

The small number of experimental results obtained is
a sample of the infinite number of results, i.e. the
population, that would fully encompass the
measurement being made. The more results that are
available, the more accurately sample statistics
match the population statistics. Clearly, the average
of the sample can be determined precisely but,
generally, it is the average of the population from
which the sample is drawn that is of greater interest
and this can only be estimated from the sample, or
samples, available. It is appropriate to distinguish
sample and population statistics and hence different
symbols are used.

6.2.2.2 The mean

The mean (see 3.5) is the most commonly
encountered measure of central tendency and it is
often also called the average. The precise meaning
should be clear when these words are used as there
are several ways of averaging a set of numerical
values. The arithmetic average or mean is the one
that is generally meant and so the word arithmetic is
often omitted, but where there is the possibility of
confusion, it ought to be included. In this British
Standard where the word mean is used the
arithmetic mean is intended unless otherwise stated.
The mean of a sample ¥ is defined as the sum of the
individual numerical values in the sample divided by
the number of values in the sample and is given
mathematically by the equation

=1+ T2+x3 +... +2)

n

which in the shorthand sigma notation becomes

T=Cx)n 2)
As noted previously, the mean of the population
from which the sample was taken is given the
symbol u. This value is almost never known in
practice, but has to be estimated from the sample.
The estimated mean of the population # based on
the available sample, is taken to be equal to the
sample mean. In other words

a=% &)
where [ is an estimate of y.
Where there are a large number of results having
discrete values, it may be more convenient to record
the number of occurrences of each value. If each
value x, occurs f times, then

T = {Z(n)¥n @
NOTE. In thiscase n =X f.

)

The same technique can be applied where an infinite
variation in value x can occur but it is more
convenient to group the data into bands, counting
the number of results in each band. Further
information on means and grouped data can be
found in BS 2846 : Part 1.

Other types of mean sometimes encountered are
briefly described in annex B.

6.2.2.3 The median

If the data in the set of results are arranged in
numerical order then the middle value (or the mean
of the two middle values where there is an even
number of values) is the median (see 3.6).
Geometrically, the median of a density distribution
function is the value of the abscissa corresponding
to that vertical line which divides the distribution
into two equal areas.

For tensile strength or elongation at break, where
the double exponential distribution function is
expected to apply, it is strongly recommended that
the median value be quoted for the measure of
central tendency. The reason for this is three-fold:

a) for the small number of replicate results
normally involved in a tensile test (typically five or
even three) the median is not influenced by any
extreme values that may have arisen;

b) for a small number of replicates, the median
can be deduced by inspection without recourse to
any calculation;

¢) there is an equal probability of an individual
observation being greater than or being less than
the median.

6.2.2.4 The mode

The mode (see 3.7) of a density distribution function
is the value of the abscissa at which the maximum of
the function occurs. Although little used in practice,
it is referenced here for continuity with the first
edition of this British Standard in which it had been
used to characterize the double exponential
distribution enunciated by Kase from earlier work by
Fisher and Tippet [1].

Almost all distributions encountered in the rubber
industry are unimodal, i.e. having a single maxmiurn
value. However, bimodal (having two maxima) or
multi-modal distributions can result where two, or
more, different mechanisms are occurring
simultaneously in a process. Thus, tensile testing at a
temperature close to the glass transition of the
rubber can lead to a mixture of brittle and rubbery
failure. This mixed mode of failure is best analysed
by separating the results from the two types of
failure and analysing each independently. An
example of a bimodal distribution is given in

figure 4.

10
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6.2.2.5 Inter-relationships

It is clear from the definitions of these various
measures of central tendency that for symmetrical
distributions

mean = median = mode
The inter-relationships for non-symmetrical
distributions are necessarily more complex and those
for the double exponential and the Weibull
distribution are given in annex C.

6.2.3 Measures of dispersion

6.2.3.1 Just as it is useful to know the average
value of a set of numbers, so also is their spread or
dispersion important. The more loosely packed the
numbers are about the mean the less discrimination
there is between two sets of numbers or between the
experimental values and, for example, the
specification requirement.

6.2.3.2 Standard deviation

6.2.3.2.1 By definition, the standard deviation s’ of
a sample of results having values of x; is given as the
square root of the average squared deviation of each
of the values from their mean (x). It is given by the
equation:
S(x; — v)2) %
[ )

s'= {———n ®)
An alternative form that is sometimes more
convenient to use is given in annex D. Some of the
risks associated with its use are also given.

The symbol s’ is used here to represent the standard
deviation of the sample of » results. If this sample is
representative of the population from which it has
been drawn, then the true standard deviation ¢ can
be estimated by equating it with the statistic s
defined by applying Bessel’s correction to equation 5.
s is given by the equation:

(S — xR %

s _{ =1 } (6)
This is the form of the standard deviation that
should normally be used when performing statistical
tests since it is an estimate for the population as a
whole and not simply the particular sample chosen.

6.2.3.2.2 It can be shown that:

a) 68.26 % of values for a normal distribution lie

within 1 1 standard deviation of the mean;

b) 95.44 % lie within + 2 standard deviations;

c) 99.73 % lie within + 3 standard devations.
For all practical purposes, in a normal distribution
(or the distribution of the means of sets of values,
the whole population is covered by six standard

deviations. Therefore this interval is used in the
setting of control charts (see clause 18).

6.2.3.2.3 Related to the standard deviation is the
standard error of the mean, which is determined
from the standard deviation by dividing the standard
deviation by the square root of the number of
observations in the sample. It is, therefore, the
standard deviation of the estimate of the population
mean (see 3.12). Thus

S=sMn )
where S is the standard error of the mean.
The standard error is a measure of the expected
spread of a series of mean values in the same way
that the standard deviation is a measure of the
expected spread of the individual values and it is the
standard error which should be used when making
statistical comparisons between groups of numbers
which are themselves the means of a group of
numbers (see 6.3.2.4 and 7.2.2.2).

6.2.3.3 The range

While the standard deviation has valuable
mathematical properties, it is somewhat cumbersome
to calculate and on occasion this might outweigh its
value. Where a less precise estimate will suffice, the
range, i.e. the maximum value minus the minimum
value in the sample, may be used. It is possible to
estimate the standard deviation from the range by
multiplying the range by a factor which depends on
the number of results in the set. For values of n
between 2 and 11, the factors A, are given in table 3.

Table 3. Table of factors for converting range
to standard deviation

3

Ap
0.886

0.591
0.486
0.430
0.395
0.370
0.351
0.337
0.326
11 0.315

© @ @ G W N

st
<

Thus, s =range X A,
6.2.3.4 Coefficient of vaeriation
Where the relative dispersion of results about their
mean is of interest as, for example, in the
comparison of the variabilities of the volume swell
test with the density test, the ratio of the standard
deviation to the mean can be used to normalize the
effects of having very different numerical values for
the means. It is usual to express this ratio as a
percentage and to call it the coefficient of variation
(see 3.11). It is given by the equation:

Cy= (s/x) X 100 (¢))]
where C, is the coefficient of variation.

12
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6.2.4 Transjormation to normal distribution

The individual results obtained from a rubber test
may not immediately conform to the normai
distribution function. Other possible distribution
functions such as the double exponential or Weibull
may be theoretically (or empirically) found to give a
better representation of that data (see 6.2.5). Where
certain statistical interferences need to be made
concerning a set of data, for example the
determination of confidence intervals or limits

(see clause 7), a knowlege of the distribution
function which describes the data is required.
Because of the extensive range of tests and
techniques that have been developed for the normal
distribution, it is worth investigating whether a
simple transformation of the data will result in a
normally distributed data set to an accuracy
sufficient for the situation being analysed.

It is also important to bear in mind that even where
the normal distribution is not found for the
individual readings, the distribution of the means of
groups of readings (as low as three per group) such
as those that compose the usual tests on rubber,
nearly always approximate to the Gaussian form
(central limit theorem).

The transformation most commonly found to be
effective in this regard is to take the logarithms of
the values and treat these as the variable to be
analysed. The use of log-probability graph paper
makes this a very quick and simple test.

Other transformations that have been found to work
on occasion include:

a) taking the square root;
b) the reciprocal of the value.

Sometimes the addition (or subtraction) of a
constant to the value prior to taking logarithms,
roats or reciprocals is required. It may be possible to
deduce a suitable value for this constant from a
knowledge of the process being examined, but often
it should be established empirically.

6.2.5 Test of departure from normality
6.2.5.1 Normal distribution function

6.2.5.1.1 The simplest way of testing a series of
observations for the normality of its distribution is
by plotting the results on probability paper. A
normally distributed set of observations results in a
straight line from which the mean and standard
deviation can be derived.

6.2.5.1.2 The procedure is as follows.
a) Sort the data into ascending numerical order.

b) As probability paper is printed in the form of a
percentage function, calculate the plotting position
P, for point m out of a total of n results using the
equation:

Py, =100m/ (n+ 1)
c) Plot the value of the mth point as ordinate
against P,, as abscissa.

6.2.5.1.3 A more or less straight line indicates that
the distribution is normal but a marked deviation
from linearity indicates that the distribution is
non-Gaussian. Under these circumstances the nature
of the deviation may indicate the kind of distribution
function that is more appropriate. In particular, if the
larger values are systematically higher than the
straight line defined by the lower values, the use of a
logarithm or root transformation (see 6.2.4) will
often result in a linear plot.

6.2.5.1.4 The above check does not provide a true
test for normality in the statistical sense, but does
give a rapid indication of the suitability, or not, of
the normal distribution function as the model for the
data observed. If the plot is not reasonably linear
even after transformations have been applied, then
more detailed symmetry and kurtosis tests may be
required (taking into account the purpose for which
the data are being used). These are outside the
scope of this British Standard and the interested user
is referred to BS 2846 : Part 7.

6.2.5.2 Double exponential distribution function

6.2.5.2.1 Where the distribution is expected to
follow the double exponential function

a) Order the data into descending numerical value.

b) Plot the value as ordinates against an abscissa
of plot positions which are given by table 4.

6.2.5.2.2 If the double exponential function is valid
then a straight line will result and the folowing
values may be obtained as described.

a) The mode, corresponds to the ordinate at which
the abscissa is zero.

b) The standard deviation, is the difference in
ordinates corresponding to a unit difference in the
abscissa (i.e. it is the slope of the line).

¢) The median strength, is the value corresponding
to an abscissa of —0.3665.

d) The mean, is the value corresponding to an
abscissa of —0.5772.

)
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6.2.5.3 Weibull distribution function

If the Weibull distribution function is assumed to be
valid the procedure is as follows.

a) Sort the data into ascending order.

b) Calculate the plotting positions P, as for the
normal distribution above.

¢) Plot the values for P,, against the observed
lifetime on special Weibull probability paper.
NOTE. Although this can be purchased directly, it is readily

constructed from normal log-log graph paper and annex E shows
how this can be done.

6.3 Applications to rubber testing

6.3.1 General

For many tests, results will approximate to a normal
distribution and it is appropriate to express results
as the arithmetic mean and the standard deviation as
routine practice. Typical examples are given in 6.3.2
to 6.3.5.

6.3.2 Tensile testing

6.3.2.1 The following three sets of 12 replicate
tensile strengths shown in table 5 were observed
after testing in accordance with BS 903 : Part A2 and
arranging the results in descending order.

As there are 12 results, the median in each case is
the average of the middle two values.

6.3.2.2 The information contained in table 6 has
been calculated by the following methods.
a) The mean has been calculated as defined in
6.2.2.2,
b) The standard deviation and the standard error
of the mean have been calculated as defined in
6.2.3.
¢) The calculated median has been calculated as
defined in C.1 (i.e. for a double exponential
distribution) using the values obtained in a) and
b).

Table 6. Calculated values for tensile
strength measurements

EXAMPLE

Compound | Mean | Standard | Standard | Calculated
deviation | error of | median
the mean
A 25.8 0.46 0.13 256.9
B 26.4 1.24 0.36 26.6
C 17.6 1.99 0.57 17.9

6.3.2.3 On comparing the two sets of median
values, it is clear that the median obtained from
inspection of the data is essentially the same as that
calculated from the mean, the standard deviation and
annex C.

6.3.2.4 Examining the mean values of the three
compounds (in relation to their standard errors)
shows A and B to be within experimental error of
each other, but compound C to be significantly
different.

6.3.2.5 All the results have been summarized
graphically in figure 5.

Table 5. Tensile strength measurements
EXAMPLE
Measurements in MPa
Compound A Compound B Compound C
Tensile strength Median Tensile strength Median Tensile strength Median
26.7 284 19.7
26.2 279 19.6
26.1 274 19.2
26.1 27.1 19.0
289 2€.8 18.7
25.8 26.5 184 18.3
25.8 26.4
1258 26.3 18.1
25.8 26.2 17.3
2b.7 26.0 16.4
25.6 25.9 15.6
26.1 246 15.1
25.0 24.1 13.5
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6.3.3 Fatigue

6.3.3.1 A tension fatigue test carried out in
accordance with BS 903 : Part A51 on 10 replicate
test pieces gave the observations listed in table 7.

Table 7. Tension fatigue test measurements
EXAMPLE

Test piece

Cycles to failure
219
347
494
593
700
858
1037
1146
1461
1795

DO 00 3 S O W e

[y
(=

6.3.3.2 When the data in table 7 are plotted as a
normal distribution function, a systematic departure
from the expected curve is observed, as shown in
figure 6 where a log-log scale has been used for
convenience. The expected normal distribution of
lifetimes is shown as the full curve.

6.3.3.3 From the type of test being performed, it
would be expected that a Weibull distribution would
give a good representation of the data. Hence a
Weibull plot, constructed in accordance with annex
E, results in the plot shown in figure 7. A linear
regression analysis (see clause 11) using the Weibull
ordinate for the y values and the logarithm of the
fatigue life as the x values produces the following
values:

a) k= 1.53;

b) b = 1006.
The strong linearity (the value of the variance ratio
is aver 5000 and so the regression is highly

significant) of the plot indicates that the coefficient a
in the Weibull equation is zero.

6.3.4 Conversion to normal distribution

6.3.4.1 Data for electrical resistivity testing gave the
results shown in table 8.

Table 8. Electrical resistivity measurements
EXAMPLE
Test piece Resistivity
Q. cm
1 2.81 x 1011
2 3.54 X 108
3 2.68 x 1010
4 2.76 X 109
5 1.20 x 1010

If the assumption were made that the data are
normally distributed the analysis would give the
values:

a) mean = 6.46 X 1019;
b) standard deviation s = 1.21 X 1011,

6.3.4.2 Clearly from the observed mean and
standard deviation the data are not normally
distributed, a fact which is readly confirmed by
plotting the resistivities sorted into ascending value
against the plot positions 17, 33, 50, 67, 83 on
standard probability paper. A rapidly increasing
slope with increasing probability value is observed
instead of a straight line.

6.3.4.3 When the same data are plotted as the
logarithm of resistivity (on log-probability paper for
convenience) a very good straight line is achieved
having a mean at approximately 100 Q . cm. This is
very close to the value of the geometric mean,

9.75 X 107 as would be expected from annex B.

6.3.5 Other uses of the median

6.3.5.1 Measurements of hardness on riubber
compounds are probably the most frequently made
of all the tests. The technigue is not a highly precise
one and results are usually quoted in whole
numbers. Specifications of hardness are almost
always given as the required nominal value +5
hardness degrees.
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Figure 6. Fatigue data: normal plot (using the data of table 7)
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6.3.5.2 In this context there is no mathematical
advantage in calculating the mean from the set of
five results (almost invariably) taken on a single test
piece. Instead the median, which can be deduced in
a few seconds without a calculator, is the preferred
measure of central tendency to use. For example, the
results in table 9 were derived on three compounds
of nominal hardness 50 IRHD when tested in
accordance with BS 903 : Part A26.

Table 9. Hardness measurements
EXAMPLE
Measurements in IHRD
Result Compound 1 | Compound 2 | Compound 3
1 50 52 49
2 51 53 48
3 49 51 47
4 51 50 47
5 50 55 46

6.3.5.3 The values given in table 10 were calculated
from those in table 9.

Table 10. Calculated values for hardness

measurements

EXAMPLE

Compound Mean Standard Median
deviation s

1 50 1 50

2 52 2 52

3 47 1 47

In all cases, the median is within the 95 % confidence
interval (see 7.2.1) of the mean and gives, for all
practical purposes, the same result. In some
instances it may be necessary to carry out formal
statistical testing in which case the standard
deviation as well as the mean are required and there
is no advantage in abstracting the median from the
list. Also, if large numbers of replicate hardness
values are to be processed, the median can become
more tedious to determine than the mean.

NOTE. The use of the median is purely pragmatic. There is no

suggestion that the hardness is anything other than normally
distributed about its mean.

7 Confidence limits and significant
difference

7.1 Principles

As was stated in clause 6, the mean and standard
deviation derived for a given set of observations can
only be estimates of the true mean and standard
deviation of the whole population from which these
observations are a random selection. To the extent
that there is no systematic bias in the observations,

the greater the number of results available, the less
uncertainty there is over the accuracy of these
estimates.

Unless the true mean (or standard deviation) can be
deduced via some a priori reasoning, it is impossible
to state how close a given calculated mean (or
standard deviation) is to the true value. But it is
possible to indicate with a known degree of
uncertainty (the confidence level) that the true value
will lie within a particular interval about that
calculated value. The greater the degree of certainty
required, the larger does this confidence interval
become and the further apart are the limits (the
confidence limits) of this interval.

Since any calculated measures of central tendency or
dispersion are subject to uncertainty, when two such
measures are compared, they cannot be expected to
agree precisely. The difference between them
becomes significant in the statistical sense only
when it exceeds a limiting value which could have
occurred, with a given probability, purely by chance.

It should be noted that a statistically significant
difference between two measures of a property does
not imply that the difference has any practical
significance. The latter can only be judged in the
context of the application being studied and the
sensitivity of the application to the measured
property. Thus, two compounds having tear strengths
of 10 N/mm and 15 N/mm with standard deviations of
1 N/mm based on five results are significantly
different at the 99 % level of confidence, but if the
specification calls for a minimum tear strength of

25 N/mm, neither of them meets the specification
and hence the difference between them is
insignificant in practical terms.

7.2 Methodology
7.2.1 Confidence limits and confidence intervals
7.2.1.1 For the mean

7.2.1.1.1 If the population mean # and standard
deviation ¢ are known then it is a simple matter
(see 6.2.1.1) to work out what the probability is that
the mean of n results lies within, for example, three
standard deviations of u. Using the normal notation
of ¥ to represent the mean of the » results then on
99.7 % of occasions:

u—30\n < T <u+ 3ahn (10)
By similar reasoning, if 4 is unknown and ¥ is
known it is logical to assert that

T—30Nn < i< T+ 3ohn (11)

So that at a confidence level of 99.7 % it is expected
that the population mean would lie within the
confidence interval of + 3 ¢ Aln about the sample
mean. If a smaller confidence level, say 95 %, were
chosen the confidence interval would be + 1966/ n.
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7.2.1.1.2 It is unfortunate that the exact values of 4 | Table 11. A selected table of Student’s ¢
and of ¢ are unknown. Only the estimate s is known values
from the sample tested. For the same confidence Confidence Tovel Comfidence lovel
level 99.7 %, the value 3 has to be increased to take n Two-sided case One _si;e;ec;;:e
account of this uncertainty in ¢, the amount of the ‘
increase being dependent on the value of n. The % % 99 % 9 % 99 %
factors used are given by the Student’s # distribution 10.975 10.995 %0.95 0.99
rather than the normal distribution (which is the 2 12.71 63.66 6.314 31.82
liniting value of the ¢ distribution when n reaches
infinity). Further consideration of the ¢ distribution is 3 4.303 9.925 2.920 6.965
outside the scope of this British Standard and 4 3.182 5.841 2.353 4.541
reference should be made to one of the many
textbooks on statistics that are available. A selection 5 2716 4.604 2.132 3.747
of useful reference works is included in the list of 6 2.571 4.032 2.015 3.365
references. 7 2447 3.707 1.943 3.143
7.2.1.1.8 It is, therefore, assumed in the following 8 2.365 3.499 1.895 2.998
clauses that the true mean and standard deviation 9 2.306 3.355 1.860 2 806
are unknown and that only the estimates of the
mean z and of the standard deviation s are known. 10 2.262 3.250 1.833 2.821
For an exposition of situations in which one or other |11 2.228 3.169 1.812 2.764
of the true parameters is known reference should be
i to 53535 Pas 2 a4 O L e ol
The confidence limits for the mean are normally ) ) ) )
— required for the 95 % and the 99 % confidence levels. |14 2.160 3.012 1.771 2.650
_E In either case the limits are given by the equations: 15 2.145 2977 1.761 2.624
—— —
— =% —(tS)Nn (12) |16 2131  |2947 |1753  |2.602
= cy=Z+ (taS) A n a3 |7 2120|2921 |1746  |2.583
. o1=2(tas) N m (14 |3 2110 |2898 |1740 |2567
% where 19 2101 [2878 |L734 2552
¢, = lower confidence limit; 20 2.093 2.861 1.729 2.5639
cy = upper confidence limit; 21 2.086 2.846 1.725 2.528
¢ = confidence interval. 22 2.080 2.831 1.721 2.518
It is theref ible to be 95 % (or 99 % etc.) 23 2.074 2.819 1.717 2.508
is therefore possible e or etc.
confident that the true mean g of the population A 2.069 2.807 1.714 2.500
does lie within this interval about the calculated 25 2.064 2.797 1.711 2.492
mean (i.e. the estimated population mean). 26 2060 2.787 1.708 2.485
In these equations 7 is the number of observations
and ¢ is the appropriate Student’s ¢ value, obtained 27 2.056 2.719 1.706 2.479
from table 11. 28 2.052 2.771 1703 2.473
29 2.048 2.763 1.701 2.467
30 2.045 2.766 1.699 2.462
40 2.024 2.707 1.682 2.430
| 50 2.008 2.680 1.676 2.404
3 60 2.000 2.664 1.673 2.393
120 1.980 2617 1.658 2.358
inf. 1.960 2,576 1.645 2.326
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7.2.1.1.4 As noted in 6.2.3.1, the quantity sAn is

called the standard error of the estimate (of the
mean). It can thus be seen that to halve the
confidence interval approximately four times as
many observations have to be taken.

NOTE. ¢ is approximately constant except at very small values

of n.

7.2.1.1.5 The value of ¢, depends on the confidence
level required, the number of observations (or, more
precisely, the number of degrees of freedom) and

whether a single-sided or a two-sided confidence
interval is being sought.

In the simple cases being considered here, the
number of degrees of freedom is (n — 1).

7.2.1.1.6 A single-sided confidence interval is used

when, for example, a comparison is being made

between an observed mean value for a test, such as
compression set, and the specification maximum (or
minimum) to which it is being tested. This is because

the only concern is with those values that might

exceed (or not reach) the requirement and there is

no interest in the values at the other side of the

distribution function, these being those that conform
to the specification limit. In this case i is given in
the tables under the columns for ¢ g5 for the 95%

and £y g9 for the 99 % confidence limits.

7.2.1.1.7 A two-sided confidence interval is used

when, for example, it is necessary to know the
interval within which the true mean could be

expected to lie with the given degree of confidence.
In this case both sides of the distribution function
are equally important and will contribute equally to
the probability. Thus, for 95 % confidence the i g75
column is required and for 99 % confidence the (g5

column is required.
7.2.1.1.8 There are situations where it might be

more convenient to calculate the value of Student’s ¢

factor, for a given probability and degrees of

freedom, rather than using reference tables. Provided
that an error not exceeding 0.5 % of the true ¢ value

is acceptable then the following equation may be
used:

ta=A +BC(n—1)
where the constants A, B and C are as given in

7.2.1.2 For the standard deviation

7.2.1.2.1 As in the case of the mean, the standard
deviation calculated from a set of data can only be
an estimate of the true standard deviation for the
population as a whole and as such will have a
measure of uncertainty associated with it.
Confidence limits can therefore be set which, to a
stated degree of confidence, contain the population
standard deviation.

7.2.1.2.2 Unlike the confidence limits for the mean,
the limits for the standard deviation are not
symmetrical about the estimate s. This arises out of
the fact that standard deviation, unlike the mean,
cannot be negative.

7.2.1.23 As discussed in 7.2.1.1.6 and 7.2.1.1.7
when considering the confidence limits for the mean,
there are two cases to be considered. These are the
single-sided case and the two-sided case depending
on whether just an upper (or lower) limit or both is
being considered.

ns2 %
vs = |2) (1%

where cyj; is the upper confidence level for s.
2 %
ns
as= [ @
- a

where ¢ is the lower confidence level for s.

The denominator in these equations comes from the
chi-squared distribution function, some values for

which are given in table 13. More comprehensive
tables are available in the list of references.

For the single-sided case o = 0.95 or 0.99 for the 95 %
or 99 % confidence limits respectively;
For the two-sided case a = 0.975 or 0.995 for the 95 %
or 99 % confidence limits respectively.

