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Standard without any modification.  

In  the official  version,  for Bibl iography,  the fol lowing  notes have to be added for the standards indicated:  

IEC 60300-1  NOTE   Harmonized as EN 60300-1 :2003 (not modified).  

IEC 60300-2 NOTE   Harmonized as EN 60300-2:2004 (not modified).  

IEC 60300-3-1  NOTE   Harmonized as EN 60300-3-1 :2004 (not modified).  

IEC 60300-3-2 NOTE   Harmonized as EN 60300-3-2:2005 (not modified).  
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Annex ZA  
(normative)   

  
Normative references to international  publications 
with  their corresponding  European publications  

  
The fol lowing  referenced documents are indispensable for the appl ication  of th is document.  For dated 
references,  only the edi tion cited applies.  For undated references,  the latest edition  of the referenced 
document (including  any amendments)  appl ies.   
  
NOTE   When an international  publ ication has been modified by common modifications,  indicated by (mod),  the relevant EN/HD 
applies.   
  
Publication  Year Title EN/HD Year 
  

IEC 60050-1 91  1 990 International  Electrotechnical  Vocabulary 
(IEV)  -   
Chapter 1 91 :  Dependabi l i ty and quali ty of 
service 

-  -  

 

  

IEC 60300-3-5 2001  Dependabi l ity management -   
Part 3-5:  Application  guide -  Reliabil i ty test 
conditions and  statistical  test principles 

-  -  

 

  

IEC 61 81 0-2 -  1 )  Electromechanical  elementary relays -   
Part 2:  Reliabi l i ty 

EN 61 81 0-2 2005 2)  
 

  

ISO 2854 1 976 Statistical  interpretation  of data -  Techniques 
of estimation  and tests relating  to means and  
variances  

-  -  

 

  

ISO 3534-1  2006 Statistics -  Vocabulary and symbols -   
Part 1 :  General  statistical  terms and terms 
used in  probabil i ty  

-  -  

 

  

 

                                                      
1 )

 Undated  reference.   
2)

 Val i d  ed i t i on  at  date  of  i ssue.   
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INTRODUCTION  

The Weibu l l  d is tribu tion  i s  used  to  model  data  regard less  of whether the  fa i lu re  rate  i s  
i ncreasing ,  decreasing  or constant.  The  Weibu l l  d i stribution  i s  fl exib le  and  adaptable  to  a  wide  
range  of data.  The  time to  fai l u re,  cycles  to  fa i l u re,  m i l eage  to  fa i l u re,  mechan ical  s