As stated in 7.2.1.1.5, the number of degrees of
freedom to be entered to find the chi-square factor
ism-1.

table 12.
Table 12. ¢t value constants
t A B C
to.o5 0.8757 0.77003 7.0623
t0.975 1.0531 0.90930 12.8192
fo.99 1.2640 1.0699 28.5590
to.995 1.4187 1.1717 53.1209
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Table 13. A selected table of chi-square values
7 Chi-square for two-sided case Chi-square for one-sided case
95 % 95 % 99 % 99 % 95 % 95 % 99 % 99 %
Xo.025° Xoars" Xo.005" Xoses- X005 X0.952 Xoor’ Xogs'
1 0.001 5.023 0.000039 7.879 0.004 3.841 0.0002 6.635
2 0.051 7.378 0.010 10.597 0.103 5.991 0.020 9.210
3 0.216 9.348 0.072 12.838 0.352 7.815 0.115 11.345
4 0.484 11.143 0.207 14.860 0.711 9488 0.297 13.277
5 0.831 12.833 0412 16.750 1.145 11.071 0.554 15.086
6 1.237 14.449 0.676 18.548 1.635 12.5692 0.872 16.812
7 1.690 16.013 0.989 20.278 2.167 14.067 1.239 18.475
8 2.180 17.535 1.344 21.956 2.733 15.507 1.646 20.090
9 2.700 19.023 1.735 23.589 3.325 16.919 2.088 21.666
10 3.247 20.483 2.156 25.188 3.940 18.307 2.558 23.209
11 3.816 21.920 2.603 26.757 4.575 19.675 3.053 24.725
12 4.404 23.337 3.074 28.300 5.226 21.026 3.571 26.217
13 5.009 24.736 3.565 29.819 5.892 22.362 4.107 27.688
14 5.629 26.119 4.075 31.319 6.571 23.685 4.660 29.141
15 6.262 27.488 4.601 32.801 7.261 24.996 5.229 30.678
16 6.908 28.845 5.142 34.267 7.962 26.296 5.812 32.000
17 7.564 30.191 5.697 35.719 8.672 27.587 6.408 33.409
18 8.231 31.526 6.265 37.156 9.390 28.869 7.015 34.805
19 8.907 32.852 6.844 38.582 10.117 30.144 7.633 36.191
20 9.591 34.170 7.434 39.997 10.851 31.410 8.260 37.566
21 10.283 35.479 8.034 41.401 11.591 32.671 8.897 38.932
22 10.982 36.781 8.643 42.796 12.338 33.924 9.642 40.289
23 11.689 38.076 9.260 44.181 13.091 3b6.173 10.196 41.638
24 12.401 39.364 9.886 45.559 13.848 36.415 10.8566 42.980
25 13.120 40.647 10.520 46.928 14.611 37.653 11.524 44.314
26 13.844 41.923 11.160 48.290 15.379 38.885 12.198 45.642
27 14.573 43.194 11.808 49.645 16.151 40.113 12.879 46.963
28 15.308 44.461 12.461 50.993 16.928 41.337 13.665 48.278
29 16.047 45.722 13.121 52.336 17.708 42.557 14.257 49.588
30 16.791 46.979 13.787 53.672 18.493 43.773 14.954 50.892
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7.2.2 Significant dijfference

7.2.2.1 Closely related to the concept of confidence

limits is that of significant difference, where a
comparison needs to be made either between two
means or two standard deviations. In the next
sections it is assumed that there are two sets of
observations with the statistics shown in table 14.

Table 14. Statistics for observation sets
Observation | Mean value | Estimated Number of
set standard observations
deviation
I 81 n
2 Xy 89 ng

7.2.2.2 For the mean

The means cannot be regarded as equal at the given

confidence level « if

1 — To|> 2,8 (18)

where

71 —g| signifies the absolute value of the
difference;

t, is the value of Student’s ¢ (table 11) for the

two-sided case, entered for (n] + ng — 2) degrees

of freedom, being 97.5 for the 95 % confidence
level or 99.5 for the 99 % confidence level,

§ is the weighted standard error for the combined

sets of observations which is calculated by the
equation:

ning ni+ng —2

In most cases nj = 1y and the equation can be
considerably simplified to the form:

- {nﬁnz (m — D52+ (ng — Dsy? }% (19)

\n

It is assumed in this analysis that there is no
significant difference (at a stated level) in the
standard deviations s; and so. If such a difference is
significant then the two sets of observations cannot
be considered to have come from the same
population and hence their means would not usually
be compared. The test for the signifcance of the
difference between two standard deviations is given
in 7.2.2.3.

7.2.2.3 For the standard deviation

7.2.2.3.1 The procedure is as follows:
a) Determine the ratio of the variances using the
equation:

F = (sy/sg)? @D

it being taken that s1 > s9;
b) consult table 15 where the critical values for
Snedecor’s F quotient at the 95 % and the 99 %
confidence levels are given.
¢) Use one of the following:

1) a = 0.05 for a single-sided 95 % confidence
level;

2) a = 0.025 for a two-sided 95 % confidence
level;

3) a = 0.01 for a single-sided 99 % confidence
level,

4) a = 0.005 for a two-sided 99 % confidence
level.

5) Establish the critical F value for the (n; — 1)
degrees of freedom for s; and the (ng — 1)
degrees of freedom for sy, by finding the
intersection of the column with (n; — 1) degrees
of freedom and the row with (ny — 1) degrees of
freedom. If the calculated F value is greater than
this tabulated critical F value then the two
standard deviations are different at the chosen
confidence level.
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Table 15. Snedecor’s F values for selected degrees of freedom
%for one-sided test
DF, DF,
‘ 4 5 6 7 8 10 12 15 20 24 30 40 60 120
| 4 6.39 6.26 6.16 6.09 6.04 5.96 5.91 5.86 5.80 5.77 5.756 5.72 5.69 5.66
5 5.19 5.05 4.95 4.88 4.82 4.74 4.68 4.62 4.56 4.53 4.50 446 443 440
6 4.53 4.39 4.28 421 4.15 4.06 4.00 3.94 3.87 3.84 3.81 3.77 3.7 3.70
7 4.12 3.97 3.87 3.79 3.73 3.64 3.57 3.51 3.44 3.41 3.38 3.34 3.30 3.27
8 3.84 3.69 3.58 3.50 3.44 3.85 3.28 3.22 315 3.12 3.08 3.04 3.01 2.97
10 3.48 3.33 3.22 3.14 3.07 2.98 291 2.85 2.77 274 2.70 2.66 2.62 2.58
12 326 311 300 |2901 2.85 275 2.69 262 254 |251 247 (243 2.38 2.34
15 3.06 2.90 2.79 2.71 2.64 2.54 248 2.40 233 2.29 2.25 2.20 2.46 211
20 2.87 2.71 2.60 2.61 2.45 2.35 2.28 2.20 212 2.08 2.04 1.99 195 1.90
24 2.78 2.62 2,51 242 2.36 2.25 2.18 2.11 203 1.98 1.94 1.89 1.84 1.79
30 269 |253 242 {233 |227 (216 209 2.01 1.93 1.89 1.84 1.79 1.74 1.68
40 2.61 2.45 2.34 2.25 2.18 2.08 2.00 1.92 1.84 179 1.74 1.69 1.64 1.68
60 2.53 2.37 2.25 217 2.10 1.99 1.92 1.84 1.75 170 1.65 1.59 1.53 147
120 245 2.28 2.17 2.09 2.02 191 1.83 1.75 1.66 1.61 1.55 1.50 143 1.35
% for two-sided test
DF, DF,
— 4 5] 6 7 8 10 12 15 20 24 30 40 60 120
E 4 9.60 9.36 9.20 9.07 8.98 8.84 8.75 8.66 8.56 851 8.46 841 8.36 831
= 5 7.39 7.15 6.98 6.85 6.76  |6.62 6.52 6.43 633 628 |6.23 6.18 6.12 6.07
E 6 6.23 5.99 582 5.70 5.60 5.46 5.37 5.27 5.17 5.12 5.07 5.01 4.96 4.90
7 5.52 5.29 512 4.99 4.90 4.76 4.67 457 447 442 4.36 431 4.2 4.20
U’; 8 5.05 4.82 4.65 453 4.43 4.30 420 4.10 4.00 3.95 3.89 3.84 3.78 3.73
* 10 447 (424 407 (395 3.85 [372 3.62 3.52 342 337 1331 3.26 320 (314
12 4.12 3.89 3.73 3.61 3.51 3.37 3.28 3.18 3.07 3.02 2.96 2901 2.85 2.79
15 3.80 3.58 3.41 3.29 3.20 3.06 2.96 2.86 2.76 2.70 2.64 2.59 2.52 2.46
20 3.51 3.29 3.13 301 2.91 277 2.68 2.57 246 241 2.35 2.29 2.22 2.16
24 3.38 3.15 2.99 2.87 2.78 264 2.54 244 233 2.27 2.21 2.15 2.08 2.01
30 3.25 3.03 2.87 2.75 2.65 2.51 241 2.31 2.20 2.14 2.07 2.01 1.94 1.87
40 3.13 2.90 2.74 2.62 2.53 2.39 2.29 2.18 2.07 2.01 1.94 1.88 1.80 1.72
60 3.01 2.79 2.63 2.51 241 227 2.17 2.06 1.94 1.88 1.82 1.74 1.67 1.58
120 2.89 2.67 2.52 2.39 2.30 2.16 2.05 1.94 1.82 1.75 1.69 1.61 1.53 1.43
|
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Table 15. Snedecor’s F' values for selected degrees of freedom (continued)
% for one-sided test

DF, DF,
4 5 6 7 8 10 12 15 20 24 30 40 60 120
1598 |1552 (1521 |1498 |1580 |14.55 [14.37 1420 |14.02 (1393 |1384 [13.75 |13.65 |[13.56
1139  [1097 |[10.67 |10.46 (1029 110.05 |9.89 9.72 9.55 9.47 9.38 9.29 9.20 g.11

4
5
6 9.15 8.75 8.47 8.26 8.10 7.87 7.72 7.56 7.40 731 7.23 7.14 7.06 6.97
7
8

7.85 7.46 7.19 6.99 6.84 6.62 6.47 6.31 6.16 6.07 5.99 5.91 5.82 5.74
7.01 6.63 6.37 6.18 6.03 581 5.67 b5.62 b6.36 5.28 5.20 b.12 5.03 4.95

10 5.99 5.64 .39 5.20 5.06 485 471 4.56 441 4.33 4.25 417 4.08 4.00
12 5.41 5.06 482 464 4.50 430 416 4.01 386 3.78 3.70 3.62 354 3.45
15 4.89 4.56 4.32 4.14 4.00 3.80 3.67 3.52 3.37 3.29 321 3.13 3.05 2.96
20 4.43 410 3.87 3.70 3.56 3.37 3.23 3.09 2,94 2.86 278 2.69 2.61 2.52
24 422 3.90 3.67 3.50 3.36 3.17 3.08 2.89 2.74 2.66 2.58 2.49 2.40 231
30 4.02 3.70 3.47 3.30 3.17 2.98 2.84 2.70 2.55 247 2.39 2.30 2.21 2.1
40 3.83 351 3.29 3.12 2.99 2.80 2.66 2.52 2.37 2.29 2.20 21 2.02 1.92
60 3.65 3.34 3.12 2.95 2.82 2.63 2.50 2.35 2.20 2.12 2.03 1.94 1.84 1.73
120 3.48 3.17 2.96 2.79 2.66 247 2.34 2.19 2.03 195 1.86 1.76 1.66 1.63
i)_FW for two-sided test
DF, DF,

4 5 6 7 8 10 12 15 20 24 30 40 60 120

4 2315 (2246 12197 2162 |21.35 |20.97 |20.70 (2044 (2017 |20.03 (1989 |19.75 [19.61 |19.47
5 1666 (1494 |1451 11420 |13.96 |13.62 (1338 (1315 [12.90 (12.78 [1266 |12.53 |1240 |12.27
6 12.03 (1146 11.07 {10.76 [10.57 (10.25 (10.03 |9.81 9.59 9.47 9.36 9.24 9.12 9.00
7 10.05 |9.62 9.16 8.89 8.68 8.38 8.18 7.97 7.75 7.66 7.63 742 7.31 7.19
8 8.81 8.30 7.95 7.69 7.50 7.21 7.01 6.81 6.61 6.50 6.40 6.29 6.18 6.06

10 7.34 6.87 6.54 6.30 6.12 5.85 5.66 5.47 5.27 5.17 5.07 4.97 4.86 4.75

12 6.62 6.07 6,76 5.62 5.35 5.09 4.91 4.72 4.53 443 433 4.23 412 4.01

15 5.80 5.37 5.07 4.85 4.67 4.42 4.25 4.07 3.88 3.79 3.69 3.58 348 3.37

20 517 476 4.47 4.26 4.09 3.85 3.68 3.50 3.32 3.22 312 3.02 292 2.81

24 4.89 4.49 4.20 3.99 3.83 3.69 3.42 3.26 3.06 2.97 2.87 2.7 2.66 2.6

30 4.62 4.23 3.95 3.74 3.568 3.34 3.18 3.01 2.82 2.73 2.63 2.52 242 2.30

40 4.37 3.99 3.71 3.51 3.35 3.12 2.95 2.78 2.60 2.50 240 2.30 2.18 2.06

60 4.14 3.76 3.49 3.29 3.13 2.90 2.74 2,57 2.39 2.29 2.19 2.08 1.96 1.83

120 3.92 3.565 3.28 3.09 2.93 2.71 2.64 2.37 2.19 2.09 1.98 1.87 175 1.61
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7.3 Applications to rubber testing

7.3.1 General

Knowledge of the confidence limits for data enables
objective assessments to be made of differences in
that data. Examples of this are given in 7.3.2 and
7.3.3.

7.3.2 Confidence limits and specification limits

In a stress relaxation test, carried out in accordance
with BS 903 : Part A42, three compounds were tested
against a specification requiring a maximum stress
relaxation of 20 % over the 7 day test duration. The
results obtained were as shown in table 16.

Table 16. Percentage stress relaxation

measurements

EXAMPLE

Compound | Test piece Mean Standard
1 2 3 deviation s
22.1 [22.6 | 22.8 {225 0.36

2 17.5 119.7 | 185 | 18.6 1.10
13.7 (143 | 169 | 14.6 1.14

Visual inspection of the results suggests that
compound 1 fails and compounds 2 and 3 pass. For
compound 2, however, the mean is close to the limit
(i.e. one standard deviation) which makes its true
status less clear.
The lower confidence limit of each compound at the
95 % significance level is obtained from the equation:
L=~ (lgss)/Vn (22)
Therefore, for compound 1 with a value for s of 0.36
e, =225— (2.92 X 0.36/3)
CL= 21.9
In a similar way table 17 can be derived for all the
compounds.

From these limits it is over 99 % certain that
compound 1 fails and compound 3 conforms to the
specification. However, compound 2 conforms to the

specification with only a 90 % certainty.

If a further three test pieces of compound 2 were
tested, a more definite conclusion could probably be
reached. (For example, if the same mean and
standard deviation were obtained on the additional
tests, the corresponding confidence limits would be
19.3, 19.5 and 20.1. This gives between a 95 % and
99 % confidence that compound 2 does pass.)

7.3.3 Comparison of results

The supplier and purchaser of a grade of rubber
compound (compound 1) each carry out tear tests in
accordance with BS 903 : Part A3 Method B on the
same batches to assess their degree of agreement.
The results obtained by the two laboratories are
presented in table 18. In considering the results for
compound 1 it can be seen that the difference in the
means exceeds the 958 product so it is more than
95 % certain that the two laboratories are not
producing statistically equivalent data.

The same tests were also carried out on a different
compound (compound 2). These results are also
presented in table 18.

In the case of compound 2, the difference in the
means is bordering on the 99 % significance level.
Since laboratory 1 on both occasions has produced
the lower strengths, it is probable, though by no
means certain on the basis of only two sets of
results, that there is a systematic difference between
the laboratories. This may be as a result of a
different depth of the nick or errors in the force
transducer. In such a case an effort should be made
to trace and rectify any deficiency.

Table 17. Lower confidence limits for

percentage stress relaxation

EXAMPLE

Limit Compound

% 1 2 3

90 22.1 19.8 16.8

95 21.9 20.5 16.5

99 21.1 23.0 19.2
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8 Ranking methods

8.1 Principles

Sometimes observations cannot be quantified
precisely and subjective judgements of merit have to
be made. In these cases the usual quantitative
techniques cannot be applied and it is necessary to
resort to ranking methods.

8.2 Methodology
8.2.1 Friedman’s test

8.2.1.1 The following steps should be taken in this
test:

a) A group of observers independently ranks the
same samples into order of increasing merit
according to previously defined criteria.

b) The sum of the squares of the differences
between each rank sum and the mean rank sum is
determined and compared with the critical value
corresponding to a given level of significance.

8.2.1.2 Thus, if there are m observers and n
samples, each observer independently assigns the
number 1 to the best sample, 2 to the next best and
so on down to 7 to the poorest. If two or more
samples are judged to be equally good then they are
assigned the same rank number, this being simply
the average rank of the group. For each sample, the
rank sum Sy, is determined from the individual rank
values R by the equation:

m
S;= Y Ry
j=t
The mean rank sum, Sg, is the average of the n rank
sums as given by the equation:

il

1::1
n

23)

S= @24

Friedman’s statistic, K, is then given by the equation:

c) If the observed factor is greater than the critical < <

f;ctor then there is a signiﬁirant difference (at the K= g’l (S; =5)? (25)

given confidence level). If K > K, the samples are significantly different.

Values of K, for the 95 % confidence level are
tabulated in table 19.
Table 19. Friedman’s test: critical values K for a = 0.05 level of significance
ml) Number of observations in the sample
n
3 4 5 6 7 8 9 10 11 12 13 14 15
2 |- 20 38 64 96 138 192 258 336 429 538 664 808
3 18 37 64 104 158 225 311 416 542 691 865 1063 | 1292
4 |26 52 89 144 217 311 429 574 747 950 1189 | 1460 | 1770
5 |32 65 113 183 277 396 547 731 950 1210 | 1512 | 1859 2254
6 (42 76 137 222 336 482 664 887 1155 {1469 | 1831 |2253 2738
7 |50 92 167 272 412 591 815 1086 | 1410 {1791 |2233 |2740 {3316
8 |50 idb 190 3i0 471 676 231 1241 | 1612 | 2047 |2562 {3131 |3790
9 |56 118 214 349 529 760 1047 | 1396 |1813 (2302 |2871 |3523 |4264
10 62 131 238 388 588 845 1164 | 1551 |2014 |[2568 (3189 (3914 |4737
11 {66 144 261 427 47 929 1280 | 1706 2216 |2814 (3508 |[4305 (5211
12 {72 157 285 465 706 1013 | 1396 1862 |[2417 |3070 |3827 |4697 |[5685
13 |78 170 309 504 764 1698 1512 2017 |2618 [3326 |[4146 |5088 |6159
(14 |84 183 333 543 823 1182 1629 |2172 |2820 |3581 |4465 |5479 6632
15 |90 196 356 582 882 1267 (1745 (2327 |3021 (3837 (4784 |5871 |7106
1 ym = number of observers ranking the observations in the sample.
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8.2.1.3 Where a significant difference is shown, the
mean rank for each sample can be determined from
the equation:

Ri =8;/m
although it should not be assumed that there is
necessarily a significant difference between any pair
of mean rank values even though there is a
significant difference taken across the n samples as
a whole.

8.2.1.4 Whether or not significance is obtained
depends on the differences between the samples as
well as on the degree of agreement between the
observers. The coefficient of concordance between
the observers is given by the equation:

c. 12K
T wmEm - 1)

(26)

@7

8.2.1.5 This parameter may take any value between
0 (no agreement) and 1 (complete agreement). In
order for high degrees of concordance to be
achieved, the rankings should be based on a single
criterion which has been clearly described.

8.2.1.6 The value for coefficient of concordance
can be formally tested for significance using the
table of Snedecor’s F values given in table 15,
although corrections to the above equation are then
required. Annex G details the method to be followed.

8.2.2 The outside count test

8.2.2.1 This is a rough and ready method for the
comparison of two specific samples out of a total of
7. It can be particularly useful where one of the two
samples is a reference material being used for
COMpPAarison purposes.

8.2.2.2 The procedure is as follows.

a) Count the number of values, in the sample
containing the highest value, which are higher than
the highest value in the other sample.

b) Count the number of values in the other sample
which are lower than the lowest value in the first
sample.

If the sum of these two counts is greater than six, it
can be concluded that the two samples are different
at the 95 % confidence level.

8.3 Applications to rubber testing

Ten vulcanizates containing different antiozonants
were simultaneously tested for ozone resistance in
accordance with BS 903 : Part A43 after which five
observers independently ranked the 10 compounds
for degree of cracking using crack length as the
criterion. Tables 20 and 21 respectively give the
results and statistical calculations from this test.

Table 20. Vulcanizate test results
EXAMPLE
Vulcanizate Observer

A B C D E
1 4 3% 3 3 4
2 1 2 2 3 2
3 5% 5 4 6 4
4 5% 6 6 5 6
b 2 1 1 1 1
6 3 3% 5 3 4
7 8 7 7% 9 10
8 10 9 9 8 8
9 7 8 7% 7 7
10 9 10 10 10 9
Table 21. Vulcanizate test statistical
calculations
EXAMPLE
Vulcanizate Sum Mean | Difference Mean

sam rank

1 17% | 27% -10 3.5
2 10 27% —-17% 2.0
3 24 (27 -3 4.9
4 28% (27 | +1 5.7
5 6 27% —-21% 1.2
6 1812 | 27% -9 3.7
7 412 |2T% |[+H4 83
8 44 27% | +16% 8.8
9 36% |27% | +9 7.3
10 48 27% [ +20% 9.6

K=(-102 + (-17%)2 + (-3)2 + ... + (20%)2 = 1929
where K = Friedman’s K value

For n =10 and m = 5, K = 731, hence the different
antiozonants are producing statistically significant
differences in ozone resistance between the
compounds.

The coefficient of concordance C can be calculated
as

C =12 x 1929/ (52 X (103 — 10))
= 0.94

This indicates that there is a high degree of
agreement in the judgements of the five observers.

30
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9 Criteria for rejecting outliers
9.1 Principles

9.1.1 There are occasions when a single result in a
test sequence can appear to be out of line with the
rest of the data. The rejection of such a result as an
outlier which would otherwise distort what is
considered to be the true data represented by the
other results is sometimes considered. This is a
course of action which should be avoided. Rejection
of results without good cause can lead to serious
distortion of the true distribution and will lead
particularly to a significant under-estimate of the
standard deviation.

9.1.2 A result should not be rejected unless one of
the following cases applies.

a) There is clear physical evidence that the result
has been caused by some recognisable fault in the
sample.

b) An objective statistical test gives a strong
indication that the result is unlikely to have arisen
purely by chance. As with any statistical test, a
given confidence level should be arbitrarily
assigned as the criterion for rejection.

9.1.3 A result that is shown to be unusual at
between the 95 % to 99 % confidence level should be
marked as a straggler (see BS 5497).

A result that exceeds the 99 % confidence level
should be marked as an outlier and should then be
eliminated from the analysis.

In both cases the test piece which gave rise to the
suspect result should be examined for evidence of its
abnormality. In the case of a straggler, lack of any
such evidence should cause the data to be retained
in the analysis, but if there is clear physical evidence
of abnormality then its result can be discarded.

9.1.4 In addition to the testing of individual
observations in a set, it is possibly appropriate, as
for example in inter-laboratory trials, to test for
outliers in terms of the means of the series of tests
performed. However prior to this a test for standard
deviation should be made. If, for example, one
laboratory’s standard deviation is significantly
different to that which could be expected on the
basis of the other laboratories’ standard deviations,
this laboratory’s results cannot be taken as coming
from the sume population as the other laboratories
and should, therefore, be discarded. As before,
rejected or straggling data should be critically
examined to try to ascertain the cause with the view
to correcting any faulfs.

9.1.5 Examination of the outlying data can show
that a simple calculation error or similar quantifiable
fault had occurred before the results were reported
and that this can be corrected at source. The
corrected data can then be entered in place of the
originals and the statistical tests re-applied.

9.2 Methodology

9.2.1 General

The assumption is made in the following tests that
the data being examined are normally distributed
(see 6.2.5), or have been transformed into a form
that is normally distributed (see 6.2.4).

9.2.2 Dixon’s test

9.2.2.1 Dixon’s test is applied to individual
observations or to the means of sets of observations
and it is assumed that both abnormally large or small
observations are to be equally tested for rejection
against Dixon’s criterion.

9.2.2.2 The procedure is as follows:

a) Arrange the n observations in ascending
numerical order; i.e. x; the smallest through to xy,
the largest.

b) Derive Dixon’s quotient, @, from step ¢), d) or
e) as appropriate.

¢) If 3 = n = 7 then record the larger of:

T2~ X Ln —Ip ~1

(28)
Xy — X1 Zn — X1
d) If 8 = n = 12 then record the larger of:
X2 — X1 Xp —&p —1 (29)
Tp -1 X1 Xp — X2
e) If n > 12 then record the larger of:
x3 _xl xn - xn -2 (30)
Iy -2 — X1 Ty = X3

f) Compare Dixon’s quotient, @, so derived, to the

data given in table 22. The following conclusions

can be made.
1) If Q exceeds the 5 % value but is less than the
1 % value, the first or last (according to which of
the two ratio calculations gave the higher @) is
marked as a straggler.
2) If @ exceeds the 1 % value the result is
marked as an outlier and rejected. In this case
the test can be repeated with the (n — 1)
remaining results.

NOTE. n equals the number of observations.
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Table 22. Critical values for Dixon’s test 9.2.3 Cochran’s test for variance
Criterion n Critical values 9.2.3.1 Cochran’s test is applied to the variances of
5% 1% sets of observations and should be applied before
Dixon’s test for means. The following assumptions
Q10 3 0.970 0.994 are made.
4 0.829 0.926 a) It is assumed that there are the same number of
5 0.710 0.821 observations (replicates) in each set. Some
6 0.628 0.740 relaxation of this condition is possible without
seriously compromising the test, but every effort
7 0.569 0.680 should be made to satisfy it and the number of
Q11 8 0.608 0.717 exceptions should be kept small.
9 0.564 0.672 b) It is assumed that only abnormally large
variances are to be examined for rejection (i.e. it
10 0.530 0.635 is a one-sided test, unlike Dixon’s test).
11 0.502 0.605 9.2.8.2 The procedure is as follows.
12 0479 0.579 a) Given a set of n standard deviations, s;,
Q22 13 0.611 0.697 calculate Cochran’s quotient, C, as follows:
14 0.586 0.670 ”
- 2 2
15 0.565 0.647 C=sma/ 3 s @1)
16 0.546 0.627 where s, is the largest standard deviation in the
17 0.529 0.610 group of n.
NOTE. An exception is in the case where the number of
18 0.514 0.594 replicates is 2 when the range, w, is substituted for the
19 0.501 0.580 standard deviation, s.
20 0.489 0.567 b) Compare C with the critical values given in
a1 0.478 0 table 23 which can be used for replicates between
: -565 2 and 6 inclusive and for up to 40 sets of results.
22 0.468 0.544 The following deductions can be made.
23 0.459 0.535 1) If the observed C value is greater than the 5%
24 0.451 0.526 critical value and less than the 1 % critical value
) ) the standard deviation is marked as a straggler.
25 0.443 0.517 2) If the observed C value exceeds the 1% value
26 0.436 0.510 the set of data producing that standard deviation
27 0.429 0.502 is rejected as an outlier.
NOTE. For results outside the scope of this table reference
28 0.423 0.495 should be made to more extensive statistical tables.
29 0417 0.489
30 0.412 0.483
31 0.407 0477
32 0.402 0472
33 0.397 0.467
34 0.393 0.462
36 0.388 0.458
36 0.384 0.454
37 0.381 0.450
38 0.377 0.446
39 0.374 0.442
40 0.371 0.438
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Table 23. Critical values for Cochran’s test
P n=2 n=3 n=4 n=5 n=6
1% 5 % 1% 5% 1% 5% 1% 5% 1% 5%
2 - - 0.995 0.975 0.797 0.939 0.959 0.906 0.937 0.877
3 0.993 0.967 0.942 0.871 0.883 0.798 0.834 0.746 0.793 0.707
4 0.968 0.906 0.864 0.768 0.781 0.684 0.721 0.629 0.676 0.690
5 0.928 0.841 0.788 |0.684 0.696 0.598 0.633 0.544 0.588 0.506
6 0.883 0.781 0.722 0.616 0.626 0.632 0.564 0.480 0.520 0.445
7 0.838 0.727 0.664 |0.561 0.568 0.480 0.508 0.431 0.466 0.397
8 0.794 0.680 0.615 0.516 0.521 0.438 0.463 0.391 0.423 0.360
9 0.754 0.638 0.573 0.478 0.481 0.403 0.425 0.358 0.387 0.329
10 0.718 0.602 0.536 0.445 0.447 0.373 0.393 0.331 0.357 0.303
: 11 0.684 0.570 0.504 0.417 0418 0.348 0.366 0.308 0.332 0.281
‘ 12 0.653 0.541 0.475 0.392 0.392 0.326 0.343 0.288 0.310 0.262
13 0.624 0.515 0.450 0.371 0.369 0.307 0.322 0.271 0.291 0.246
! 14 0.599 0.492 0.427 0.352 0.349 0.291 0.304 0.255 0.274 0.232
| 15 0.574 0471 0.407 0.335 0.332 0.276 0.288 0.242 0.259 0.220
i 16 0.553 0.452 0.388 0.319 0.316 0.262 0.274 0.230 ‘ 0.246 0.208
E 17 0.532 0.434 0.372 0.3056 0.301 0.250 0.261 0.219 0.234 0.198
; 18 0.514 0.418 0.366 0.293 0.288 0.240 0.249 0.209 0.223 0.189
E 19 0.496 0.403 0.343 0.281 0.276 0.230 0.238 0.200 0.214 0.181
T 20 0.480 0.389 0.330 0.270 0.265 0.220 0.229 0.192 0.205 0.174
‘é 21 0.465 0.377 0.318 0.261 0.255 0.212 0.220 0.185 0.197 0.167
22 0.450 0.365 0.307 0.252 0.246 0.204 0.212 0.178 0.189 0.160
23 0.437 0.354 0.297 0.243 0.238 0.197 0.204 0.172 0.182 0.155
24 0.425 0.343 0.287 0.235 0.230 0.191 0.197 0.166 0.176 0.149
25 0.413 0.334 0.278 0.228 0.222 0.185 0.190 0.160 0.170 0.144
26 0.402 0.325 0.270 0.221 0.215 0.179 0.184 0.165 0.164 0.140
27 0.391 0.316 0.262 0.215 0.209 0.173 0.179 0.150 0.159 0.135
28 0.382 0.308 0.255 0.209 0.202 0.168 0.173 0.146 0.154 0.131
29 0.372 0.300 0.248 0.203 0.196 0.164 0.168 0.142 0.150 0.127
30 0.363 0.293 0.241 0.198 0.191 0.159 0.164 0.138 0.145 0.124
| 31 0.355 0.286 0.235 0.193 0.186 0.155 0.159 0.134 0.141 0.120
| 32 0.347 0.280 0.229 0.188 0.181 0.151 0.155 0.131 0.138 0.117
33 0.339 0.273 0.224 0.184 0.177 0.147 0.151 0.127 0.134 0.114
34 0.332 0.267 0.218 0.179 0.172 0144 0.147 0.124 0.131 0.111
35 0.525 0.262 0.213 0.175 0.168 0.140 0.i44 0.121 G.127 0.108
36 0.318 0.256 0.208 0.172 0.165 0.137 0.140 0.119 0.124 0.106
37 0.312 0.251 0.204 0.168 0.161 0.134 0.137 0.116 0.121 0.103
38 0.306 0.246 0.200 0164 0.157 0.131 0.134 0.113 0.119 0.101
39 0.300 0.242 0.196 0.161 0.154 0.129 0.i31 0.111 0.116 0.099
40 0.264 0.237 0.192 0.158 0.151 0.126 0.128 0.108 0.114 0.097
NOTE. n is the number of results per cell;
p is the number of laboratories at the given level.
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9.3 Applications to rubber testing Dixon’s quotients for 8 replicates are

9.3.1 General 18.3 — 10.1 and 28.1 — 26.9

The application of tests for outliers can, in principle, 26.9 —10.1 28.1-183

be applied to any set of data, but it is most often = 0.488 and 0.122

applied in the case of inter-laboratory testing trials. The larger of these is taken and compared to the
critical value for the 95 % confidence level which is
0.608 according to table 22. Since the calculated
statistic is less than the critical value there is no
Jjustification for rejecting the low result.

9.3.2 Dixon’s test applied to individual results

A series of 8 replicate compression set results were
obtained on type 1 test pieces in accordance with
BS 903 : Part A6 as shown in table 24.

9.3.3 Cochran’s variance test

Table 24. Compression set results An inter-laboratory trial involving seven laboratories
EXAMPLE produced the results shown in table 26 for a volume
swell test carried out in accordance with BS 903 :
Result number 9R6esult Part Al6.
1 24.1 Table 26. Volume swell test 1
2 25.9 EXAMPLE
3 24.2 Laboratory | Result Mean Standard
4 25.1 1 2 3 deviation
5 10.1 % % %
6 28.1 1 178 {181 {181 (180 0.173
7 18.3 2 19.6 {195 {196 [19.6 |0.058
8 26.9 3 229 {229 (224 (227 |0.289%
An initial brief examination of these data suggests 4 199 197 1197 1198 10.115
that the 10.1 result is so far out of line that it ought 5 134 |142 151 (142 0850
to be ignored in calculating the mean and standard 6 225 [(22.1 |22.0 {222 0.265
deviation. However, results such as these should be
checked against Dixon’s criterion. In this case the 7 208 1205 |207 |207 |0.153

following conclusion is reached. The result for laboratory 5 appears to have a

Table 25 shows the results sorted into ascending suspiciously low mean and a high standard deviation.
order. Therefore when Cochran’s test is applied first of all
to the standard deviations the following results are
Table 25. Sorted compression set results obtained.
EXAMPLE 5 ,
Ascending order Result a)  Smax” =085
% = 0.7225
1 10.1 b) Is? =.1732 + .0582 + ... + .1532
2 18.3 = 0.9462
3 24.1 c¢) Cochran’s ratio = 0.7225/0.9462
4 24.2 = 0.764
5 25.1 . .
For three replicates and seven laboratories,
6 25.9 Cochran’s critical value for the 99 % confidence level
7 26.9 is 0.664 and so, as the test statistic is greater than
8 28.1 this, the rejection of the data from laboratory 5 on
- statistical grounds is justified and it is not necessary
s . to test the low mean value. The results should then
From table 25' It is seen that: be checked back to their source to see if an
a) 21 = 10.15 explanation can be found and possible corrective
b) 2o = 18.3; action taken.
c) x7 = 26.9;
d) xg =28.1.
34 © BSI 1997
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9.3.4 Dixon’s test applied to a group of mean
values

In an inter-laboratory trial involving six laboratories,

the results for a volume swell test were as shown in
table 27.

Table 27. Volume swell test 2

EXAMPLE

Laboratory Result Mean Standard
1 P 3 deviation

1 135 |13.8 | 138 113.7 0.173

2 108 |13.0 | 126 |12.1 1.173

3 129 [13.0 |12.7 |12.9 0.153

4 109 |11.2 |14.2 |12.1 1.825

B 142 (14.2 | 144 |143 0.115

6 19.7 (208 | 189 |19.8 0.954

The result for laboratory 6 appears to have a high
mean value and the standard deviations appear to be
quite variable but no one result stands out as being
abnormally large.

Testing by Cochran’s test, first of all, confirms that
no standard deviation is so large as to justify
rejection of the data. Therefore Dixon’s test is
applied and the following is calculated.

27 1 _0 ang "% _g714 (33)
8~ X1 Zg — T1

The critical value for:
a) the 95 % confidence level is 0.628;
b) the 99 % confidence level is 0.740.

Hence laboratory 6 is seen to be a straggler but its
data should not be rejected unless an investigation
shows some fault in the procedure or equipment
used.

10 Analysis of variance

10.1 Principles

The variability in the results observed from a test
arises from a number of sources (in practice, a very
large number of sources) ranging from variations in
the quality of the raw materials from which the
sample was made, through the compounding and
moulding processes, into the sampling and testing
procedure itself. Analysis of variance is a technique
which can be used to isolate and estimate the effect
of those sources of variation which are having a
significant effect on the measurements.

In practice, it is neither possible, nor necessary, to
quantify the effect of every conceivable source of
variation. Instead it is sufficient, for any particular
case, tc examine the effect of the variables that ae
regarded as being the most likely to have an

sources of carbon black, mixing time and moulding
temperature on the abrasion resistance of the
compound). All other factors are kept as constant as
possible and the factors of interest are varied in
some known way. Replicate tests carried out at each
level of each factor then determine the within-
sample variation, often referred to as the
experimental error, against which the effects due to
the factors of interest taken individually and in
combination can be assessed.

10.2 Methodology

10.2.1 A full development of the methodology is
outside the scope of this British Standard and
reference should be made to any of the excellent
texts on the subject for details. The bibliography at
the end of this British Standard lists a selection of
useful reference works. Many statistical software
packages exist, and many spreedsheet packages have
built-in statistical functions, which enable the
mathematics to be evaluated quickly without the
need for detailed understanding of the underlying
equations. It is recommended that appropriate
computer programs be used wherever possible.
However, some specific examples are enumerated
for the benefit of users without access to such
software.

10.2.2 One factor with an equal number of
replicates

10.2.2.1 The simplest case to consider is that of
one factor (e.g. carbon black) at n levels (parts per
hundred of rubber) each replicated 7 times, giving a
total number of observations N. The total number of
observations is calculated from the equation:

N=mmn 34
The following sequence of calculations should be
followed.

NOTE. See the comments in annex D on truncation errors.

a) Calculate the total sums of squares, S;, given by

the equation:

Si=3 (xy — P (34)
where x;; is the value of the jth replicate

(1 =5 =1) of the ith factor (1 =i =n)

b) Calculate the total degrees of freedom, v; given

by the equation:

w=N-1 . (3B)

c) Calculate the total mean square, M;, from a)

and b) using the equation:

Mt = St / Vi (36)

d) Calculate the between-factor sums of squares,

Sy, given by the equation:

1 1
Sy = > T2 — N G x,-j)z @37

where #; is the sum of the r replicates of the ith
ievel of the factor calculated from the equation:

”
influence or which it is desired fo test for their t = Z X (38)
influence (for example, the effect of different ¢ j=1 J
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e) Calculate the degrees of freedom, vy, associated
with the between-factor sums of squares given by
the equation:
vw=n—1 (39)
f) Calculate the between-factor mean square, My,
from d) and e) using the equation:
Mb = Sb / Vb (40)
g) Calculate the within-factor sums of squares, S,
given by the equation:
Sw= S-S5 “n
h) Calculate the within-factor degrees of freedom,
Vw, given in the equation:
Vw=Vt — W
i) Calculate the within-factor mean square, M,
given by the equation:
My = Sy 'V
10.2.2.2 These statistics can be usefully
summarized in table 28.

(42)

43)

Table 28. One factor statistics summary
Source of Between- Within- Total
variation factor factor

Sum of Sp Sw St
squares

Degrees of | v, Vw Ve
freedom

Mean My My M
square

10.2.2.3 Snedecor’s F test is then applied to the
ratio of My, to M, with v, as the degrees of freedom
for the greater mean square and vy, as the degrees of
freedom for the lesser mean square. (Clearly if

My, < M, the between-factor variation is insignificant
compared to the experimental error and the effect of
the factor is to have no measurable influence on the
property being determined.)

If My/My, > F (5, v, vw) then there is a greater than
96 % probability that the different levels of the factor
are having a significant effect on the property.

10.2.3 One factor with a variable number of
replicates

Where the number of replicates, r, is not a constant
for each level of the factor, as in 10.2.2, the analysis
proceeds as in 10.2.2 but with the following
modifications.

a) The total number of observations, N, is given by
the equation:

n
N= z 7,
i=1
b) The between-factor sum of squares, Sy, is given
by the equation:
2 1
Sy = 2 —:: - sz‘ijz

All the other factors and the F test are as before.

(44)

(45)

10.2.4 Two (and over) factor analysis of
variance

With the addition of extra factors in the analysis, not
only is there the potential for each factor to
influence the measured property, but also the factors
can be influenced by each other, giving an
interaction (synergistic) effect.

An everyday example which illustrates this is the
sweetness of a cup of tea. This depends on:

a) how much sugar is added to the tea; and
b) how much the tea is stirred.

Although the analysis proceeds in a similar way to
that described in 10.2.2 or 10.2.3, the detailed
process is more complex and the method for two
factors is given in annex H. The same process can be
extended for three and more factors and annex H
also illustrates how the sums of squares for a
three-factor analysis can be processed for possible
interaction effects.

10.3 Applications to rubber testing

10.3.1 Analysis of variance is a powerful tool in
assessing the separate importance particular
components of a rubber compound, its processing,
etc. have on the resulting properties.

10.3.2 A series of compounds having differing levels
of carbon black and processing oil were tested for
abrasion resistance in accordance with BS 903 :

Part A9, Method A. It was expected that increasing
the black level would improve the abrasion
resistance but increasing the oil level would make
for better processing. The results obtained are
shown in table 29. It was necessary to determine
how significant the two factors were from these
results.
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Table 29. Abrasion volume loss results

10.3.3 The calculation procedure described in H.1
was applied to the modified results and table 30

EXAMPLE constructed.
All results in mm®
a) Original results Table 30. Table of sums
Result Oil level | Black level EXAMPLE
60 80 100 120 0Oil level | Black level (factor A) Sums of A
1 0 273 256 |202 |188 (factor B)['gg 80 w00 120 | ®%)
2 233 262 215 195 0 7.79 7.60 6.78 5.60 2707
3 273 242 261 177 5 8.61 8.39 7.18 6.46 30.64
1 5 288 257 244 242 10 831 7.62 7.01 6.35 29.29
2 260 271 229 203 20 8.16 |[855 6.52 6.86 30.09
3 313 311 245 201 Sums of |32.87 |32.16 |27.49 (2527
1 10 269 247 249 217 B
4%
2 317 263 220 216
3 245 262 232 203 The following factors are derived from tables 29
1 20 a1 z0 2z [as0 | 4
2 298 307 227 214 a) factorT = 17.79;
3 287 278 203 242 b) number of values of A = 4
E b) Modified results ¢) number of values of B = 4
= Result | Oil level | Black level d) number of replicates =%
= 6 [s0 [0 [120 ¢) correction factor CF = 289.07;
1 0 273 256 [202 [188 ) apX2 = 87943
UE 2 23 262 215 L9 Therefore the following values are calculated:
| 3 2.73 2.42 2.61 1.77
| 1 5 2.88 2.57 2.44 2.42 - S, = 3.3562;
; 2 2.60 2.71 2.29 2.03 - 85 = (.385;
3 3.13 3.11 2.45 2.01 - S = 0.337;
1 10 269 (247 [249 [217 -8 = 1.483;
2 3.17 2.53 2.20 2.15 -8 = 5.660;
3 245 2.62 2.32 2.03 - DF, =3
1 20 231 270 |222 {230 - DFy =3
| 2 208 [307 |227 |214 - DFg =9
| 3 2.87 |278 |203 |[242 - DF; = 33;
3 NOTE. The modified results in b) are the original results divided - DF = 48;
‘ by 100. This is for the convenience of tabulating small nurbers. - M, = L117;
{ - M, = 0.129;
- Mg = 0.037;
- M, = 0.045;
| - M = 0.116
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10.3.4 It is conventional to summarize the data in
the form of an analysis of variance table, as shown
in table 31.

Table 31. Analysis of variance

EXAMPLE

Source Sums of Degrees of Variance
squares freedom estimate

Factor A 3.362 3 1.117

Factor B 0.388 3 0.129

Interaction |0.337 9 0.037

Residual 1.483 33 0.045

Total 5.560 48 0.116

10.3.5 When the interaction term is considered first
and the ratio of M,; to M, taken

Mg/ M, =0.83

As this is less than 1 it is not significant and Sy; can
be pooled with §; to give:

S, = 1.820;

-DF, = 42;

-M, = 0.043.
where

S; is the new value of S,;

DF; is the new value of DF;

M; is the new value of M.

10.3.6 When the two main factors, A and B are
considered:

-M,/ M, =2578

~My/ M, =298
The critical F values for 3 by 42 degrees of freedom
are:

a) Fy = 2.84 for a 95 % confidence level;
b) F, = 4.31 for a 99 % confidence level.

10.3.7 The conclusion is that both factors are
significant, although the oil factor is only just
significant at the 95 % level while the carbon black
factor is significant at well over the 99 % level. There
is no significant interaction between the factors.
Thus, the oil level may be increased in order to
improve the processability of the compound without
having too damaging an effect on the abrasion
resistance of that compound.

NOTE. The above example could also be analysed using the least
squares regression method which would enable a quantitative
estimate of the relationship between the variables and their

interaction to be determined. However, to effect such an analysis
in practice would require access to a suitable computer program.

11 Regression analysis
11.1 Principles

11.1,1 When a series of tests is undertaken in which
a test parameter, for example compression set, is
measured at different values of an independent
variable such as time or temperature it is to be
expected that some form of functional relationship
will exist between them. However, as shown in
clause 10, there are many sources of variation in the
process with the nett result that the observed data
does not fit perfectly to a single curvilinear function
but is scattered more or less around the function of
choice. The functional relationship between the
dependent (measured) and the independent
(controlled) variables is known as the regression
line.
11.1.2 The form to be chosen can be deducible
from scientific laws, but generally this is not the case
and an empirical relationship should be resorted to.
Under these circumstances, the simplest functional
relationship which adequately describes the
observations should be used. Thus for compression
set as a function of compression time (temperature
being kept constant) a linear relationship between
set and the logarithm of time can be expected to
give an excellent representation of the data within
the experimental error observed. Clearly, however,
the true functional relationship cannot be linear as
compression sets below 0 % or above 100 % are not
possible. Thus, a transition function, would be better
able to describe the relationship over a wider time
span than has been encountered in the experiments.
A simple alternative is to replace the compression
set (cs) value as the ordinate by the function:

log (cs/ (100 — cs))

11.1.3 In considering the form of function to use,
account should be taken of three points.
a) The coefficients of the function can possibly be
derived analytically (e.g. method of least squares)
or, if not, an iterative method used as an
alternative.
b) The benefit to be gained from the more
complicated function should be sufficient to justify
the extra effort in deriving its coefficients.
c) An assessment should be made as to whether or
not the observed data will have to be extrapolated
to reach the conditions of particular interest.
Examples of tests where this applies are:
1) ageing for short periods at high temperature
to predict behaviour over long periods at lower
temperatures;
2) estimating the stress relaxation at long times
from short time tests.
If interpolation or very short extrapolations are
required, as for example in the estimation of the
temperature at which 70 % retraction occurs in a
temperature of retraction test, then the smallest
order polynomial that gives the correct trends in the
data should be chosen.
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For extrapolation, however, polynomials are
notoriously dangerous and the higher the order of
the polynomial, the worse this tendency becomes. In
these circumstances it may be necessary to resort to
the use of more complex functions in order to avoid
predictions which would be wildly inaccurate.
Another reason for not using a more complex
function, however, apart from the difficulty of
deriving its coefficients, is that it does not
necessarily represent the observed data quite as well
as the simpler function does, even though it is safer
to use it for extrapolation.

11.1.4 There are now available several powerful
computer programs for personal computers which
can make curve fitting liftle more cumbersome than
entering the data and selecting a function or
functions from the library of built-in functions. It is
recommended that such programs be used wherever
possible to reduce the time and effort required in
performing the analysis.

It is also worth noting that many relationships can
be reduced to linear form, which is especially easy
to solve, by means of transformations such as
logarithm, reciprocal or roots.

11.2 Methodology

11.2.1 General

The method of least squares is presented here for
polynomials (or any functions that can be reduced to
polynomials) up to the third order as an illustration
of the technique. These will cover most applications
in the rabber industry. For the derivation of the
equations and also for the development of higher
order polynomials, reference should be made to
standard mathematical textbooks. (See the
bibliography at the end of this British Standard
which lists a selection of useful reference works.)
There are many iterative techniques available for
curve fitting to functions that cannot be processed
by the least squares method, but again these are
outside the scope of this British Standard and
reference should be made to mathematical
textbooks.

11.2.2 Linear least squares

11.2.2.1 Consider a set of results, ¥, obtained at a
set of conditions, x, there being a total of n data
pairs. The summation of terms is carried out over all
n data pairs.

The simplest, linear, form of regression line can be
written as:

y=a+bx (46)
where

a is the intercept on the y axis wher x = (; and
b is the slope of the regression.

11.2.2.2 To calculate the best estimates for a and b,
first calculate the following factors:

a) Cy; as given by the equation:
2
x
Cu=3@)- & m
b) Cyy as given by the equation:
2
Cp= T - S @)
c) Cy1 as given by the equation:
3
Cp=3 Gy) - EL2Y = 9 (49)

11.2.2.3 The coefficients are then calculated using
the equations:

0= (Ey—nbix) (50)

Whether this regression is statistically significant can
be
C,
b= 4 51
i (1)
tested by calculating a further factor, I, which is
given by the equation:

D=bZx (52)
The variance ratio for the regression is then given by
the equation:

n-—2
Cy =D 2

This F; value should then be compared with tables
of Snedecor’s F values with 1 degree of freedom for
the greater mean square and (n — 2) degrees of
freedom for the lesser mean square. The regression
is significant at the given confidence level if F; is
greater than the tabulated value of F.

11.2.3 Quadratic least squares

F.=D

11.2.8.1 The regression line is here assumed to be
of the form:

y=a+ bx+cx? 64)
Calculation of the factors required for this analysis
are given in annex J. The value of F, in this case is
compared to the tabulated F values for 2 degrees of
freedom for the greater mean square and (n — 3)
degrees of freedom for the lesser mean square.

11.2.4 Cubic least squares

The regression line is here assumed to be of the
form:

y=a+bxr + ¢ + da’ (65)

Calculation of the factors required for this analysis
are given in armex J and the value of F} is compared
with the tabulated F values for 3 degrees of freedom
for the greater mean square and (n — 4) degrees of
freedom for the lesser mean square.
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11.3 Applications to rubber testing

11.3.1 General

Regression analysis allows the quantitative
relationships derived between compounding or
experimental features and the physical properties to
be derived.

11.3.2 The effect of temperature on compression
sel

11.8.2.1 In a series of tests in accordance with

BS 903 : Part A6 examining the value of compression
set after 7 days ageing at various temperatures, the
data given in table 32 were observed.

Table 32. Compression set measurements

after 7 days ageing

EXAMPLE

Temperature Result Mean
1 2 3

°C % % %

70 21.3 274 |[255 24.7

85 29.6 202 333 {307

100 368 (347 (385 |36.7

125 47.2 448 |48.0 |466

150 57.7 58.5 56.7 |57.6

11.3.2.2 From the laws of chemical kinetics it is
reasonable to postulate that a functional relationship
of the Arrhenius kind can be applicable to the data.
Thus the compression set can take the form shown
in the equation:

where
¥ = In(cs);
xz=1/(0+273).

Thus, using the mean values for compression set as
the source of the dependent variable, y, the
transformed table is as shown in table 33.

Table 33. Transformed compression set
variables

EXAMPLE

x Yy

10-3

2.92 3.21

2.79 3.42

2.68 3.60

2.51 3.84

2.36 4.05

11.3.2.3 From the various summation terms given
in 11.2.2 the following factors are derived:

a) C;; = 1.93 X 1077
b} Cyy = 0.446;
c) Cyl =—293 X 1074
d) D = 0.445;
e) F, = 1265.
The regression coefficients are:
a = 7.66;
= —1520.

11.3.2.4 From the transformation applied to

¢s = a exp (/1) (56)  Jinearize the function as shown in 11.3.2.2:
where a = In(o);

o and § are constants; b=4.

T is the temperature in degrees kelvin Hence

(absolute temperature) a = 2120;
B =—1520.
This function is not directly accessible to a least Th ; tion is:
squares method of determining o and B, but it is © Tegression equation 1s:
readily transformed into one by taking natural cs = 2120 exp { —1520} 59
logarithms as shown in the equation: 0+ 273
- B

In(cs) = In (o) + 73973 67
where

8  is the temperature in degrees Celsius.
This function is one of the form shown in the
equation:

y=0+br (58)
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11.8.2.5 The variance ratio is significant at well
over the 95 % confidence level and to illustrate the
goodness of fit the regression value of the
compression set can be calculated and compared to
the experimental value as shown in table 34.

Table 34. Comparison of compression set
values
EXAMPLE
Temperature Observed set Caleulated set
°C % %
70 24.7 25.2
86 30.7 30.4
100 36.7 36.0
125 46.6 46.5
150 57.6 58.3

11.3.3 Effect of ageing on tensile strength

11.3.3.1 A rubber compound was heat-aged at 70 °C
for a period of 1 month. At weekly intervals a
sample of five dumb-bells was removed from the
oven, cooled avernight and tested at 23 °C with the
results shown in table 35.

Table 35. Tensile strengths after ageing
EXAMPLE
Tensile strengths in MPa

Ageing Tensile strength for test piece no.:
time
Days 1 2 3 4 5 Median

0 13.0 (111 (110 |[11.6 |134 (116

7 181 (173 (166 [168 |18.7 |17.3
14 173 (176 (175 1189 |16.7 |17.5
21 133 (137 (123 |143 |13.7 |13.7
28 424 (409 |383 387 (386 |3.87

11.3.3.2 There is clearly an initial increase in
strength probably as a result of increasing cross-link
density. This is followed by a rapid decrease in
strength as degradation takes hold.
The simplest function to fit such data is the
quadratic. Proceeding to calculate the various factors
given in arnex J results in a regression lire of the
form defined by the equation:

TS = 11.6 + 1.16¢ — 0.0511#2 (60)

where

TS is the tensile strength in megaPascals;
t is the time in days.

11.3.3.3 The variance ratio is found to be 602
which is above the 95 % confidence level for 2 by 2
degrees of freedom. Note that this regression should
not be used to extrapolate to longer ageing times.
For instance in this case the regression predicts a
tensile strength of —10 MPa at the next weekly
interval of 35 days.

It can, however, be used to estimate the time it takes
for the tensile strength to fall to 50 % of its original
value. Thus for a tensile strength of 5.8 MPa the
quadratic equation can be solved to give a value of ¢
of

_ —116— Y1162 — 4 { - 0.0511 X(11.6 -~ 5.8)}
= 2X —0.0511

The impossibility of negative time makes the other
root inadmissible which gives

t = 26.9 days.

11.3.4 Temperature of retraction test

t

11.3.4.1 In a temperature of retraction test carried
out in accordance with BS 903 : Part A29, the
percentage retraction of three test pieces was
measured every 2 minutes as the temperature in the
heat exchange bath rose from —70 °C to ambient. An
aim of the test was to estimate the temperature at
which 10 % (TR10), 50 % (TR50) and 70 % (TR70)
recovery had occurred. A total of 44 data pairs for
each of the three test pieces was produced and an
abbreviated table for the mean value only is given in
table 36.
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Table 36. Measurements of temperature of retraction

EXAMPLE

Temperature Retraction Temperature Retraction Temperature Retraction
°C % °C % °C %

—68.3 0.0 —-32.9 17.0 3.8 66.0
—62.2 0.0 —26.7 233 9.2 75.7
—56.6 0.7 —20.6 29.0 15.3 85.3
—b50.6 2.7 —-14.9 36.0 22.2 90.7
—-44.8 7.0 -84 41.3

—38.7 11.0 -0.8 55.7

11.3.4,2 Consideration of the mathematics of this
test show that the retraction should be contained
within the boundaries of 0 % and 100 % as the
temperature varies from low to high values and
hence a sigmoidal shaped function would be
expected to produce an accurate regression line.
However, as only interpolation of the data needs to
be made it is safe to use the much simpler cubic
regression given in 11.2.4.

Determination of the factors given in annex J,
therefore produces a regression of

R=578+157T +0.00717T2 — 0.00005137%
where

Retraction value (R) is expressed as a percentage;

Temperature (7) is in degrees Celsius.

11.3.4.3 The value F, was found to be 16.24 which
is well in excess of the 95 % confidence level for 3
by 43 degrees of freedom.

11.3.4.4 For the given values of the retraction value
(10 %, 50 % and 70 %) it is a relatively easy trial and
error calculation to find the corresponding
temperature since this is not required to be known
to a high precision (the nearest degree being quite
adequate). The outcome of the test, along with the
estimated TR values using a sigmoidal function
{cumulative normal distribution function), is as given
in table 37.

(61

Table 37. Retraction value results
EXAMPLE
Retraction value ngmperature

Cubic Sigmoidat
10 -39 —37
50 -5 -6
70 +8 +7

Thus the very much simpler cubic regression gives
results for the test when compared with the more
complex sigmoidal function which are within the
accuracy that can be expected from this particular
test.

12 Uncertainty of measurement
12.1 Principles

12.1.1 It is recognized that any statement of the
result of a measurement is incomplete without the
inclusion of a statement of the uncertainty
associated with that measurement. This uncertainty
is a statement giving the limits within which the true
value of the measurement is considered to lie. To be
complete there should also be a confidence level
concerning the probability of the true value being
inside the limits of the stated uncertainty.

12.1.2 In practice it is neither necessary nor
practical to consider confidence levels of 100 %,
although at first sight this might be considered
desirable, as this would result in infinitely large
uncertainty. The usually accepted confidence level is
95 % and this should be adopted whenever possible.
For example calibration results are now quoted to
95 % confidence level when associated with NAMAS
accredited calibrations and a clause stating this is
included in their accompanying certificates.

NOTE. NAMAS is the national accreditation service for test and

calibration laboratories operated by the United Kingdom
Accreditation Service (UKAS).

12.1.3 A distinction should be made between
uncertainty and error, the latter being the difference
between the indicated value or result and the true
value. A systematic error can be corrected if
additional information concerning its magnitude and
direction is available via sources external to the
experiment.

12.1.4 A variety of factors can influence the
uncertainty of the stated results and these should all
be taken into account to produce a single value of
uncertainty. The factors range from the fact that a
single measurement can have any value in the
observed measurement distribution, to the
uncertainties associated with the measurement of the
temperature at which the measurement result was
made, and the uncertainty of the calibration of the
measuring equipment used in achieving the result.
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12.2 Methodology

12.2.1 Compilation of a single value for
uncertainty

In order to calculate the single value of uncertainty
for a measurement it should be appreciated that
there are two important contributors to this
uncertainty referred to as random uncertainty and
systematic uncertainty.

12.2.2 Random uncertainty (U))

12.2.2.1 I a number of measurements is made
under the same conditions, a range of actual values
is obtained in practice.

The variations are the result of independent random
influences ranging from electrical noise producing
variations in meter readings to operator reading
errors due to difficulties in reading the printed or
engraved scales frequently associated with rubber
and plastics testing equipment.

12.2.2.2 An analysis of a sample of experimental
measurements will usually be found to produce a
Gaussian or normal distribution curve. Examination
of such a curve would show that 68.3 % of all
possible measured values in the population for this
distribution would fall between limits +o, where ¢ is
defined as the standard deviation. Further it can be
shown that 95 % lie between + 1.964, and that + 3¢
value would include 99.7 % of all measured values.

Thus the uncertainty, +U, can be referred to as equal
to £ 1.960 for a confidence level of 95 % when a
normal distribution for the whole population is being
considered. In practice this can be treated as +*24.

12.2,2.3 When experimental measurements are
made, only a limited number of results is actually
taken and it can be shown that an estimated
standard deviation can be calculated as shown in
6.2.3.2.

It is then possible to calculate a random uncertainty
for such a finite measurement sample to any given
confidence level by using the Student’s ¢ distribution
method.

Table 11 gives a ¢ value for any number of
measurements, 7, at the selected confidence level
(95 % in most practical cases). The ¢ value is that
value by which the standard deviation of a finite set
of values n should be multiplied when producing an
uncertainty at tae selected confidence level.

The values found at . = « are referred to as k
values; these values differ with the probability, P, but
show clearly that the selection of +2.00g is quite
justifiable in practice as this would only change the
confidence level from 0.950 to 0.955.

12.2.2.4 The random uncertainty, U;, of the mean
value 7 is then obtained using the equation:

at

U= (62)

The above formula is used when = is small, e.g. four.

If a large number of results is available, e.g. 10 or
more, it is possible to regard ¢ as equivalent to 1.96
for most purposes at 95 % confidence level, thus

v,= %2 (63)

\n
12.2.3 Systematic uncertainty (Ug)

12,2.3.1 After the calculation of random uncertainty
of the measurement and the application of any
known corrections, consideration should be given to
other uncertainties that can influence the results.

12.2.3.2 Systematic uncertainty can result from
factors as different as the use of the wrong
corrections, temperature effects, and calibration
uncertainties.

Calibration uncertainties are readily recognized and
can be obtained quantitatively from the calibration
certificates accompanying the test or measuring
apparatus.

Careful examination of all sources of systematic
error can sometimes lead to the elimination of
problems such as the use of incorrect corrections,
the possibility of transcription errors and sometimes
software errors.

12.2.3.8 Individual systematic uncertainties can
often only be assessed by knowledge of the realistic
limits, in other words the uncertainty is presumed to
have a rectangular distribution (as opposed to the
Gaussian or normal distribution considered earlier),
or the measurement value has an equal chance of
occurring anywhere between the limits.

In a single rectangular distribution the standard
deviation can be shown to be

o= &
\3

where a is equal to half the maximum range (i.e. a is
the semi-range) of the observed values.
If there are a number of independent contributions
all having rectangular distributions, with semiranges
11, 2. o a,, the resultant standard deviation is given
by the equation:

@2 + a2+ ...aptV?
Gg = 3

(64

(65)

If the concept of confidence levels is now introduced
a systeinatic uncertainty, U, can be obtained from
the equation:

U, = kog (66)

© BSI 1997

Copyright by the British Standards Institution
Fri May 19 11:46:39 2000



Copyr]ght by trﬁié’IVBritish Standards Institution
Fri May 19 11:46:41 2000

STD.BSI BS 903: PART 2-ENGL 1997 EE 1bL2YbLY ObLL3488 272 M

BS 903 : Part 2 : 1997

Where more information on the distribution of
results is available, the semi-range a can be replaced
by the standard deviation o and therefore more
generally, if a number of uncorrelated contributions
to the systematic uncertainty, with standard
deviations gy}, g2 etc. are present, the resulting
systematic uncertainty is given by the equation:
Us=k (0512 + 0%+ ... + osp®)¥
In some cases it is found that individual

uncertainties are already available hence the above
can be replaced by the equation:

Us= (U + Ugp 2..... Usp®)* (68)

12.2.3.4 In practice the calibration uncertainty can
be the only one available in the form of an actual
uncertainty (e.g. from the calibration certificates)
and the following version of the equation applies:
2 2 2 2

US = {Uca]jbraﬁon + k2 (asl TO0p tot amn)}l/z 69
Where Uealibration 1S €quivalent to kG cajibration, DUt the
standard deviation .gjibration associated with the
calibration does not need to be calculated.

12.2.3.5 In some cases when realistic limits of
uncertainty are estimated, a dominant contribution
to the systematic uncertainty can be present such
that the uncertainty, as calculated from equation
(67) gives a value that is greater than the arithmetic
sum of the semi-ranges of the contribution.

If this is the case then the dominant contribution
should be separated from the calculation and the
total systematic uncertainty given as

Us=aq + U
where Uy’ is calculated from the remaining terms
after exclusion of ag4.
Reference should be made to NAMAS document

NIS 3003 [9] for a more detailed description of this
effect.

67

(70)

12.2.4 Deviation of a single value of total
uncertainty

Once the overall random and sytematic uncertainties
have been obtained and all contributions to total
uncertainty U have been acounted for it is possible
to calculate the total uncertainty by:

U=(U2 + U % (71)
This should be modified if a dominant contribution
to systematic uncertainty is present that meets the
criterion mentioned at the end of 12.2.3. In this case

U=ag+ (U2+ U % (72)
where Uy’ is obtained from:
Uy = kog' (73)

with o5’ being the standard deviation after omitting
ag.

It is of course imperative that all contributions have
been calculated to the same confidence level, which
in most cases is 95 %.

12.2.5 Reporting of results

12.2.,5.1 Once the overall uncertainty has been
calculated, the final corrected value for the
measurement result under consideration (expressed
as the mean value Z) can be reported along with the
overall uncertainty in the form

xxU
Such a staterment is of limited value unless the
confidence level is stated in an accompanying clause
e.g. ‘This uncertainty is for an estimated confidence
probability of not less than 95 %'.

12.2,5.2 In practice the uncertainty should have a
resolution that is meaningful in the context of the
test being carried out. It is normally justifiable to
quote an uncertainty to more than two significant
figures.

The number of significant figures in the stated value
of the uncertainty should reflect the smallest
resolution that can be observed for the particular
test measurement.

(74)

12.3 Applications to rubber testing

12.3.1 Procedure for obtaining measurement
uncertainty

A step by step procedure should prove helpful in
practice as follows.

a) Prior to any statement of the result, all
corrections to the result should be applied.

b) Random uncertainties U; should be obtained
through the use of the standard deviation of the
results. This can be available from previous work,
but it is better to make at least four measurements
and then use equation (62).

NOTE. If 10 measurement results are available it is more
appropriate to calculate Uy from equation (63).

c) All systematic uncertainties should be obtained
and considered.

NOTE. Some, such as calibration uncertainty, are available
from certificates accompanying the test apparatus,

d) Previous experimental work can provide the
information, for example standard deviations,
associated with certain of the systematic
contributions.

e) If only realistic limits are available for certain
systematic uncertainties (i.e. a rectangular
distribution in contrast to a Gaussian or normal
distribution as for random uncertainty) the
standard deviation is calculated by using equation
(65).

f) The overall systematic uncertainty Ug is then
calculated from equations (68) or (69).

NOTE. If a dominant contribution is present when realistic
limits are estimated, Us is obtained from equation (70) (this is
when the requirements at the end of 12.2.3 are taken into
account).

g) The total uncertainty is then calculated from
equation (71) or (72) and the results reported in
the form given in expression (74).
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13 Sampling
13.1 Principles

13.1.1 When quantities of a product are transferred
from a producer to a customer, it is unrealistic to
expect every component of every item to be 100 %
error-free every time. Hence some form of inspection
of out-going (or in-coming) quality is needed.
However, it is rarely possible, or even desirable, for
every item to be fully inspected for conformity to the
specification against which the product has been
made. In many cases inspection would result in the
destruction of the product and even where this were
not so, the cost of inspection has to be carried by
someone. Ultimately this would be the customer.

13.1.2 It is therefore necessary to take a
representative sample of a consignment (a lot) of the
product being supplied and to test this sample. The
lot would be accepted if the sample conforms to the
inspection programme or rejected if the sample does
not conform.

Even if the sample is truly representative of the lot
from which it was taken, its properties will still only
be an estimate of those of the lot and very rarely
identical. Therefore, there will inevitably be a risk
that many might be accepted which ought to have
been rejected and vice-versa. The number of
non-conforming items that can be tolerated by the
customer and the degree of risk associated with a
wrong oufcome of the sampling test should be
agreed between producer and customer. Such factors
can not be objectively determined by the application
of statistical tests.

13.1.3 However, given the criteria described

in 13.1.2, the size of sample to take in relation to the
lot size and the number of non-conforming items
found in the sample that will cause the lot to be
accepted or rejected can be objectively determined
and is the subject of sampling theory.

13.2 Methodology
13.2.1 General

13.2.1.1 The subject of sampling is a large one and
is well covered in other British Standards. No more
than an outline is given here and for details the
interested user should refer to the various parts of
BS 6001 for sarrpling by attributes and to BS 6002 for
sampling by variables,

13.2.1.2 In sampling by attributes, it is the number
of non-conformities (defined in a test or series of
tesis) that determines tine acceptability or otherwise
of the lot.

13.2.1.3 In sampling by variables, it is the estimates
of thie location and variability of the distributad
measurements of & lot in relation to the specification
limits that determine the lot’s acceptability.

13.2.2 Acceptable quality level and limiting
quality

13.2.2.1 The most significant statistic for the
producer and customer to agree is the Acceptable
Quality Level AQL, (see BS 6001 : Part 1). This is an
indexing device to set the limits of non-conforming
items in the sample at which the lot is either
accepted or rejected. It should not be inferred from
this that any percentage of non-conforming items is
wanted. Clearly it is always desired that the number
of non-conforming items in a lot is zero, while in
practice a certain percentage of defective items can
be tolerated. The AQL should be set realistically to
reflect both the requirements of the customer’s
process needs and the quality that the producer’s
process is capable of achieving. (Guidance on setting
an AQL can be found in ISO/TR 8550.)

13.2.2.2 The AQL is appropriate for use where a
sequence of lots is being supplied. When a lot is to
be considered in isolation then the Limiting Quality,
or LQ, is the statistic to be agreed upon (see

BS 6001 : Part 2). LQ is a quality level in either per
cent nonconforming or non-conformities per 100
items. The value of LQ is really the limiting value of
what is unacceptable and in practice the actual
number of non-conformities in a sample should be
much less than LQ (generally less than a quarter) if
the lot is not to be regularly rejected.

13.2.3 Assessment of non-conformity

13.2.3.1 The percent nonconforming and the
number of non-conformities per 100 items are only
numerically the same when a single test is applied in
the inspection process. Where multiple tests are
involved a decision has to be made which of the two
criteria is applied.

13.2.3.2 For example, consider a sample of 50 pipe
sealing rings manufactured in accordance with
BS 2494 which are to be inspected for:

a) outside diameter (do);

b) cord diameter (d.);

¢) hardness (H);

d) tensile strength (TS);

¢) elongation at break (Ey,).
13.2.3.3 The inspection shows that:

a) 45 pipe sealing rings conform in all these
respects;

b) three fail on d;
¢) one fails on d, and H;
d) one fails on d,, H, TS and F,.

Therefore the number of nonconforming rings is five
out of 50, giving 10 % nonconforming.
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13.2.3.4 From the results given in 13.2.3.3:

N, =3BXD+ (I1x2)+(1x4)
=9
where
N, =the total number of non-conformities in a

sample of 50 items. Therefore there are 18
non-conformities per 100 items.

13.2.3.5 In some processes any single
non-conformity can render the item unsuitable. Other
non-conformities in the same item then become
irrelevant. In other cases it can be more appropriate
to count the total number of times a failure to meet
the specification is encountered irrespective of the
item in which the failure is found.

13.2.3.6 It is implicit in the discussion of sampling
so far that each non-conformity is equally important
whereas in practice some can have more serious
consequences than others. A discussion of this case
is outside the scope of this British Standard and
reference should be made to BS 6001. Again,
therefore, it is essential for the producer and
customer to agree their criteria before the inspection
takes place.

18.2.4 Inspection levels

Ideally, once an AQL has been agreed, it could be
guaranteed that a lot with a quality greater than this
would always be accepted and one with a quality
Iess than this would always be rejected. However,
this ideal is not attainable and a compromise should
be set by means of the level of inspection to be
applied. Three such levels are standardized.

a) Normal inspection is designed to give the
producer a high degree of protection from having
his lots rejected when in fact they have a quality
better than the AQL.

b) Tightened inspection is designed to give the
customer a high degree of protection from having
lots accepted which in fact have a quality lower
than the AQL.

¢) Reduced inspection is designed to enable cost
savings to be made in the inspection process, to
the benefit of both producer and customer, where
the product quality is consistently shown to be
better than the required AQL.

Rules for switching from one level of inspection to
another are to be found in the standards dealing
with specific sampling procedures (see BS 6001 and
BS 6002).

13.2.5 Plans for sampling by attributes

13.2,5.1 In this British Standard only sampling by
attributes is considered as this is generally the one
most often employed within the rubber industry.
Inspection may also be carried out by means of
variables but this technique is often more expensive
and elaborate and can lead to the rejection of a lot
which, itself, contains no defective items. Such
rejection can be difficult to explain to other
employees, customers, suppliers, etc. who are not
statistically literate. For further details on this
technique refer to BS 6002,

13.2.5.2 Within a particular level of inspection at a
given AQL there are several methods by which the
sample can be chosen from the lot.
a) The Single Sampling Plan, in which the
appropriate number of items is chosen at random
from the lot and inspected, is the simplest. On the
basis of the number of non-conformities recorded,
the lot will either be rejected or accepted because
the rejection number is always one greater than
the acceptance number.
NOTE 1. The acceptance number is the maximum number of

non-conformities allowed in a sample which results in a lot
being accepted.

NOTE 2. The rejection number is the minimum number of
non-conformities present in a sample which results in a lot
being rejected.

b) The Double Sampling Plan, in which a smaller
number of items (for the same lot size) is chosen
as the sample and inspected, is the next simplest.

1) If the number of non-conformities is less than
or equal to the acceptance number then the lot
is accepted.

2) If it is greater than or equal to the rejection
number (which is more than one greater than
the acceptance number) the lot is rejected.

3) If the number is intermediate between the
acceptance and rejection numbers a second
sample (of the same size as the first) is chosen
at random and similarly inspected. Then the
total number of non-conformities from both
samples is compared with the acceptance and
rejection numbers for the total sample to assess
the status of the lot.

NOTE 3. This process can be extended to Multiple Sampling

Plans with up to seven sets of samples taken from a single
lot.
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13.2.5.3 The purpose of these more administratively
involved sampling plans is to reduce the total
amount of inspection that will ultimately be needed.
It can, however, lead to increased inspection in
addition to the extra administrative complexity and
so such plans should be used only when there is a
high probability of savings being made; i.e. when
there is evidence to suggest that either the lot is
particularly good or particularly bad in relation to
the AQL chosen. Some factors, amongst others,
which will influence the choice of sampling plan
include:

a) the ease with which items can be selected from
the lot;

b) the available resources for undertaking the
inspections;

c) the time it takes to complete the testing of a
sample;

d) the number of potential non-conformities being
monitored.

13.2,5.4 In addition to sampling by means of a
pre-selected number of items, it is also possible to
choose a sequential sarpling plan in which items are
chosen and inspected one at a time. A cumulative
count is kept of the number of items inspected and
the number of non-conformities recorded.

Decision rules are provided for establishing the
status of the lot as the evidence accumulates. In
principle a lot with a quality similar to the chosen
AQL could have to continue being tested until the
whole lot had been tested. In practice, therefore, an
upper limit is provided at which point the rejection
number is set to one more than the acceptance
number so that an unambiguous outcome is assured.

13.2.5.5 Where a continuing series of lots is being
received and the quality of previous lots has been of
a consistently high standard relative to the AQL then
skip-lot sampling may be introduced if the
appropriate criteria are met. For details of this
reference should be made to BS 6001 : Part 3.

13.2.6 Random sampling

13.2.6.1 It has been implicit in the previous
subclauses that the sample drawn from the lot is
fully representative of that lot. This can only be
achieved if the items making up the sample are
drawn at random. Unfortunately the abilitv of people
to choose randomly is very poor. There is a strong
bias at the subconscious level to look for and use
patterns. For this reason it is strongly to be
recommended that tables of random numbers be
used when selecting random items. A table of
random numbers can be found in BS 6001 : Part 0, in
numerous statistical text books and often as
functions in computer progranis snch as
spreadsheets and programming languages.

13.2.6.2 Where possible the items in a lot should be
ordered or numbered and then individual items
chosen according to a table of random numbers
covering the range of interest (any numbers in the
table which are outside this range are simply
ignored).

If a published table is used, the starting point and
direction within the table should also be chosen at
random so that the same sequence of numbers is not
used for each successive lot inspected.

In the case of small items it can be impossible to
number each one and it is then necessary to resort
to intmitive methods of selection or bulk sampling
techniques.

13.2.6.3 If a given lot can be logically divided into
sub-lots then it is desirable to select items at random
from the sub-lots in proportion to the size of the
sub-lot relative to the lot.

For example, if a lot of 4500 ‘O'-rings has been
received in four packages of 1000 and one package
of 500 and a sample of 200 rings is to be taken for
inspection, the most appropriate action would be to
select:

a) 44 rings at random from each of two of the four
larger packages containing 1000 rings;

b) 45 rings from each of the other two larger
packages;

¢) 22 from the smaller package of 500 rings.

13.3 Applications to rubber testing

Sampling plans allow a small number of
representative items to indicate the level of quality in
the whole consignment.

For example, a consignment of 5000 babies’ soothers
is to be supplied to a customer on a regular basis,
the soothers having successfully completed full type
testing to the appropriate specification. It has been
agreed with the customer that each lot will be tested
for hydrochloric acid extractables and bite through
resistance. Since a failure in either of these would be
unacceptable, the percent non-conforming criterion
is to be applied. An AQL of 0.10 at normal inspection
level is to be used.

From table I of BS 6001 : Part 1 : 1991 a lot size of
5000 at a normal inspection level (level II) gives a
code letter L. Table II-A for a single sampling plan at
normal inspection level shows the sample size to be
200. At the intersection of the sample code letter = L
line and the AQL = 0.10 column an upward pointing
arrow is found. This means that to achieve the level
of risks inherent in the given AQL and inspection
level it is only necessary to test 125 (code K) items.
However, the lot will be rejected if a single
non-conformity is observed.

Tables HI and IV of BS 6001 : Part 1 : 1991 show that
for this lot size and AQL value there are no double
or multiple sampling plans available which have
equivalent characteristics to the single sampling plan.
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14 Number of test pieces

14.1 Principles

The number of test pieces normally to be used in a
test method is defined in the relevant standard and
generally these are three or five, but this number
should always be regarded as the minimum that
ought to be taken in the context of a routine quality
control environment. At times there will be a need to
improve the statistical precision by conducting the
test on a larger number of test pieces. Improving the
precision of the estimates of the mean (or median)
and the standard deviation should always be
balanced against the extra effort and cost of
achieving that precision. The number of test pieces
should never be more than is sufficient for the
purpose being investigated. The following simple
procedures may be adopted as a guide, but more
exact procedures are described in clause 17.

14.2 Methodology
14.2.1 The confidence limits about the mean were
shown in 7.2.1 to be

L=ttshn
Hence, if the confidence limits are to be no more
than a certain percentage, ¢, away from the mean the

number of test pieces required to achieve this can be
estimated by noting that:

()

where

(75)

(76)

C, is the coefficient of variation (see equation 8)
for the observations obtained (probably from
the standard number of test pieces) so far.

The factor 2 is the approximate value of ¢ for the

95 % confidence limits. Unfortunately ¢ is a function
of n and so the expression cannot be solved except
by iteration. However since ¢ varies only slowly with
7 once this is greater than about 10 it is usually good
enough to make t constant. The factor of 2 for
instance is accurate to better than 10 % if the value
of n is greater than 10 and is usually sufficiently
accurate to indicate the approximate size of n when
it is considered that C), itself is only an estimate
which has been based on a smaller sample. Carrying
out extra tests on the extra number of test pieces
required to bring the total number tested up to this
value of n should then give the confidence limits
very close to that needed. For the 99 % confidence
limits the factor to use is 3. A step by step procedure
is given in 17.2.1.

14.2.2 Where a standard test has been performed
and there is some doubt over the pass/fail status of
the material because the result is close to the
specification limit, then carrying out further tests can
help to resolve the uncertainty. If the mean is = and
the limit is M, then

where 1.75 is the factor for the 95 % confidence level
and 2.5 for the 99 % confidence level. The reason
that the factors are different in this case is that it is
the one-sided distribution which should be
considered.

14.3 Applications to rubber testing

14.3.1 General

From the statistical point of view the greater the
number of test pieces the better. Time and cost
considerations, however, indicated that generally
three to five test pieces are sufficient for most
situations.

14.3.2 Refinement of confidence limits

A 99 % certainty is required that the true mean stress
relaxation for a compound should lie within 5 % of
the observed mean for a set of results. If the
observed mean, based on the normal triplicate test,
is 6.8 % (in units of percentage per decade) with a
standard deviation of 0.31 % (in the same units), the
approximate number of extra replicate tests which
would have to be performed can be calculated.

According to the equation given in 14.2 this is given
by
X 0.31/6.8)) 2
"= {3(100 50 31/6 8)} _7

Thus about four more replicates are needed to
achieve the desired confidence in the mean. (The
more precise iterative procedure described in 17.2.1
indcates the need for 10 test pieces.)

NOTE. Taking into account the variation of Student’s ¢ with »
leads to n = 9 but in practice the precise number required
depends on the actual results obtained. Hence if the 99 %
confidence level could be relaxed, probably only a further three
replicates would be tested and the results would be considered
satisfactory. If the greater degree of confidence were felt to justify
the extra cost then an additional six would probably be tested.

14.3.3 Refinement of a pass/fail status

The permeability of a rubber membrane is required
to be not less than 5 X 10716 m2s—LPa—lto a
particular gas. A triplicate determination of the
permeability under the given conditions gave:

a) a mean value of 6.1 X 10715 m2.s~1.pa~1
b) a standard deviation of
1.45 X 10~15 m2.s~LPa~1

The number of test pieces which are likely to be
needed in order to be 95 % certain that the
membrane does meet this requirement can be
calculated.
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From 14.2
_ (L75X 1.45)2 o5
" 5—6.1

As tests are normally carried out in triplicate, a
further three test pieces would probably be tested.

15 Expression of results

15.1 Principles

The results obtained from the application of a
statistical technique need to be presented in a
meaningful form and at a level of precision
appropriate to the precision of the data from which
they are derived.

15.2 Methodology
15.2.1 The test report

15.2.1.1 Any report presenting the results of a
processing of numbers should give sufficient
reference to the method of processing, the
assumptions made, etc., to enable an independent
check on the outcome to be made. Often it is
sufficient to make reference to the standard that has
been used. This standard can be the test method
itself when it lays down how the data is to be
handled or it can be a statistical standard written for
general application. (Examples would be BS 903 :
Part Al12 for peel adhesion and BS 903 : Part A47 for
the analysis of multi-peak traces.) However, where
options are included in the standard, it is essential
that the options chosen are reported with the
resulting data in the same way as physical
parameters such as speed of testing and test piece

type.

15.2.1.2 The test method used will generally
indicate the statistics to be quoted in any report and
these should always be adhered to so that
compliance with the standard is maintained. Where
the test method is not specific the following are
recommended for inclusion in the report:

a) the mean value, x (6.2.2.2);

b) the estimated standard deviation of the

population, s (6.2.3.2),

c¢) the coefficient of variation, C, (6.2.3.4);

d) the individual test results;

¢e) the estimate of urcertainty where available.

15.2.1.3 Where there is good reason to expect a
non-Gaussian distribution of individual test results
and where further statistical testing is not required,
the median alone should be quoted in place of the
mean, standard deviation, etc. If further statistical
testing using individual results is required then
transformation techniques should be considered.

NOTE. The central limit theorem should also be considered
(see 6.2.4).

15.2.1.4 In many instances the number of items of
data in a set is small (less than a dozen) and
indicating the individual values in a report is not
cumbersome. It is also good practice as it easily
allows further analysis to be made.

15.2.1.5 Where large data sets are encountered,
some form of chart can be usefully substituted. This
is especially the case where quality control is being
considered (clause 18) and there is an on-going time
element implicit in the process. If a large data set
refers to a single group of results then producing a
histogram rather then quoting individual values can
be more helpful.

15.2.1.6 To produce a histogram from a set of data
the procedure is as follows.

a) Divide the set into an appropriate number of
intervals (approximately 10 is generally
convenient) covering the range observed).

b) Determine the number of results lying within
each interval and plot this number for each
interval band.

Up to approximately 5% of results can lie outside
the chosen interval range if stragglers produce end
groups with very few and irregular numbers of
entries. In such cases the end intervals are left open
on one side.

For example, the intervals for elongation at break
might be set every 20 % starting at 200 % and ending
at 400 %. The first interval would then be defined as
being for all those values having an elongation at
break less than 200 % and the last interval for the
values having an elongation at break greater than or
equal to 400 % intermediate intervals would be 200 %
to < 220 %, 220 % to < 240 %, etc. (see figure 8).
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15.2.2 Rounding

15.2.2.1 The measurement of any parameter, for
example, length, mass, force, concentration, can only
be made to a given precision that is governed by the
characteristics of the equipment being used to make
that measurement. Thus, mass can generally be
measured very precisely using an ordinary laboratory
balance.

For example, a 100 g sample can, typically, be
measured to a precision better than 1 mg. Assuming
that the mass is measured to a precision of 1 mg,
then it is known to 0.001 % of its value. Again, a dial
gauge comparator might measure to (.01 mm hence a
thickness measurement of 2 mm cannot be known to
a precision better than 0.5 % (See clause 12 for
details of uncertainty of measurements.)

15.2.2.2 When calculations are performed on the
parameters that have been directly measured the
potential for a false sense of precision almost
invariably arises. It is implicit in a mathematical
process that the numbers being handled are exact
when in fact they are not. Considering the thickness
measurement above. Three readings are taken giving
results 2.01, 2.03, 2.03 mm. The calculation of the
mean produces the result 2.023333333... mm. If the
original values had been absolutely correct then this
mean would also be absolutely correct. However,
re-measurement with a more precise instrument
yielded thickness values of 2.013, 2.025, 2.027 mm.
Now the mean appears to be 2.02166666... mm. The
difference in the two means is due entirely to
differences in the precision of the data being used in
their derivation. Similar considerations apply to
non-statistical derived functions such as stress, set
and relaxation.

15.2.2.3 It follows from 15.2.2.2 that when
reporting the results of calculations there should be
no more significant figure in the derived statistic
than the number of significant figures in the least
precise measurement used in its derivation. In the
above example, the first mean should be reported as
2.02 and the second as 2.022.

15.2.2.4 When, however, a derived statistic is itself
going to be used in further calculations then at least
one more significant figure should be retained,
purely for calculation purposes, to avoid the
accumulation of errors that can arise from the
rounding process. In the example in 15.2.2.2, if the
thickness is to be used in the calculation of stress
then for the first mean 2.023 should be used and for
the second 2.0217.

15.2.2.5 The rules given in the previous subclauses
are useful generalizations but common sense
considerations should also be taken into account.
Thus, where measured parameters with different
intrinsic precisions are to be combined, there is little
value in retaining the highest level of precision in the
parameter which has the greatest inherent precision
already. Using the previous example again, the force
parameter is unlikely to be measurable to greater
than three significant figures, hence using the mean
thickness quoted to five significant figures will not
improve the precision of the calculated stress. In this
case, the mean of 2.022 could be retained without
loss of accuracy.

15.3 Applications to rubber testing

15.3.1 General

As a general rule when reporting the values of
parameters:
a) linear dimensions, volumes, forces and stresses
should not be reported to more than three
significant figures;
b) strain and energy should not be reported to
more than two significant figures;
c) mass may be reported to four significant figures
although three is often sufficient.

15.3.2 Construction of a histogram

The tensile testing of a large number (150) of
dumb-bells in a single batch of compound resulted in
a spread between 200 % and 400 % in elongation at
break values. This interval was divided into ten
bands at 20 % intervals and table 38 obtained.

Table 38. Table of elongation at break values
EXAMPLE

Elongation range Number of observations
%

< 200 0
= 200 to < 220 4
= 220 to < 240 8
= 240 to < 260 12
= 260 to < 280 18
= 280 to < 300 25
= 300 to < 320 37
= 320 to < 340 22
= 340 to < 360 13
= 360 to < 380 9
= 380 to < 400 2
= 400 0

A histogram of the data is given in figure 8 and the
graphical representation of the data conveys clearly
and simply the breadth and centre of the observed
distribution.
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15.8.3 Examples of rounding

Consider an intermittent stress relaxation test in
which a test piece 10.02 mm wide by 1.03 mm thick
had an initial force of 150 N applied to it when
extended by 50 %. Both dimensions were measured
to the nearest 0.01 mm, and the force was measured
to the nearest 1 N. Thus the initial stress is
calculated as

150
10.02 X 1.03

The width was measured to four significant figures,
while the thickness and force only to three, hence
the final stress should be reported to three figures
also, giving 14.5 MPa.

After some time the force had decreased to 67 N, so
the stress had now become:

67
10.02 X 1.03
The precision of the width and thickness is
unchanged but now the force had only been
measured to two significant figures and so the
resulting stress should only be reported to two
figures giving 6.5 MPa.

If the percentage decrease in stress with time is to
be plotted then the stress values should be further
processed to obtain this percentage. Using the
rounded figures as reported above results in

_ (145-6.5)

Ls= 14.5
where L is the loss of stress expressed as a
percentage.

Using the extra significant figure, as the more
correct procedure, results in

(14.53 — 6.49)
Ly= 1453 X 100 = 55.3338

It would be reasonable to guote the percentage loss
to the first place of decimals but no more. Under
these circumstances the difference in the two results
is small and of no practical significance. This is not
always so and in all cases, repeated rounding
followed by further calculations builds up the errors
arising from the earlier rounding processes.

stress = = 14.534038...

stress = = 6.491871...

X 100 = 55.1724

16 Precision statements

16.1 General

Increasingly, test methods are including a statement
of the precision which can be expected of them
when they are carried out in accordance with their
requirements. Test methods for rubber are included
in this movement.

16.2 Principles

16.2.1 It is well known that tests performed on
nominally identical material under nominally
identical conditions do not, in general, produce the

same result. This variability between repeated tests
is given the general name precision and the sources
of variation can be attributed to many factors such
as the time between measurements, the environment,
the operator, the equipment used and its state of
calibration.

It is observed that the variability between different
operators and/or different equipment is generally
greater than that for a given operator using given
equipment within a short time scale. Thus, it is
useful to distinguish two measures of precision.

As with all statistical factors the repeatability and
reproducibility are estimates based on an accepted
level of confidence. The 95 % confidence level is
almost always applied and may be assumed if there
is no indication to the contrary. Since there is a
measure of uncertainty in the estimates of
repeatability and reproducibility, it is possible to
assign a confidence interval to the estimates
obtained from a given experimental programme.
Such an analysis is outside the scope of this British
Standard and reference should be made to

ISO/TR 11753 for details.

These two, then, represent the probable extremes of
precision that might be expected under practical
circumstances, although other, intermediate, forms
could be envisaged.

16.2.2 The term accuracy is also encountered and
at one time was taken to be simply the bias (i.e. the
systematic rather than the random errors) of a
particular measurement (refer, for example, to
ISO/TR 9272). However, current practice is to use
the term accuracy to mean both the combined
systematic and random errors in a set of
observations.

More detailed information on these and other terms
relating to precision statements can be found in

BS 5497 and internationally accepted definitions are
given in BS ISO 5725-1.

16.2.3 In the rubber industry, the term trueness is
seldom appropriate but the effect of systematic
discrepancies between laboratories is nonetheless
real and has been addressed by a technique called
the intercal method developed in the United States.
A brief description of this is provided in annex K.

16.3 Methodology

16.3.1 In order to derive repeatability and
reproducibility (often abbreviated to r & R
respectively) data an inter-laboratory test programme
should be organized. It is essential that the material
being used in the test is consistent when it is
despatched to the participating laboratories and that
it remains consistent during the transportation and
storage phases prior to it being tested in the
laboratory.
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16.3.2 The laboratories chosen should be selected at
random, but in practice there may overriding
considerations, such as the need to cover a wide
range of environmental conditions or the small
number of laboratories willing to be participants.
Where a small number of laboratories are involved,
particular care should be exercised in not having a
preponderance of specially skilled laboratories or
ones recognized as being reference laboratories as
the inclusion of such laboratories will tend to yield
underestimates for the r and R data. In either event,
the 7 and R values derived are specific to the group
of participants at the time of the trial and do not
necessarily accurately reflect the true r & R of the
total population of laboratories over extended time
scales.

16.3.3 In designing the test programme, it should be
agreed and understood by the participants as to what
will constitute a test result. This might be, for
example, a single tensile strength value or the
median of a set of three or five individual values. In
the former case the replicate level will ordinarily be
that which is normal for the test method being
evaluated. In the latter case it is most commonly two
with, for example, one set of dumb-bells being tested
one day and the next either later that same day or
possibly within the next day or two.

16.3.4 In order to establish the repeatability data,
tests should be made under constant conditions and,
to minimize the danger of environmental or
equipment drift from influencing the outcome, the
time interval between repeat tests should be as small
as practicable.

Since the time interval should be small (as in the
example given in 16.3.3) and the same equipment
should be used by the same operator, there can be
the risk of unintentional bias. This might asrise from
the operator anticipating the resulf in the
performance of some tests. Wherever this is
considered possible the following precautions should
be taken.

a) The test programmme should be randomized to
break up any patterns in the test sequence.

b) The date and possibly time of the various tests
should be recorded as part of the information
supplied to the coordinator of the trial.

¢) Equipment should not be re-calibrated during a
test sequence.

16.3.5 The resulting data are arranged in tabular
form similar to that for the analysis of variance
(rlause 10) and the following statistics derived:

a) the estimate of the between laboratory

variance (s;2);

b) the estimate of the within laboratory

variance (sw-);

¢) the average of the between laboratory variances

for all the laboratories in the test programme (s,2);

d) the estimate of the repeatability variance (s,2);
e) the estimate of the reproducibility variance
(sg?) which is given by the equation:

Sgl= s.2+ s (78)
f) the repeatability () which is given by the
equation:

r=22s, (79)
g) the reproducibility (R) which is given by:
R = 2\2sp (80)

16.3.6 It is frequently convenient to refer to the r
and R values in relative terms since they often vary
with the mean value of the property being measured.
The percentage value of r (or R) to the mean is used
which is analogous to the coefficient of variation
(see 6.2.3.4). However, as certain properties are
measured in percentage units, this percentage value
of r or R is written in parentheses, i.e. () or (R), to
avoid ambiguity over the units. Thus, for a test such
as compression set, the mean might be 35 %, the r
value 5.2 %, making the () value 14.9%.

16.3.7 Before the test data are processed to find the
within and between laboratory variances they should
first be examined for outliers using, for example, the
Dixon and Cochran tests (clause 9).

16.3.8 The detailed calculations for » & R via the
variances indicated above can be referred to in, for
example, BS 5497, BS ISO 5725-2 and ISO/TR 9272.

16.3.9 One possible problem with the normal
inter-laboratory testing programme, as described in
the references cited, occurs when the operator can
be influenced, whether consciously or not, between
the first observation and subsequent ones. In these
circumstances the replicates are not independent of
each other and bias is introduced into the data. A
solution to this difficulty is presented by means of
the paired-sample (or split-level) method developed
by W.J. Youden.

NOTE. It is envisaged that this method will be described in detail
in BS ISO 5725-5 (in preparation).

In essence the method measures a single replicate
result of a property for each of two materials of
similar, but different, values of that property for each
level of the experiment being conducted. At each
level, the pair of materials should be selected
carefully or the analysis produces repeatability
values significantly greater than the true repeatability
values for the test method. Such a pair of materials
is known as a Youden pair. Obtaining suitable
Youden pairs for a particular test can be difficult and
the {echnique is not, therefore, recommended for
general use.

© BSI 1997

Copyright by the British Standards Institution
Fri May 19 11:46:59 2000

53



Copyright by the British Standards Institution
Fri May 19 11:47:01 2000

BS 903 : Part 2 : 1997

STD.BSI BS 903: PART 2-ENGL 1997 MM 1b24kLY ObL349&8 111 EN

16.3.10 Once the values of » & R are obtained for
the various levels of the property being measured
they should be examined to see if there is a
correlation between them and the mean value. This
can be carried out using the regression analysis
techniques indicated in clause 11. Abnormalities to
the general trend of » or R with mean level should
be examined to try to ascertain the cause, as this can
give important information on weaknesses in the test
method to particular conditions which can then be
addressed.

16.4 Applications to rubber testing

16.4.1 Precision statements are becoming the norm
for inclusion in standards for rubber test methods.

16.4.2 An experiment into the measurement of
volume swell was undertaken by eight laboratories.
Several different types of rubber and fluid were used
to give a range of swelling characteristics. A
summary of the r & R values associated with each
mean level is given in table 39.

Table 39. Volume swell measurements
EXAMPLE
Level Mean r r) R (R)
number |swell

% % %
1 3.66 076 |[(20.8) |[1.86 |(50.8)
2 10.1 064 |(6.3) 227 |[(22.5)
3 14.0 266 |[(18.9) |6.96 |(49.7)
4 20.6 057 | (2.8 467 |(22.7
5 215 044 | (2.0) 080 [(@B7
6 42.8 089 |[(@2.D 446 | (10.4)
7 55.3 236 [(43 7.34 | (13.3)
8 96.9 584 | (6.0) 12.13 | (12.5)
9 115 885 |(7.1) 26.20 | (22.8)

16.4.3 An examination of the r & R results show
that there is a general trend towards an increasing

7 or R with mean level but several anomalies in the
trend do occur. This effect is even more pronounced
when the (7) & (R) values are compared with the
mean level. :

There is an indication that the (») & (R) values go
through a minimum which suggests a quadratic
relationship and, while the correlation coefficient
can be shown to be statistically significant at the

95 % level or greater, the accuracy in predicting the
() or (R) value for a given volume swell does not
justify the extra calculation effort that should be
made.

A simple average (r) and (R) for the test method is
sufficiently accurate for the purpose to which the
information would be put. Thus the data provides an
estimate of percentage repeatability of 8 % and of
percentage reproducibility of 23 % for the volume
swell test.

17 Design of experiments

17.1 General information and principles
17.1.1 General information

17.1.1.1 Introduction

Every clause so far has been about the analysis of
experimental data, that is, the estimation and testing
of statistics representing the system that is being
measured. These are essential parts of scientific
method. No less a part of scientific method is
experimental design, that is, the specification of the
conditions at which the experimental data are
observed.

Experimental design is a major part of applied
statistics and there is an immense literature about it.
In this chapter only those aspects of experimental
design are presented which have most to contribute
to the physical sciences, specifically to the testing of
rubber and rubber products.

Descriptions are necessarily brief and selective. They
may be prescriptive rather than pedagogical. Readers
are advised to consult the literature to reach a better
understanding. Some references are given in the list
of references.

There are many text books on the subject and there
are many types of experimental design. In this
subclause a range of designs are described, selected
for their usefulness to rubber technology, and
leading from the simplest to the more complex.

17.1.1.2 Descriptive designs

A statistical sample of several test pieces, all
randomly selected from a standard material, is tested
to determine the elementary statistics of a
characteristic of that material. For example, the
mean and the standard deviation of the tensile
strength of that standard material could be reported.

17.1.1.3 Comparative designs

17.1.1.3.1 Comparison against a standard

The characteristic of 2 new material can be
compared against a specified industry standard. A
sample of several pieces would be tested and an
assessment made as to whether or not there was
sufficient evidence to conclude that the measured
characteristic of this material was different from the
standard specification.

17.1.1.3.2 Comparison of two materials with
independent samples
Two materials can be:
a) of different compositions;
b) made by slightly different processes;
c) made at different places, even if they are
claimed to be of the same composition and made
by exactly the same process.
In order to determine if they have the same or
different properties a sample of several pieces from
each material should be tested. These samples
should be selected independently of each other.
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17.1.1.3.3 Comparison of two materials by paired
samples

As in 17.1.1.3.2, it could be necessary to determine
if two materials have the same or different
properties. However, in the presence of
uncontrollable outside influences, a fair comparison
should be ensured.

For example, samples of rubber could be exposed to
the weather and their deterioration measured. One
approach would be to expose test pieces in pairs,
each pair comprising one item piece of each
material, thus ensuring that both members of the
pair experience the same weather conditions. The
data to be analysed would be the difference in
deterioration measured between each pair.

17.1.1.4 Response designs

17.1.1.4.1 Factorial experiments

When new materials or manufacturing processes are
being developed there are usually several variables,
or factors, that can influence a material property.
Experiments to investigate the effects of several
variables should be designed to allow all of those
variables to be set at several levels. There is a
widespread belief that the best approach is to
experiment with one variable at a time and to fix all
the others. That approach is inefficient, uneconomic,
and will not provide information about interactions
between variables. Two-level factorial experiments
are widely used during development studies.

17.1.1.4.2 Response surface exploration with
composite designs

In the final stage of a development study, when the
conditions (such as the values of composition and
process variables) that will yield the best value of a
material property (such as the highest value of
tensile strength) are being sought, additional points
should be added to factorial experiments so that
curvature of the response can be estimated. These
designs are known as augmented or composite
designs.

17.1.1.4.3 Inter-laboratory trials

Another class of experiment used in industry is the
inter-laboratory trial. This has the purpose of
estimating repeatability of test results within each of
a set of laboratories and reproducibility of test
results between laboratories. These are not
described fully in this British Standard as they are
described in BS 5497, but clause 16 outlines some of
the principles involved in making precision
statements.

17.1.2 Principles

17.1.2.1 General

Statistical analysis of experimental results is
necessary because of variation. All test results vary.
The reasons for this variation include the following.

a) There is inherent variability of material.

b) There are imperfections of measuring
instruments and their calibrations.

c) There is sampling variation.

This variation should therefore be considered when
experiments are designed.

17.1.2.2 Descriptive experiments

17.1.2.2.1 In a descriptive experiment a
characteristic of a standard material is reported from
the analysis of measurements on several test results.
For example, the mean tensile strength of a sample
of several test pieces is calculated. This is unlikely to
be the true mean value of all possible pieces from
the standard material. If you calculated the mean
tensile strength of another sample of several test
pieces it would be different. The calculated sample
mean is therefore only an estimate, a point estimate,
of the underlying population mean. In reporting it an
interval should be reported within which the
population mean can confidently be expected to lie.
This interval is the confidence interval for the
population mean. Clause 7 gives further details.

17.1.2.2.2 This confidence interval depends on
three things:

a) the variation between measurements of the test
pieces within the sample, expressed as the
variance or standard deviation of the measured
material property;

b) the number of pieces tested in the sample;

c) the degree of confidence of the interval,
expressed as the probability that the population
mean is truly in that interval, usually as a
percentage (for example, a 95 % confidence
interval).
NOTE 1. The variation will usually be determined from the
experiment.
NOTE 2. The number of test pieces should be specified before the
experiment is carried out.

NOTE 3. The degree of confidence is the choice of the
experimenter and again should be specified before the experiment
is carried out.
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17.1.2.2.3 Ideally, the experimenter should specify
the size of the confidence interval and the
confidence. For example, in the case of tensile
strength the experimenter can specify the following.

a) The size of the confidence interval is (sample
mean value £ 1.0) MPa.

b) The confidence is 95 %.

The experiment would then proceed in the following
four stages.

1) A preliminary experiment enables the
unknown variance of all possible test pieces for
the whole of the standard material to be
estimated.

2) The sample size N is calculated and this is
used to estimate the specified confidence
interval using the variance estimated from the
results of the preliminary experiment.

3) Test measurements on a sample of N test
pieces are taken.

The sample mean, standard deviation and confidence
interval are calculated.

These four stages are described in 17.2.
17.1.2.3 Comparative experiments

17.1.2.3.1 Statistical analysis of test results should
never be regarded simply as a set of calculations
leading to clear-cut statements that the effect is, or is
not, significant. Such statements have no meaning
without an explanation in terms of the purpose of
the experiment. The conclusion depends on the
circumstances of the experiment and on the
intentions of the experimenter which should be
declared before the tests are done. For example, the
circumstances of an experiment can ordain whether
or not a statistically significant effect can be
detected if it exists. The intentions of the
experimenter will include a statement of what he or
she considers to be a technically significant effect.

17.1.2.3.2 Four major steps should be taken before
starting an experiment to compare the underlying
values of a characteristic for two materials.
a) Step one in which the alternative inferences
that can be made from the experiment are stated.
b) Step two in which the acceptable risks for
making the wrong inference are specified.
c) Step three in which the difference between the
two values of the characteristic is specified. This
should be demonstrated statistically so as to be of
technical significance.
d) Step four in which the necessary sample size is
computed.
These four steps are described more fully in
17.1.2.3.3 to 17.1.2.3.6 and then presented in
greater detail in 17.2.

17.1.2.3.3 In step one the alternative inferences
that can be made from the experiment are stated.
These should be stated as alternative prior
hypotheses.

When two materials are to be compared according to
some property, the most usual comparison is
between the mean values of that property. An
assessment should be made as to whether there is
sufficient evidence to infer that the underlying mean
values for the whole of each standard material of the
underlying populations (#; and uy) differ, even
though the sample mean values, x; and Zo, differ
(see 6.2.2). If there is not sufficient evidence it
should be assumed that the means of the underlying
populations are the same. The assumption that they
are the same is known as the null hypothesis (Hj).
The assumption that they are different is known as
the alternative hypothesis (H,).

These can be stated symbolically as:
a) Hy for which

Hy=Hu2
b) H, for which
H# u
In this case the experimenter is not concerned about
which of the two populations has the greater mean,
only that they could be different. This will lead to a
two-sided test.

If the experimenter is interested to show that a new
material has a greater mean strength than the
standard material a one-sided test can be used and
the altermative hypotheses will have the form:

1) Hy for which

oy =2
2) H, for which

M1 > K2
The distinction should be made before the
experiment is commenced. The calculation of the
sample size depends on the distinction.

17.1.2.3.4 In step two the acceptable risks for
making the wrong inference are specified. The wrong
inferences are called the type one error and the type
two error with probabilities a and £ respectively.

The possible inferences from a two-sided test can be
understood from table 40.

Table 40. Inferences from a two-sided test

Truth Inference | Correet | Error Probability

ur=py |p1 *py | Yes - <(l-a)
uy #us | No Type one | = a

M F g =pg |No Type two | =B
m#Fpy |Yes |- =1-5

A type one error occurs when the experimenter
accepts the alternative hypothesis (H,) although the
null hypothesis () is true. The probability of this
occurring is a. This is known as the size of the test.
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Usually «a is specified as 0.05 (a 5 % chance) (see
clause 7).

A type two error occurs when the experimenter
accepts the null hypothesis (Hp) although the
alternative hypothesis is true. The probability of this
occurring is #. Usually f is specified as 0.05 or 0.10.
The probability of detecting a true difference is

(1 — B). Thus if § is specified as 0.05 and the
experiment is designed accordingly there is a strong
chance (a probability of 0.95) that a difference will
be detected if a difference truly exists. This is known
as the power of the test.

Unfortunately, it is common for experiments to be
done without consideration of 8 or the power and
consequently true effects can remain undetected. For
example, consider the tensile strengths of
compounds A and B in 6.3.2. Suppose that a
purpose of the experiment was to show a
statistically significant difference (a = 0.05) of 1 MPa.
A power calculation shows that with only 12 sample
measurements for each compound there is a
probability of 0.75 of detecting that difference if it
exists. Sample sizes of 23 would be needed to give a
probability of 0.95 of detecting that difference.

17.1.2.3.5 In step three, the difference, which
should be demonstrated statistically so as to be of
technical significance, is specified.

The purpose of many experiments is to discover an
improvement in the material property which is being
tested. In other experiments the purpose can be to
show that, under different circumstances, there is no
difference in the material property.

In either case, the experimenter should be able to
state the smallest difference which should be
regarded as likely to have a practical or technical
significance. For example, a determination can be
made of how much stronger, in terms of tensile
strength, one material should be over another to
make its selection preferable for a particular
application. Whether this should be 1 MPa, or 2 MPa,
or (0.5 MPa can depend on the application.

The specification of this smallest difference () is
essential to the design of a comparative experiment.
17.1.2.3.6 In step four the necessary sample size is
computed.

There are several formulae for calculating sample
size. The correct choice of formula depends on the
type of comparative experiment. These can be:

a) comparison against a standard;

b) comparison of two materials with independent
samples;

¢) comparison of two materials by paired samples;

It will also depend on whether the proposed test of
comparison is onetailed or two tailed (see 17.2,
17.3 and table 42).

The information needed in any of the calculations is

the choice of a, f, J and an estimate of the variance
(62) of all possible test pieces for the whole of the
standard material.

The choices of a, 8, § depend entirely on the
opinions and purposes of the experimenter, as
already explained.
An estimate of the population variance (¢2) can be
obtained:

1) from earlier experiments;

2) from literature;

3) from a preliminary experiment of at least five
test pieces.

17.1.2.4 Response experiments

17.1.2.4.1 Properties and factors

Much research and development in the materials
sciences is intended to establish relationships
between the properties of materials and suspected
influencing factors which the technologist can
control in the production of those materials.

The properties are called response variables (they
are also called dependent variables because they are
thought to depend on the factors).

Influencing factors are called control variables (they
are also called independent variables). The control
variables are usually composition variables and
process variables. All of these variables should be
measurable.

Sometimes there are other variables which can
influence the response variables but cannot be
controlled although they can be identified and
measured. Common examples are temperature and
humidity of a factory workshop atmosphere. These
variables are called concomitant variables (they are
also called covariates).

17.1.2.4.2 Experimental design

The experimental design is the specification, before
the experiment is commenced, of the values of the
control variables at which the response variables are
measured. The experiment should be designed
according to the expected relationship between the
response variable and the control variables. The
expected relationship is a hypothesis. The hypothesis
should be formulated as an algebraic model that can
be represented in terms of the measurable variables.

If the model were simple and exact then the
experimental design would be simple. Few test
pieces would be needed to provide exact values of
the model coefficients. The fitted model could then
be used to predict response values exactly for any
choice of settings of the influencing factors.
However, there are several reasons why this cannot
be achieved and these include the following.

a) The exact relationship can never be known
because the model can be only an approximation
to reality.
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b) All measurements are subject to time dependent
deviations which cannot be identified but which
show their presence by trends in the observed
values of response variables.
¢) All measurements are subject to random
deviations. These represent other unidentified
variables which taken together show no pattern or
trend.
d) The effects of concomitant variables which are
those variables which are identified as possible
influencing factors but can be measured only
during or after an experiment.
The experiment should therefore be designed so as
to reduce the influence of these unknowns.

17.1.2.4.3 Statistical objectives
The statistical objectives of designed response
experiments are to specify:
a) an algebraic model representing the expected
relationship between the response variables and
the influencing factors;
b) the number of observations;
c) the values of the control variables at every
observation;
d) the order of the observations.
The intention is to:
1) ensure that all effects in the model can be
estimated from the observed data;
2) test the reality of those effects by comparison
with random variation;

3) ensure that all effects can be estimated with
the greatest possible precision thereby reducing
the influence of random variation;

4) ensure that all effects can be estimated with
the least possible bias, or greatest accuracy
thereby reducing the effects of time dependent
erTors;

5) suggest improvements to the model;

6) keep within a budget of effort and cost.

17.1.2.4.4 Experimental designs
The following experimental designs are discussed in
17.1.2.4.5 to 17.1.2.4.7:

a) two-level factorial experiments;

b) two-level fractional factorial experiments;

c) composite designs.

17.1.2.4.5 Two-level factorial experiments

The two-level factorial design is fundamental to
experimental design for the physical sciences. This
design is based on the assumption that a linear
model will approximate the true relationship fairly
well in some restricted range of those factors. The
basic idea can be illustrated with a linear model
based on a single influencing factor (figure 9):

y=a+bs @1

where

y is the response variable;
z is the control variable;
a and b are the coefficients to be estimated.

This model is deemed to be roughly adequate to
approximate the true relationship for x in the range
ap, to xy. Deviations between expected values and
the observed values can be described by adding a
term e to the right hand side of equation (81).

The object is to estimate ¢ and b with the greatest
precision if all observations are divided equally
between the two ends of the range of x. A common
fault among experimenters is to divide the range into
(N — 1) equal parts (where N is the number of
planned observations) and to make one observation
at each end and at each of the division points. This
choice of factor values is a design which would not
give the most precise estimates of ¢ and b in the
presence of e. It would be preferable to do half the
trials at oy, and half at xy;. This gives rise to the
expression a two-level experiment.

In equation (81) the effect on y of a change in x of
one umit is represented by the coefficient b which is
the slope of the line.

The relationship between x and ¥ may also be
represented using a different notation. In this
notation, the independent variables (the z’s) are
called factors and are represented by capital letters:
A BC, ..

The range of a factor is specified by the two ends of
the range, i.e. the high and the low values of the
factor. These are represented by lower case letters
with suffices. For example, in the single factor
experiment, the high and low values of factor A
would be @; and g respectively. This lower case
notation is also used to represent the observed
values of the dependent variable at the
corresponding observation points (see figure 10a).

Thus the effect of factor A on the dependent variable
y over the complete range of factor A is equal to:

(value of y at point a;) — (value of y at point ag)
as shown in figure 10b, or, more briefly,

A=a1— ap (82)
Note a further abbreviation in that the capital letter
A is used to denote the effect of factor A.

Similarly, the mean value of y (figure 10c) is simply
M=(a, +ag)2 (83)
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Now consider two factors, A and B, which can be This is exactly the same as: the difference between
represented as two variables in a plane with the the effect of B at the high level of A and the effect
dependent variable y along a third dimension of B at the low level of A.

perpendicular to the plane (figure 11a). The high and  Tne estimation of these effects is equivalent to fitting
low values of B are b; and b. If observations of y the algebraic modek:

are made only at points defined by the extreme

ranges of the two factors, there are four points Y=ao + )Ty + A%z + 127172 &7
which can be denoted by the combinations of letters ~ Where y is the response variable, x; and xp are two
as: agbg, @1bg, agb1, and a1b;. The notation can be control variables and ay, a;, ag and a2 are algebraic
abbreviated further to represent these four points as: ~ coefficients. (These should not be confused with the
(1), a, b, ab a used in the equations (82) to (86) to denote
R variables.)

where Least squares regression analysis (clause 11) is

widely used for analysis of these and other

the symbol (1) denotes the observation point at experiments to be described. Computer software is

which all the factors are at their low levels

(figure 11b); available for this analysis which includes the
’ estimation and testing of coefficients in equations
the point a is where factor A is at its high level such as (87).

but factor B is at its low level;

the point ab is where both factors are at their high
levels.

The rule is that the high and low levels of factors are
i represented by the presence or absence, respectively,
‘ of lower case letters.

= Analysis is almost as easy as in the single factor case
== and the following conclusions can be reached.
= a) Using the combinations of lower case letters to
represent the values of y observed at the
3+ . .
] corresponding points, the average effect of factor
A is:
_a+ab  (Q)+b
A= —5 3 (84)

That is the effect of A is the difference between
the mean value of ¥ observed at all the points
where A was at its high level and the mean value
of y observed at all the points where A was at its
low level.

i b) The effect of B is calculated in a similar manner
to that of A and is given by:

_b+ab  D+a

T2 2

¢) The interaction of factors A and B can be

defined as the difference between the effect of A

at the high level of B and the effect of A at the
low level of B. It is denoted by AB. Thus:

AB=(ab—b) —(e— () (86)

B (85)
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Factor B (a)

| |
| |

(High value of B) b, ______+‘a_0_b1____________:_aLbl___
| |
| |
| |
| |
| |
| |
1 |

(Low value of B) by | ————— B J2bo
| |
| |
| |
| |

Factor A
(Low value of A) {High value of A)

Factor B | (b) l
| |

b _jab
| t
(Simplified : {
notation) I I
| 1
| 4
| |
| 1 [
| [

______ M____________a_____
l |
| |
! !
| 1

Factor A

Figure 11. A two-level two factor experimental design

17.1.2.4.6 Two-level fractional factorial

experiments

These principles of design and analysis of two-level
factorial experiments can be extended to
experiments involving any number of factors. See
figure 12 for an illustration of a three-factor
sitnation. However, the number of observations in
such an experiment increases exponentially with the
number of factors. If there are n factors, the number
of test pieces required in an experiment is
proportional to 27 Table 41 illustrates the
exponential increase.
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Table 41. Observation points It is not unusual to have gxperiments. with seven or
Number of factors Number of points at which more factors (control variables). Thrift demands an
observations are made experiment with only a fraction of the experiments
1 2 in a full design but which can still supply
2 4 information on important features of the model. If a
3 suitable fraction can be found the resulting
8 experiment is called a two-level fractional factorial.
4 16 The theory and method of constructing these
5 32 fractional experiments is described in textbooks.
6 64 Also software is available for the automatic design
7 128 and analysis of these experiments (see list of
8 256 references).
9 512
10 1024
|
=
— Factor C
=
o . c ac
* Notation for a
three-factor, two-level
factorial experiment
be abc
a Factor A
i
|
? b ab
Factor B
Figure 12, A two-level three factor experimental design
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17.1.2.4.7 Composile designs

Whereas two-level factorial experiments, and their
fractions, are suitable for fitting models that are
linear in the main effects and including interactions,
they are not suitable for estimating curvature of
response if it exists. For example, if there is a single
control variable equation (81) can be suitable either
if the relationship is genuinely linear for all values of
x (figure 13a), or on the rising or decreasing slope of
a quadratic response (figure 13b).

However, if the experiment is to be done for a range
of x which is close to the peak (or trough) of the
quadratic response, as in figure 13c, curvature will
have a major effect and should be estimated. This is
particularly important if a purpose of the experiment
is to estimate the value of x for which y is a
maximum (or minimum).
Equation (81) should then be augmented as:

y=a+ bx+ca? (88)
Similarly, equation (87) should be augmented as:

Y=0Gp + QT 4 q2%2 + QX102 + QT2 + apoke?

(€)

Designs for these augmented relationships are called
augmented or composite designs. The theory and
methodology of constructing them is described in
several textbooks. Software is available for
constructing and analysing them. Analysis is usually
by least squares regression.
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17.2 Methodology
17.2.1 General

17.2.1.1 Procedures are presented here for
designing and analysing descriptive and comparative
experiments, the principles of which have been
explained in 17.1. Examples are shown in boxes.

17.2.1.2 Procedures for the design and analysis of
two-level (fractional) factorial experiments, or for
composite experiments are not included. The
necessary theory and methodology are beyond the
scope of this standard. Software exists for these
procedures to be handled automatically.

17.2.1.8 Z-scores are used in all of the following
procedures. These are standardized normal variates
and are available from published statistical tables.
However, for convenience in using this British
Standard, the following extract given in table 42
should be sufficient.

Table 42. Z-scores
a(or ) Z, Z,
(one tail) (two tail)

0.01 2.326 2.576
0.05 1.645 1.960
0.10 1.282 1.645
0.15 1.036 1.440
0.20 0.842 1.282
0.25 0.675 1.150
0.30 0.524 1.036
0.35 0.385 0.935
0.40 0.2563 0.842

17.2.2 Descriptive experiments

The mean of a standard material should be reported
with a specified confidence interval (¢p). The
confidence interval should be stated as a percentage
confidence as given by the equation:

cr= 100(1 — a). (90)
The procedure is as follows.

a) Obtain an estimate of the underlying population

variance (¢2) by a preliminary experiment in

which at least five randomly selected pieces are

tested.

b) State the desired half width of the confidence
interval (cp).

¢) State a as representative of the required
confidence interval.

For a 95 % confidence interval:

a=0.06

d) Look up the corresponding two-tail value of Z,,.

e) Calculate N as the nearest integer to 0.5 +

(Zq aler )2

f) Obtain a more conservative value of N by
repeating the calculation using the corresponding
tq value with the first estimate of N as the entry
point in the table of t-values (see table 11). This is
achieved in two steps as follows.

1) Look up the corresponding two tail value of
t, for N degrees of freedom.

[tg = 2.12

2) Calculate N as the nearest integer to 0.5 +
(tq alep?

[N =18 |

g) Repeat steps 1) and 2) in f) until a stable value
of N is achieved.

17.2.3 Comparative experiments

17.2.3.1 Comparison against a standard

The underlying population of a property measure of
the standard material has known mean g and
known variance 2. Assuming that the property of
the new material has the same variance (which can
be checked later) the size of the sample needed to
detect an improvement of at least 4 can be
calculated.

The procedure is as follows.

a) State the object of the trial.

Hy:p =
Hy: > g
(single-sided)

b) Choose a, 8, d.

a=0.05
£ =0.01
=1

¢) Look up the value of Z,; (single-sided normal).

d) Look up the value of Zg.

¢) Compute N, where N is the nearest integer to
the expression:

05+ (Zo + ZpP o%&?

ifo2=2
then N =32
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17.2.3.2 Comparison of fwo materials with
independent samples

Two samples are drawn from different populations.
The variances (o2) are equal and known. The
comparison will indicate if the two populations are
the same. The procedure is as follows.

a) State the object of the trial.

Hy:py= 1
Hy: i# up
(double-sided)

Equivalently: Hjy) : ug < yq with o/2 risk
Hps 1 po > uy with a/2 risk

b) Choose a, 8, 62, 02

a=10.01
£ =0.02
=1
o2=2

¢) Look up the value of Z, (double-sided normal).

d) Look up the value of Zg (single-sided normal).

Zg 2.054

¢) Compute Ny, where:

Ny{=Ny =N,
and is the nearest integer to the value of the
expression:

05+2 (Zg+ Zp)?a? &2

17.2.3.3 Comparison of two materials with paired
samples

The procedure is as follows.
a) State the object of the trial.

Hy: pggr=0
Hy: ugiee> 0

b) Choose a, 8,  and estimnate (Gg)>.

NOTE. If the variance of the underlying population is o2 and the
variances of both populations are assumed to be the same, then
the variance of the difference between two values, one from each
population, is 262

a =0.10

B =0.05

] =1

agit 2 = 202
=2

¢) Look up the value of Z, (single-sided normal).
Z,=1.282
d) Look up the value of Zg (double-sided normal).

e) Compute N pairs where N is the nearest integer
to the value of the expression:

05+ (Zg + Zﬁ)2 (2 a2)/82
N=18

17.2.4 Response experiments

These include two-level factorials and composite
designs. They are not covered in this British
Standard and the references given should be
consulted. Some examples are given in 17.3.3.
17.3 Applications to rubber testing

17.3.1 Descriptive experiments

17.3.1.1 Refinement of confidence limits
Reference should be made to 14.3.2, which
considers an example of stress relaxation. When the
procedure given in 17.2.2 is followed, the following
results are obtained:
a) ¢ = 0.31 (Standard deviation of 0.31 % per
decade.)
b) d = 0.34 (The half width of the requested
confidence interval is 5 % of 6.8 % which is 0.34 %.)
¢) a = 0.0 (A 99 % confidence interval is required.)
d) Z, = 2.576 (A two-tail figure is needed so that a
is split between the two extremes of the
distribution.)
e) (Z,0/67
Rounding up: N=6
f) When steps 1) and 2) are repeated as necessary
the following results are obtained:
1) t, = 4.032 (Table T3: two-sided: 99 %: n = 6)
DN=14
First repeat:
1) t, = 3.012 (Table T3: two-sided: 99 %: n = 14)
2)N=8
Second repeat:
1) ¢, = 3.499 (Table T3: two-sided: 99 %: n = 8)
2YN=11
Third repeat:
1) t, = 3.169 (Table T3: two-sided: 99 %: n = 11)
2)N=9
Fourth repeat:
1) ¢, = 3.355(Table T3: two-sided: 99%: n =9)
2)N=10
Fifth repeat:
1) ¢4 = 3.25(Table T3: two-sided: 99 %: n = 10)
2)N=9
Thus repeated iteration gives a value of NV that
oscillates between 9 and 10. The more reliable
choice would be 10.
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17.3.1.2 Refinement of a pass/fail status

Reference should be made to 14.3.3 which considers
an example of permeability. When the procedure
given in 17.2.2 is followed, the following results are
obtained:
2) 0=145 (145 X 10715 m2.571. Pa~1)
b) =11 (65— 5) X 105 m2s~LPa~1)
¢) a = 0.05 (95 % confidence required)
d) Z; = 1.645 (A one tail figure is needed because
the concern is only that the permeability should
not be less than 5 X 10715 p2-s=1.pa—1)
€) (Za6/5)2 =4.7
Rounding up: N=5
f) When steps 1) and 2) are repeated as necessary
the following results are obtained:
1) 15 = 2.132 (Table T3: one-sided: 95%: n = 5)
2)YN=8
First repeat:
1) &, = 1.895 (Table T3: one-sided: 95%: n = 8)
2N=T7
Second repeat:
1) f, = 1.943 (Table T3: one-sided: 95 %: n ="7)
DHN=T
Thus seven test pieces are needed.

17.3.2 Comparative experiments

17.3.2.1 Comparison of a new malerial against a
standard material

Reference should be made to 14.3.3. In this
application let the standard rubber membrane have a
permeability of 5 X 1015 m2.s 1.pa-1

with a known standard deviation of

o =145 X 10~ 15m25-1.Pa~1 Assuming that the
permeability of the new material has the same
variance, the size of the sample needed to detect an
improvement (J) of at least 1 X 10~ 15 m2.s~LPa-1
can be calculated. When the procedure given in
17.2.3.1 is followed, the following results are
obtained.

a) Let the true mean permeability of the standard
material be gy and the true mean permeability of
the new material be p;.

Then

Hy: g = gy (Null hypothesis is that there is no
difference.)

H,: i1 > py (Alternative hypothesis that there is an
increase in permeability: a one-sided change)

b) a, B, J are chosen.

a =005 (In order to look for a 95%
confidence)

(In order to have a 95 % chance of
detecting the difference if it exists)
(Only a difference of at least

1% 10716 m2.5~1.Pa~1 would be
deemed to have any technical merit)

g =005

a =1

c) Z,= 1.645

d) Zp= 1.645

e) (Zqg+ Zp )o/d)? =225
Rounding up: N =23

17.3.2.2 Comparison of two materials using
independent samples

Reference should be made to 7.3.3. A single
compound material is tear tested by two laboratories
to discover if there is any bias one way or another in
the tear testing methods. It is assumed that there is
no difference in the test pieces supplied to the two
laboratories. The true mean values and variances are
the same. However, there can be a difference
between the measured results caused by a difference
in the measuring equipment or method.

Let d; be the true mean measured value by
laboratory one and us be the true mean measured
value by laboratory two.
From experience, or a preliminary trial, it is known
that with this material a standard deviation (o) of 0.9
can be expected.
A prior specification could be that a difference (d) of
more than 1 would trigger a technical enquiry.
When the procedure given in 17.2.3.2 is followed,
the following results are obtained.
a) The alternative hypotheses are:
Hy: uy = pyo (The laboratory test methods produce
the same results.)

Hy: u1 < > py (The laboratory test methods
produce different results even when testing the
same materials)

b) a, 8, 4, ¢ are chosen.
a = 0.05 (In order to look for a 95 % confidence.)

B =0.1 (In order to have a 90 % chance of
detecting the difference if it exists.)
=1
=09
¢) Z, = 1.960 (two-sided)
d) Zg = 1.282 (one-sided)
€) 2(Z, +Zp)? 0?52 =17.08
Rounding up: N = 18
Thus 36 test pieces should be cut from the source
material and randomly allocated, 18 to each
laboratory. The original positions of the 36 pieces
should be recorded in case widely divergent values
suggest that there could have been segregation of

material composition and properties in the source
material.
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17.3.2.3 Comparison of two materials with paired
samples

17.3.2.3.1 Example one

Random allocation was recommended in 17.3.2.2.
An alternative would be to cut sample test pieces in
pairs. Their adjacency would ensure that the effect
of any segregation of properties for the source
material would be minimized.

The two pieces in each pair should be labelled A and
B then a random sequence of As and Bs should be
used to allocate the test pieces to the two
laboratories.

Thus, if N = 12, a random sequence could be:
laboratoryone: BABBABAABBBA
laboratory two: ABAABABBAAAB

In this experiment the variable of interest is the

difference between the measured values of each pair

of test pieces.

When the procedure given in 17.2.3.3 is applied, the

following results are obtained.

a) Hoi Mdiff = 0
NOTE 1. This is the null hypothesis that there is no mean

difference between the measured values of the two
laboratories.

Hg: pgige> O
NOTE 2. The alternative hypothesis is that there is a difference.
b) Gaier = V2
=090 X 1414
=1.273
Using the same values as those in 17.3.2.2:
a = 0.05;
B =0.1,
=1
c) Z,=1645
NOTE. This is a single sided value.
d) Zg=1.282
NOTE. This is a single sided value.
e) (Zg +Zg ) (2 a2 )62 = 13.88
Rounding up:
N=14
Thus 14 pairs of test pieces should be cut from the
source material. In this case a comparison with

paired samples is cheaper than a comparison with
independent samples.

17.3.2.3.2 Example two: a comparison of
resistances to wear

There is a choice of two materials, A and B, for
making rubber soles for boys’ shoes. One
experimerital design would be to provide one group
of boys with shoes soled with material A and a
second group with shoes soled with material B.
However, if the boys vary greatly in the rates at
which they wear out shoes any difference between
the two materials could be hidden. A paired design
would remove much of that variability. Each boy

would be given a pair of shoes with the sole of one
shoe made from material A and the sole of the
other from material B. The choice of which was left
or right for each boy would be determined by
randomization.
A preliminary trial reveals that the standard
deviation (o) of wear after a month is 2 mm. It is
agreed that a difference (J) between means of 1 mm
will be sufficient to rule that one material is better
than the other. It is necessary to calculate how
many pairs of shoes should be made in order to
demonstrate with a confidence of 95 % (a = 0.05)
that a difference of 1 mm is statistically significant.
It is also specified that there should be a 95 %
chance (f = 0.05) of detecting that difference if it
exists.
When the procedure given in 17.2.8.3 is applied, the
following results are obtained.

a) Hy ugisg=0

NOTE 1. The null hypothesis is that the wear rates of the two

materials are the same.

Ha: Maife > 0
NOTE 2. The alternative hypothesis is that there is a
difference.

b)o=2
Therefore
O aier = OV2
=2 X 1414
=2.828
Using the same values as those in example 1:
a = 0.05;
B = 0.05;
d=1
c) Z,=1.645
NOTE. This is a single sided value.
d) Zg=1.645
NOTE. This is a single sided value.
e) (Zg + Zg) (20%) /8% =86.59
Rounding up:
N=87
Thus 87 pairs of shoes should be made and
allocated to boys for a month’s wear.

It is instructive to repeat this calculation using
different values of a, 8, J, 6.

17.3.8 Eesponse experiments
17.3.3.1 Two level factorial designs

17.3.3.1.1 A nitrile rubber compound is being
developed 1o have:

a) good fluid resistance,

NOTE 1. The volume swell should be as low as possible when
inmersed in a standard oil in accordance with BS 903 : Part
AlS.

0) good low temperature characteristics.

NOTE 2. The brittleness temperature should be as low as
possible when measured in accordance with BS 903 : Part A25.
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The type of factors that the technologist would want  If there were more factors some consideration could

to examine would be: be given to selecting interactions for inclusion
1) grade of nitrile rubber characterized by the according to the results of earlier experiments or a
acrylonitrile (ACN) content, typically grade 1 deep }mowledge of the controlling physics and
(28 %), grade 2 (34 %) and grade 3 (40 %); chemistry.
2) type of plasticiser used, typically dioctyl 17.3.3.1.4 With this specification, the experimental

phthalate (DOP) and butylcarbitoladipate (BCA);  design given in table 43 is produced.
3) amount of plasticiser, typically from 10 to 30

parts per hundred of rubber (p.h.r.); Table 43. Experimental design for nitrile
4) type of carbon black, typically FEF and HAF, |rubber compound development
5) amount of carbon black, typically from 30 to (full factorial)
70 p.h.r. EXAMPLE
The grading of the nitrile rubber into three distinct (OBSERVATION|GRADE [PLAS |PX  |BLACK |BX
grades presents a problem. They are ordered into 1 10 10 00 |10 30.0
three levels of ACN and can crudely be treated as a : . : . :
continuous variable. However, a better design and 2 2.0 1.0 10.0 |1.0 30.0
analysis would follow if the experimental levels of 3 1.0 2.0 100 1.0 30.0
ACN could be chosen at any points between 28 %
and 40 %. Also, since this is a wide range of ACN, a 4 20 |20 100 (10 300
linear model appropriate to a two-level design, is 5 1.0 1.0 15.0 |1.0 30.0
better served by choosing two grades whose ACN 6 2.0 1.0 150 |10 30.0
values are close together.
17.85.1.2 Th Ficati £ the desien i 7 1.0 2.0 150 | 1.0 30.0
3.3.1. e sp.ec ication of the design is: 8 20 2.0 150 |10 30.0
a) Response varlables: 9 10 |10 |100 {20 |300
1) ¥, is the fluid resistance as measured by fluid ' ’ ) ) )
swell; 10 2.0 1.0 10.0 (2.0 30.0
2) Y is the brittleness temperature. 11 1.0 2.0 100 |20 30.0
b) Control variables: 12 2.0 2.0 100 |20 |300
1) X; = GRADE: low level 1, high level 2; 13 1.0 1.0 150 |20 20.0
2) X7 = PLAS: two levels DOP (1) and BCA (2);
14 2.0 1.0 15. 2.0 0.0
3) X3 = PX: low level 10 p.h.r., high level 0 3
15 p.hr; 15 1.0 2.0 15.0 (2.0 30.0
4) X, = BLACK: two levels FEF (1) and HAF; 16 2.0 2.0 150 |2.0 30.0
5) X5 = BX: low level 30 p.h.r., high level 40 17 1.0 1.0 100 | 1.0 40.0
p-hr
PX and BX are the amounts of plasticiser and black 18 20 L0 1001.0 40.0
respectively. 19 1.0 2.0 100 | 1.0 40.0
NOTE. The ranges of the continuous variables (X;, X5, X5) have 20 2.0 2.0 100 (1.0 40.0
been chosen so that they are wide enough for some effects to be
observed, but not so wide as to cover all possibilities. Wider 21 Lo 1.0 15.0 1.0 40.0
ranges can include large quadratic (curvature) effects that would 29 20 1.0 150 {1.0 40.0
obscure the main linear effects. See 17.1.2.4.7. .
17.3.3.1.3 Without ior knowledge about 23 1.0 2.0 1560 | 1.0 40.0
ithout any prior knowledge abou
interactions the experiment should be designed to 24 2.0 2.0 150 |10 40.0
permit the estimation of all ten first order 25 1.0 1.0 100 |2.0 40.0
Interactions: 26 20 (10 [100 {20 |400
1) GRADE.PLAS 27 1.0 |20 |100 |20 [400
2) GRADE.PX
3) GRADE.BLACK 28 2.0 2.0 10.0 |2.0 40.0
4) GRADE.BX 29 1.0 1.0 160 (2.0 40.0
5) PLAS.PX 30 2.0 1.0 15.0 2.0 40.0
6) PLAS.BLACK 31 10 |20 1560 |20 |400
7) PLAS.BX 32 20 |20 |150 (20 |400
8) PX.BLACK
9) PX.BX
10) BLACK.BX
70 © BSI 1997
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This is a full factorial (25 = 32 observations). With
fewer interactions selected a half factorial of 16
observations, or even a quarter factorial of eight
observations, could be possible.

The 32 test pieces should be prepared in a random
order. They should be tested for fluid resistance (Y1)
in a second random order and tested for brittleness
temperature (¥») in a third random order. The
measured results would be analysed using least
squares regression analysis.

17.3.3.2 Two level fractional factorial design

17.3.3.2.1 Suppose that, from previous experience,
ondy one interaction (PX BX) is believed to be
effective and the available budget forces the use of
the smallest possible experiment. A two-level
fractional factorial experiment, a quarter factorial, is
produced. This is shown in table 44.

Table 44. Experimental design for nitrile
rubber compound development (quarter
factorial)

EXAMPLE

OBSERVATION|GRADE |[PLAS |PX BLACK |BX
1 1.0 1.0 10.0 1.0 30.0
2 1.0 1.0 150 (2.0 30.0
3 1.0 2.0 10.0 2.0 40.0
4 1.0 2.0 15.0 (1.0 40.0
5 2.0 2.0 10,0 (2.0 30.0
6 2.0 2.0 150 (1.0 30.0
7 2.0 2.0 10,0 (1.0 40.0
8 2.0 2.0 15.0 (2.0 40.0

17.3.3.2.2 This is a small experiment, a quarter
factorial, and there are two dangers associated with
it.

a) There can be some interactions other than the
one specified (FX.BX).
b) There could be insufficient information for
error analysis and for satisfactory testing of the
fitted model.
These dangers should be traded against the
economic advantage of a small experiment.
Alternatively, there are two approaches to dealing
with these dargers.
1) More interactions can be introduced so that a
half design (16 observations) would be
produced.
2) The experiment can be replicated so that two
test pieces would be made for each observation
point.

17.3.3.8 Composite designs

17.3.3.3.1 Suppose that, after running the
experiment specified in 17.3.3.1, or the one
in 17.3.3.2, and analysing the results, the indications
are that the optimal values of the two response
variables are achieved using the plasticiser DOP and
the carbon black HAF, with high levels of plasticiser
(PX) and high levels of carbon black (BX). At this
stage an experiment to fit a quadratic response
function would be appropriate.
NOTE. The two response variables are:

1} high fluid resistance as measured by low volume swell;

2) low brittleness temperature.

17.8.8.3.2 A specification for this further
experiment to discover the best composition could
be as given in table 45.

Table 45. Experimental specification for nitrile

rubber compound development (quadratic

response function)

EXAMPLE

Variable | Low| High | Increment | Inter-actions | Quadratic
terms

GRADE (1 3 GRADE.PX | (GRADE)?

PX 18 |30 2 GRADE.BX | (PX)2

(using

DOP)

BX 40 |70 |5 PXBX (BX)?

(using

NOTE. PX and BX are measured in parts per hundred of rubber

(p.hr).
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This would produce the composite design given in
table 46.

Table 46. Experimental design for nitrile
rubber compound development (quadratic
response function)

EXAMPLE

OBSERVATION | GRADE PX BX
1 1.0 20.0 45.0
2 3.0 20.0 45.0
3 1.0 28.0 45.0
4 3.0 28.0 45.0
5 1.0 20.0 65.0
6 3.0 20.0 65.0
7 1.0 280 65.0
8 3.0 28.0 65.0
9 1.0 24.0 55.0
10 3.0 24.0 55.0
11 2.0 18.0 55.0
12 2.0 30.0 55.0
13 2.0 24.0 40.0
14 2.0 24.0 70.0
15 2.0 24.0 55.0
16 2.0 24.0 55.0

17.3.3.3.3 An experiment carried out according to
this design would produce observed values
(measurements of the response variables) which
would permit the fitting of a model of the form:
y=a +byxy +bows +bgry +c1r? + Coxo? +
+caxgi+ + dyrywe + doyxg + dgxoxs
for each of the response variables.
NOTE. Random orders of preparation and testing should be used.
These fitted models can then be used to make a
close estimate of the optimal conditions together
with measures of confidence of those estimates
based on analysis of variation of responses.

én

18 Statistical quality control

18.1 Principles

Variation in the quality of any product (or service) is
inevitable but the application of statistical principles
to data systematically gathered on the product
enables decisions and courses of action to be taken
which can significantly reduce the amount of reject
material produced. In processes of any complexity
there will be several stages of quality control applied
at key points in the manufacturing process, but at
each stage the principle is the same, i.e. to monitor
the process so that deviations which are unlikely to
have occurred by chance can be detected quickly
and corrective action taken to bring the process
back into statistical control. The question of
sampling is dealt with in clause 13.

18.2 Methodology

18.2.1 General

Since visual representations are the preferable means
for handling the data obtained in this type of
situation, the most effective way of assessing the
stability of a process is by means of a chart. Several
types of control chart have been developed for the
purpose. The subject is extensively covered in books
devoted to quality control and in the standards
literature so that only the outlines of the techniques
are given in this British Standard. Reference should
be made, for example, to BS 2564, BS 2635, BS 5700,
BS 5701, BS 5703 : Part 3 and, for Shewhart control
charts, BS 7785.

Control charts may be based either on attributes or
on variables.

18.2.2 Control charts by attributes

In a particular process, a small sample of items can
be taken at regular intervals and inspected against
agreed criteria (or single criterion) such as
appearance, dimensions and properties. The outcome
of the inspection is simply the number of
nonconforming items found in the sample where one
of the following applies.

a) There is no objective measurement that can be
made (for example in assessing the appearance of
a moulding).

b) An objective pass/fail decision can be taken (for
example by the use of a Go-No Go dimensioning
gauge).
This number is plotted against, typically, a time line
or other logical unit of production (for example
every 500th item). BS 5701 deals in detail with this
class of control chart.

18.2.2.1 The sample size should be chosen such
that at least one nonconforming item is likely to be
observed on average. If it is economically viable,
choosing a sample size with an average of two or
three nonconforming items is even better.

18.2.2.2 Once a reasonable number of samples
(such as 25) has been taken the procedure is as
follows.
a) Plot the results on the chart.
b) Calculate the average number of nonconforming
items found in the number of samples examined
and from table 1, Control limits, in BS 5701 : 1980,
read off the corresponding control limit.
For example, if there are a total of 35
nonconforming items in 25 samples taken, the
average number of nonconformities per sample

is 1.4.
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The nearest (larger) average value given in the table
is 1.53 which has a control limit of 5.7. A horizontal
dashed line at the level of the control limit should be
drawn on the control chart so that any sample
exhibiting a number of nonconformities greater than
this can be identified immediately and the process
examined to identify and to correct the cause.
Numbers of nonconformities less than the control
limit are considered to be chance occurrences not
requiring corrective action.

18.2.2.3 In addition to the control limit it is
common also to include a warning limit on the chart
at the level of one unit less than the control limit.
Then if several points begin to cluster around the
warning limit over a short period of time, it would
be prudent to examine the process to see what
corrective action might be taken before the control
limit is exceeded.

18.2.2.4 Tt is implicit in the foregoing discussion
that the level of quality encountered during the
taking of the samples for setting the control limit is
satisfactory, Control charts can only be of value in
monitoring a process which is in control, i.e.
producing an acceptable product initially.

18.2.3 Control charts by variables

18.2.3.1 General

The limitation of counting numbers of
nonconformities is that this does not indicate how
close to the acceptance limits the items are. While it
can be relatively quick to apply such methods, it is
an all or nothing approach. It is often desirable,
therefore, to monitor the change in a property that is
occurring in a process.

18.2.3.2 Control charts

18.2.3.2.1 Where, for example, a dimensional value
is required to be recorded, or where a physical
property such as tensile strength is being measured
the following procedure can be adopted.

a) Take a small number of items.

b) Determine the mean and the range (or the
standard deviation) of the property. The mean and
the range, providing the two independent statistics
of a normal distribution (clause 6), define the
distribution that is being achieved in the process.

¢) Plot the mean and range (or the standard
deviation) on a time line in an analogous way to
the attributes control chart.

NOTE. Since the number of items in the sample is generally
quite small (of the order of five), it is usually much more
convenient to employ the range as the measure of the spread of
the distribution than the standard deviation (the relationship
between these statistics is given in clause 6). However,
standard deviation can be used for the same purpose, as
illustrated by the example in table 47 and figure 15.

18.2.3.2.2 The equivalent of the warning and action
limits are called the inner and outer control limits.
For the mean value chart these are both
symmetrically displaced from the mean line. The
usual limits chosen are those that should provide:

a) only a 1 in 40 probability of a given mean
deviating from the process mean by purely chance
events for the inner control limit;

b) only a 1 in 1000 probability of a given mean
deviating from the process mean by purely chance
events for the outer control limit.

From the properties of the normal distribution
curve (6.2.1) these limits can be shown to be at

1) *1.96s/n for the inner control limit;
2) 33.09s/n for the outer control limit.

where

s is the standard deviation of the distribution
of results for individual items;

n  is the number of items sampled on each
occasion (e.g. five) to provide the mean that
is to be plotted on the chart.

For simplicity, these numerical factors are
sometimes replaced by 2 and 3, making little
practical difference to the probability values
involved. However, as with many statistical
situations, the appropriate factors to use have been
tabulated for convenience and can be found in
table 13 of BS 600.

In the case of the range (or standard deviation) plot,
the control limits are not symmetrically placed about
the average value (the range cannot be negative and
hence is, itself, numerically asymmetrical). BS 600
again provides the necessary factors to apply for
construction of the control limits.

18.2.3.3 Cusum charts

18.2.3.3.1 An alternative to the conventional
Shewhart-type control chart is the cumulative sum
(cusum) chart in which, instead of the mean value of
a property being plotted against time, the
accumulated difference between the mean and some
target value is plotted against time.

18.2.3.3.2 For example, consider a set of property
values y;, representing the hardness of the product
being made, where every value of i relates to a
logical and consistent feature of production. This
could be one of the following:

a) the mean hardness of five items every two
hundred made;

b) the mean of five items taken every 4 hours.

Consider also that there is a required specification
hardness. It would be convenient to make this the
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target value, 7. From the sequence of ¥ values hardness plotted against its index number. From the
available, the corresponding cusum values are calculation of overall (process) mean and standard
calculated as: deviation, which were found to be 59.5 IRHD and
i 1.2 IRHD respectively, the limits for the process were
C;= 2 (yj - (92) found to be at:
Jj=1 a) 60.6 IRHD and 58.4 IRHD for the inner control
and the C; values are plotted against 1 in place of limit; IRHD
Yir b) 61.2 IRHD and 57.8 IRHD for the outer control
18.2.3.3.3 The power of the cusum technique lies in limit.
the ease with which changes in the average Table 47 shows the results obtained.
performance of the process can be detected as
changes in slope of the cusum line. A process which Table 47. Hardness results
is producing material: EXAMPLE
a) at the required target value, generates a Index number | Mean hardness Standard deviation
horizontal cusum line; IRHD IRHD
b) above the target level, generates a cusum line 1 59.2 045
which slopes away from the horizontal with a : .
positive slope; 2 59.6 0.55
c) consistently less than the target, generates a 3 59.0 0.71
cusum line with a negative slope. 4 60.2 0.84
The choice of the target value to use and of the 5 60.1 055
scaling factor to apply to the cusum scale needs to ) )
be made with care if the resulting chart is to be 6 59.0 0.71
optimized to the process under investigation. 7 60.4 0.45
18.2.3.3.4 The charts can be used quantitatively for 8 60.0 0.00
making decisions over the process in much the same 9 50.2 0.45
way as control limits are used in the control charts.
However, details of this kind are outside the scope 10 59.8 0.45
of this British Standard and reference should be 11 60.2 0.55
made to BS 5703 : Parts 1 to 3. 12 58.6 055
18.3 Applications to rubber testing 13 59.6 0.89
18.3.1 General 14 59.6 0.55
Charts form a simple but powerful tool for the 15 59.8 0.45
assessment of the quality level in any on-going 16 59.8 0.45
process of rubber manufacture. ; ’
18.3.2 Control charts 17 59.8 045
18 60.0 0.00
18.3.2.1 The hardness of five consecutive rubber 19 60.2 0.55
bushes which are specified as being (60 * 5) IRHD ’ ’
was taken every 200th bush made and the mean 20 60.0 0.71
21 60.0 0.00
22 60.5 0.00
23 60.2 0.45
24 60.0 0.71
25 60.0 0.71
26 60.2 0.45
27 60.0 0.71
28 60.0 0.71
29 59.0 0.00
30 58.8 0.45
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Table 47. Hardness results (continued)
EXAMPLE
Index number | Mean hardness Standard deviation
IRHD IRHD
31 59.6 0.55
32 59.6 0.55
33 59.0 0.00
34 59.4 0.55
35 59.2 0.84
36 59.2 0.45
37 58.4 0.55
38 58.4 0.55
3 39 59.6 0.55
% 40 58.8 0.84
1 41 582 0.45
42 59.2 0.45
43 58.2 0.45
44 57.0 0.71
45 58.0 0.00

*S* A NERA

18.3.2.2 The chart obtained using these results is
shown in figure 14. It can be seen that although the
process is producing bushes which are well within
specification, there is a clear trend towards lower
hardness readings beyond index number 25 and the

requirement to take action to correct the drift is
indicated by the lower warning and action limits

being reached.

The corresponding standard deviation chart shown
in figure 15 shows no significant loss of consistency
over the range being charted. The points that are
below the lower action limit on this chart all
correspond to standard deviation values of zero.
Such a situation can arise when there is little
discrimination in a test parameter, as is the case for
hardness where readings only to a whole number
can be made and the range over five readings can
very easily be zero. In situations like this common
sense should prevail over the blind application of
statistical principles and no corrective action needs
to be considered.

18.3.3 Cusum chart

18.3.3.1 In the manufacture of a compound for

O rings, a sample sheet is taken every day and the
tensile strength of the compound measured in
accordance with BS 903 : Part A2. Initially, the mean
strength for each sample was plotted as a control
chart (figure 16). The specification calls for the
strength to be a minimum of 20 MPa and, from
observations made over a period of time, the process
average is approximately 25 MPa with a coefficient
of variation for the samples found to be 8 % of the
mean. It appears that everything is operating under
control.

18.3.3.2 However, it was decided to plot a cusum
chart from the same data, a suitable target value to
choose being 25 as this is close to the normal
process average, hence the cusum table could be
constructed as shown in table 48.
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Table 48. Cusum table for mean strength Table 48. Cusum table for mean strength
values values (continued)
EXAMPLE EXAMPLE
Index Mean Deviation Cusum value Index Mean Deviation Cusum value
number strength from target number strength from target
MPa MPa
1 25.0 0.0 0.0 39 27.8 2.8 4.8
2 26.2 1.2 1.2 40 24.0 -1.0 5.8
3 22.8 -2.2 -1.0 41 28.0 3.0 -2.8
4 24.6 -0.4 -14 42 26.8 1.8 -1.0
5 24.2 -0.8 -2.2 43 28.4 3.4 24
6 22.2 —-2.8 -5.0 44 28.0 3.0 54
7 26.0 1.0 —-4.0 45 24.0 -1.0 44
8 25.0 0.0 —-4.0
18.3.3.3 The cusum chart is given in figure 17. It is
9 25.6 06 —34 immediately apparent that after a reasonably
10 24.6 -04 -3.8 consistent period of about 15 index points, the
11 26.6 L6 —2.2 average tensile strength began to fall until at some
’ ’ ) point around index number 30 an increasing strength
12 24.2 —-0.8 —-3.0 became apparent. It is quite likely that inspection of
13 25.0 0.0 -3.0 the batch records would show some characteristic
14 927.0 20 -1.0 changes in the process about indexes 15 and 30,
' ‘ ) such as the use of a new batch of carbon black or
15 26.0 1.0 0.0 compounding operator, etc. Notice that these clear
16 95.2 0.2 0.2 trends in the cusum chart are not at all obvious in
999 9 9 the normal control chart, where the individual
17 : —28 —26 sample-to-sample differences tend to mask the more
18 224 —2.6 —5.2 subtle underlying changes that have taken place.
19 23.0 —-2.0 -7.2
20 24.4 -0.6 -7.8
21 234 -1.6 -94
22 22.2 -2.8 -12.2
23 24.6 -04 -12.6
24 26.4 14 -11.2
25 264 04 -10.8
26 22.6 -24 -13.2
27 232 -1.8 —15.0
28 25.0 0.0 —15.0
29 23.8 -12 —16.2
30 24.0 -1.0 -17.2
31 26.8 0.8 -16.4
32 24.6 -04 -16.8
33 26.0 1.0 -15.8
34 27.6 2.6 -13.2
35 25.6 0.6 -12.6
36 26.4 14 -11.2
37 26.8 18 -94
38 26.8 1.8 —7.6
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Annexes

Annex A (informative)

Mathematical form of the distribution
functions referenced in this British
Standard

A.1 The normal density distribution is a symmetrical
bell shaped function which can be defined
mathematically by the eguation:
_ 1 -@x-u
J@x) = T 7 X exp {—2r7— (A.D
In this form, the area under the curve (shown in
figure 1) is equal to 1, irrespective of the values of u
and o.
For the most genera! application, the abscissa, y, is
presented in reduced form as given by the equation:
xr—
y=E a2
The proportion of the whole distribution which lies
between x; and 23 (i.e. the probability distribution
function) can be determined by the equation:

_ 1 R ol € uﬁr
@)= G X J:l exP{—zaz_ (A3)

but since the integral cannot be expressed analytically,
it is more convenient to use tabulated values, which
again are available in the form of the reduced variable,
¥ in any standard text on statistics.

A.2 The double exponential density distribution
function is given by:

J @) =exp (&) exp{— exp (¢)} A9
which is shown in figure 2. The corresponding
probability distribution function is given by:

p(x) = —exp {exp ()} (A5)
The parameter, ¢, which characterizes the distribution
is related to the mean and standard deviation by the
equation:

T -0
e= ——=~=—-F A6
N (A-6)
where E is Euler’s constant, 0.577216.

A.3 The Weibull density distribution function can be
defined by the equation:

S = Ig( x—b-a)(k— D exp{—[x;ajc} A

The form of the function is shown in figure 3.

The probability distribution function is the integral of
this and fortunately there is a simple analytical form
for it which is given by the ejuation:

p@)=1- em{-(25%)'} *8)

In this form the parameter ¢ represents the minimum
life parameter for & at which the probability of faiiure
just reaches zero (this denotes an infinite hifetime). In
most practical applications «a is taken to be zero, but
where there is a genuine fatigue limit, o can take a
finite, non-zero value.

The parameter b affects both the spread of results and
the peal: ncsiticn f the density function while k alters
the shape of the density distribution.

Annex B (informative)
Additional forms of mean value

B.1 The geomeirical mean, Trgeon), Can sometimes be
encountered in situations where differences in
individual results can be over several decades, such as,
for example, with some electrical tests or fatigue life.
The geometrical mean is the nth root of the product of
the » values in the sample which is given by the
equation:

F(geom) = L1 L2 L3 .o T, B.1)
It can be shown that the geometrical mean is the
anti-logarithm of the arithmetic mean of the logarithms
of the values.

B.2 The root-mean-square (rm.s.) or quadratic mean
of a set of numbers is given as the square root of the
mean of the squares of the values, i.e.:

rm.s. =\2 2%/n (B.2)

This mean is frequently found to be useful where
various elements of a test or process produce
uncertainties in the property of interest and their
combined effect is being sought.

Annex C (informative)
Inter-relationships for measures of
central tendency in the double
exponential and Weibull distributions
C.1 Double exponential distribution

From the equation of the double exponential
distribution function the following can be noted.

a) The mode occurs when the parameter ¢ = 0.
b) The median occurs when ¢ = In(In 2).
c) The mean when ¢ = —E.
where E is Euler’s constant, 0.577216.
From this it has been shown (see reference [8]) that:
mode = mean + 0.45005¢
median = mean + 0.16428¢
where ¢ is the population standard deviation
(see 6.2.3).
C.2 Weibull distribution

For the Weibull distribution function the mean can be
shown to be given by the equation:

T=a+ bT {1+ (VEk)} €1
where

X  is the mean;
I'  is the gamma function.
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The standard deviation, o, is given by the equation: D.2 Consider the following example of only 15 results

o=b2(T[1+@m)] — 21+ (UK} (C2) gvenintable D.L
Similarly, it can be shown that —— "

median = a + b (In 2)% €3) Table D.1 Standard deviation comparisons

@ — 1| 0 EXAMPLE
mode=a+b I C4  |value Small Medium Large
1 109.5858 1009.586 10009.59

Annex D (informative) 2 106.3369 1006.337 10006.34
Equation for the calculation of standard |3 107.0060 | 1007.006 | 10007.01
deviation 4 106.6070 1006.607 10006.61
D.1 The form of the equation given in 6.2.3.2 is not 5 109.8540 1009.854 10009.85
always the most convenient to use since the mean 6 103.3375 1603.337 10003.34
sgfcuulgx?e calcl}fﬂated dﬁrst ﬁd m seccxld 7 1050888 | 1005089 | 10005.09
c on performed on the ons. A more
convenient form of the equation, is therefore, often 8 107.6053 1007.605 10007.61
used: 9 103.6196 1003.620 10003.62

o< [‘5 @ —((Ex)?/n T/z on |1© 1042600 | 1004260 | 10004.26
n lu 1081633  |1008.163 | 10008.16
While this is mathematically precise, care should be

taken in its use when computers or calculators are 12 103.3547 1003.355 10003.35
used to implement it. A large number of readings 13 103.9520 1003.952 10003.95
differing only in their fourth or more significant figure 14 103.0212 1003.021 10003.02

can give rise to truncation errors in the summation of
the x; terms. As the difference in the two expressions 15 105.1048 1005.105 10005.10
in the numerator is relatively small in this case, Mean 105.7931 1005.793 10005.79
surprisingly large errors can result. SD, 2210593 | 2210586 | 2.210653
SDs 2.210874 2.245459 4.532608

D.3 The statistics were calculated using a BASIC
program with single precision variables. The standard
deviation, SD;, was calculated using the equation in
6.2.3.2 and standard deviation, SDs, using the equation
in this annex. It is immediately apparent that no
significant error in the standard deviation occurs using
the first equation, while the second equation does lead
to a rapid escalation in the error when the variation
occurs in the fifth rather than the fourth or earlier
significant figure. (Statistically, the significant figures in
each of these three columns are in the units column.
The hundreds, thousands and tens of thousands are
not, statistically speaking, significant in the variations
taking place.)
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D.4 When the calculation was performed on 150
values, SDs for column three became four times larger
than SD; rather than twice as big as in the above
example.

D.5 In rubber testing the situations in which the
ahove are a serious problem are few and far between.
Nevertheless, to be safe and to cover all eventualities
one of the following strategies should be adopted:

a) use the equation in 6.2.3.2;

b) ensure that the software or calculator used is
working in double precision (i.e. to at least twelve
significant figures);

¢) subtract a constant from each value before
performing the standard deviation calculation to
remove the most numerically significant but
unvarying figures from the values. In the above
example this could be effected by subtracting 1000
from each value in the second column and 10 000
from each value in the third column. This procedure
does not alter the standard deviation.

Annex E (informative)
Construction of Weibull probability paper

E.1 It is convenient for Weibull analysis to have the
probability function as the ordinate and the observed
lifetime as the abscissa.

E.2 If the percentage of failed samples is F, then the
ordinates corresponding to these percentage failure
points are located at the values log[100/(100 — F)],
these being plotted along one axis of normal log-log
graph paper (2 or 3 cycle paper is usually sufficient).
For example the ordinate position for F = 10 is the line
at which the graph scale = 0.0458 and for F = 50, the
line is at the position 0.3010, at F = 90 the position is
1.0000, etc.
The percentage failure parameter, Py,, is given by the
equation:
m
Py, =100 CESY (E1D
where m is the mth value of the observations after
being sorted into increasing numerical value and » is
the total number of observations.

E.3 The parameter P,, is then plotted at the
equivalent F position along the ordinate against the
corresponding lifetime along the logarithmic scale of
the abscissa.

From the resulting straight line the shape parameter, k,
is given by the slope of the line and the parameter, b,
1s the lifetime corresponding to a P, value of 63.212 %.

E.4 The above method implicitly assumes that the o
parameter is zero. If it is not then the resulting line will
not be linear, but will increasingly deviate from a
straight line as the lifetimes and probabilities decrease,
the curvature being towards the life axis. In this
instance an estimate for a can be made by noting the
value of the life which the curve asymptotically
approaches (it can also be estimated by extrapolating
the linear part of the curve at high probabilities to a
low probability of around 5 %).

This estimate for a is then subtracted from all the
lifetime values and a second graph constructed using
these adjusted lifetimes as the abscissae. Further
refinements along the same lines can be made if
required and if the quality of the data warrants it.

Annex F (informative)
Equations for the calculation of Student’s

t values

Provided an error not exceeding 0.5 % of the true ¢
value is acceptable then the following equation can be
used:

tq= A+ BCW(m—1)) ED
while the constants A, B and C are given in table F1.

Table F.1 Constants for ¢ value calculations
¢ A B c

tos 0.8757 0.77003 7.0623
to75 1.0531 0.90930 12.8192
tog 1.2640 1.0699 28.5590
005 14187 11717 53.1209

Annex G (informative)
Testing the coefficient of concordance

G.1 The coefficient of concordance between m
observers ranking »n samples is given by:
12K
C= o@D @D
where K is Friedman's statistic (see 8.2.1).

G.2 For the purpose of testing the quotient, C, using
Snedecor’s F test, however, the following modified
equation should be used:
_ 12(K-1)
C= nm2(n? — 1) + 24 G2

G.3 To determine the critical value of ¥ from table 15,
the degrees of freedom for the greater mean square is
given by:

DFg=(n—1) —(@m) (G3)
and the degrees of freedom for the lesser mean square
is given by:

DE =(m — 1)dg (G.H
The values DFy and DF; will not be whole numbers
and so the critical value for F found from the tables
has to be estimated by interpolation.
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Annex H (informative)
Analysis of variance
H.1 Details for two factors

H.1.1 Consider a set of observations,
where

1 = ¢ = ¢ for factor A;
1 = j < b for factor B;
1 = k < r for the level of replication;

and where b is constant for each level of A and r is
constant for each level of A and B. This is a full
three-factorial experiment having abr elements. For
cases where a full factorial analysis is not performed
the technique outlined in 10.2.2 should be followed for
estimating the sums of squares.

H.1.2 The following terms are defined:

a b r
r- ¥ iz[ e |} @
i=1 U=1\k=1
i.e. T'is the sum total of all the observations;
CF = T%(abr) H2)
Xy= 21 Ty (H.3)
b
aXi= Y Xy (H4)
=1
BXj= 2 Xy 5)
i=1
a b
apX2= ¥ (_leif) (116)
i=1j=

The sums of squares corresponding to the various
sources of variation can then be determined.

The sums of squares for factor A alone, S,, is given by
the equation:

a
.2
i=21 A
S, = " CF HTD
and the degrees of freedom, DF,, is given by the
equation:
DFy=a—1 (H.8)
The sums of squares for factor B alone, S, is given by
the equation:

The sums of squares for factors A and B together, Sy,
is given by the equation:
Sap = e Se— 8 —CF

and the number of degrees of freedom, DF,, is given
by the equation:

DFgpp=(c—-D®-1 (H.12)
The total sums of squares is given by:
a b T
S = Z{ z [ 2 xijkzj} —CF (H13)
i=1| j=1\ k=1

and the number of degrees freedom, DF; is given by
the equation:

DFi=abr—1 (H.14)
From which the residual sums of squares and number
of degrees of freedom can be derived by difference.

Residual sum of squares, S;, is given by the equation:
Sp=8— Sgp—Sa =S (H.15)
and number of degrees of freedom, DF,, is given by the
equation:
DF, = DF, — DF,, — DF, — DF,
As before, the mean square for each factor is

calculated by dividing the corresponding sums of
squares by the degrees of freedom.

H.1.3 In principle, this process can be extended to
any number of factors, although in practice it is often
found that beyond three or four factors high level
interactions between the factors cause the untangling
of their effects to be complicated and it is better to
start with simpler experimental procedures (see
clause 17). As noted in clause 10, some spreadsheet
programs for personal computers have built-in
statistical procedures, including analysis of variance
(ANOVA), which can greatly ease the mathematical
burden of the calculations, although these can be
limited to one or two factor problems.

(H.16)

H.2 Processing a three-factor analysis for
interactions

H.2.1 Consider a three-factor analysis of variance; the
parameters derived in the analysis, as in 10.2.1, can be
summarized in table H.1.

The residual corresponds to the within-factor source of
variation in the simple one-factor case.

H.2.2 Since there are now 7 mean squares for
comparison with the residual variance, there are

7 F-tests to perform. The highest order interaction
should always be tested first against the residual. Thus,
in this case, the test is for:

b
> pX;2 Mape
& =2 » F(5, DF 3¢, DFp) 17
S, = l-—lw__ - CF HY M aber o
and the number of degrees of freedom, DF,, is given
by the equation:
DFy=b-1 (H.10)
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Table H.1 Three-factor analysis of variance
Source of variation Sum of Degrees Mean
squares of square
freedom

Factor A S, DF, M,
Factor B Sy DF, M
Factor C S, DF, M,
A/B interaction Sab DFgs My
A/C interaction Suc DF,, My,
B/C interaction She DFy, My,
A/B/C interaction Sabe DFupc Mape
Residual S DF, M,
Total S, DF, M,

H.3 If this inequality is true then a significant
interaction between all three of the factors has been
demonstrated at the 95 % confidence level. If it is not
then it is concluded that there is no significant
interaction and the next lowest interaction(s) can be
tested.

H.4 However, if no significant difference between
M, and M, is revealed by this test, then it is clear
that they are both equally valid estimates of the
residual variance and that a more precise estimate
should be obtained by pooling them. Thus, table H.1
(ignoring the totals line which remains unchanged
throughout) becomes as shown in table H.2.

H.5 The variances associated with the interactions
M,, My, and My, are then tested against M'; by the
F-ratio test. Strictly, the smallest variance should be
tested first and, if this is found to be non-significant, it
should be pooled with the revised residual to form a
new revised residual before the next smallest variance
is tested with this latest estimate of the residual and so
on. Once all the first order interactions are tested in
this way the main factors can then be tested similarily.

H.6 If an interaction is observed to be significant then
this residual is no longer simply a measure of the
variance of the experimental conditions but has an
additional variance associated with the values of the
factors involved and hence it cannot be pooled into the
residual variance. In such an instance the next lower
order interactions to be tested which are associated
with this significant interaction should not be
compared with the residual variance but with the
interaction variance. Thus if M,, is shown to be

significantly different from M; then M, and M, should
be ratioed with M,; and not with M;, M, on the other

hand should still be ratioed with M;- as it is not
involved in the interaction which is significant.

H.7 Where an interaction is shown to be significant it
is always worth examining the data (a simple graphical
method is very effective) to see that the trends are
consistent and reasonable with what could be
intuitively expected from a knowledge of the processes
involved. Statistical tests are no more than tools to be
used alongside expert knowledge and common sense
in drawing conclusions over the observations made in
the particular circumstances.

H.8 Thus, in the example above, if M, were shown to
be significant, plots should be made of the sum of the
observations at constant a and b against a at constant
b and against b at constant a. If these two plots show a
reasonable measure of consistency in their form and/or
are consistent with prior knowledge of the processes
involved then the interaction should be accepted. It
would then be reasonable to perform the analysis of
variance again taking out the factor A so that A was
constant in each analysis. The analysis would therefore
have to be performed na times, where na is the
number of levels of factor A. (Alteratively, the factor
B could be kept constant and b analyses performed.)

H.9 If on examination of the plots, no clear or
consistent trends are observed, or if the trends are
contradictory to those expected from a knowledge of
the processes (e.g. decreasing hardness with increasing
~arbon black content) then either chance has indeed
intervened, despite the probabilities, or factors that
have not been considered and hence not controlled are
causing the observations encountered. Either way,
further experimental work would be prudent.

Table H.2 Revised parameters
Source of variation | Sum of | Degrees of | Mean
squares | freedom square
Factor B Sy DF, M,
Factor C S DF, M,
A/B interaction | Sp DF,, My,
A/C interaction | S, DF,, My,
B/C interaction | S, DFy, My,
Revised residual | ¢’ DF; M
r by
In table H.2
S; = Sgbe + St
DF;. = DFgy. + DF;
Mr = §/DF,
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Annex J {C?} (02302'3 0520%3);

: . + +.
qun:'atu{ns for itihie.caltcsulatmn of N Cg (ciic‘;i _ 011?2' 023)} Den 3.16)
regression coefficien
J.1 General a=Cy—bEx—cxx2 - d3x5n (J.17)

Where access to suitable computer software is
unavailable or restricted, the following factor equations
may be used to enable the coefficients of the
regression line to be evaluated.

J.2 Quadratic least squares regression analysis

Calculate the factors Cyy, C, and Cy1 as for the linear
case and in addition, the following factors:

Coo=2(H — (2@ ¥ @D
Ci2=32(@3) — {223 @) Yn J.2)
C2=3 @y) - Ty @n d@:3)

Then find the best estimates for the coefficients from
the identities:

ce CyiC12 — Gl

T C12Cri2 — CaaCuy g4
C,oC12 — C1C

- GpCi2 21011 15
C12C12 — Ca2Cny @)

a=(Zy— bSx— cS22)¥n (J.6)

For checking the variance ratio to see how significant
the regression line is, the factor D is given by:

D=bCy +cCyp N
and the F ratio is given by:
D n-3
F,.= 3 —éy?—_—l—) 1.8

J.3 Cubic least squares regression analysis
Calculated the factors Cyq, Co9, Ci2, Cyy C 1 and Cyo

as for the linear and quadratic cases. Then, in addition,
the following factors also:

Ci3=3% (@ — @ @9
Ci3=2@YH —Ex3 @n (.10
Coz=2 @) — 2 @) 2 @P¥n @.1D
Cp=2 @Y~y @Wn J.12)

Define a denominator, which is constant for each of
the coefficients, as

Den = 013(013022 - 012023) + ...
+ Co3 (€11 0s3 — C13Cy3) + ...
+ Cg3 (Cya0y — €1y Cy9) (J.13)
Then the coefficients are given by:

d= 1 (013022 012023) + ..
Cy2 (€ 0o — C1Ch3) + .

{C 1 (012C33 - 013023) + ...

+ 43 (011023 - 012013)}/])811 (J.15)

For checking the variance ratio to see how significant
the regression line is, the factor D is given by:

D =bCy1 +cCypdCys (J.18)
and the F ratio by the equation:
D n-4

Annex K (informative)
The intercal method

K.1 Interdaboratory testing trials often produce
surprisingly large reproducibility (R) values and
experience indicates that a given laboratory tends to
produce consistently low or high mean values for a
given test relative to the grand mean for the trial as a
whole. In other words that laboratory tends to have a
consistent bias in its response. (See for example

W.J Youden [10] to [12].)

K.2 On this basis it is possible to produce a
calibration curve for each laboratory for each type of
test being considered and then to use that calibration
curve to correct for the bias of the laboratory, in
much the same way as calibration corrections are
applied to test instruments.

K.3 A series of calibration materials covering the
required range of the property being measured is
supplied to the participating laboratories which make
a measurement (either a single test result or a mean
(median) of several replicates as previously agreed by
the participants) on each material.

K.4 The mean value (M) for each material, taken over
all the laboratories, is found and then the deviation

(d = m —M) between each individual laboratory (m
and this mean is calculated.

K.5 For each laboratory its value of d is plotted
against the M value for each material and a linear
least squares regression determined which gives a
slope and intercept value characteristic of that
laboratory for the given test. These characteristics can
be interpreted as follows.

a) A slope and intercept of (near) zero indicate that

the laboratory is close to the overall mean

throughout the property range.

b) A non-zero intercept and zero slope show that

the laboratory has a consistent bias across the

range.

©) A non-zero slope shows that the laboratory has a

systematically varying bias across the range.
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K.6 Once the slope and intercept factors are known
the assumption is made that these are constant for the
laboratory (in terms of the test in question). Hence for
any further test results a correction to its normal value
can be made from the equation:

Corrected value = Observed value —

(Intercept + Slope — Observed value) K1)
K.7 These corrected values can then be used either in
terms of the analysis of an inter-laboratory test

programme or for routine commercial use such as
supplier/purchaser testing schemes.

*Sx
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BSI — British Standards Institution

BSI is the independent national body responsible for preparing British Standards. It
presents the UK view on standards in Europe and at the international level. It is
incorporated by Royal Charter.

Contract requirements

A British Standard does not purport to include all the necessary provisions of a
coniract. Users of British Standards are responsible for their correct application.

Revisions

British Standards are updated by amendment or revision. Users of British Standards
should make sure that they possess the latest amendments or editions.

It is the constant aim of BSI to improve the quality of our products and services. We
would be grateful if anyone finding an inaccuracy or ambiguity while using this
British Standard would inform the Secretary of the responsible technical committee,
the identity of which can be found on the inside front cover. Tel: 0181 996 9000; Fax:
0181 996 7400.

BSI offers members an individual updating service called PLUS which ensures that
subscribers automatically receive the latest editions of standards.

Buying standards

Orders for all BSI, international and foreign standards publications should be
addressed to Customer Services, Sales Department at Chiswick Tel: 0181 996 7000;
Fax: 0181 996 7001.

In response to orders for international standards, it is BSI policy to supply the BSI
implementation of those that have been published as British Standards, unless
otherwise requested.

Information on standards

BSI provides a wide range of information on national, European and international
standards through its Library, the Standardline Database, the BSI Information
Technology Service (BITS) and its Technical Help to Exporters Service. Contact the
Information Departiment at Chiswick: Tel: 0181 996 7111; Fax: 0181 996 7048.

Subscribing members of BSI are kept up to date with standards developments and
receive substantial discounts on the purchase price of standards. For details of
these and other benefits contact Customer Services, Membership at Chiswick:

Tel: 0181 996 7002; Fax: 0181 996 7001.

Copyright

Copyright subsists in all BSI publications. BSI also holds the copyright, in the UK of
the publications of the international standardization bodies. Except as permitted
under the Copyright, Designs and Patents Act 1988 no extract may be reproduced,
stored in a retrieval system or transmitted in any form or by any means — electronic,
photocopying, recording or otherwise — without prior written permission from BSL

This does not preclude the free use, in the course of implementing the standard, of
necessary details such as symbols, and size, type or grade designations. If these
details are to be used for any other purpose than implementation then the prior
written permission of BSI must be obtained.

If permission is granted, the terms may include royalty payments or a licensing
agreement. Details and advice can be obtained from the Copyright Manager, BSI,
389 Chiswick High Road, London W4 4AL.
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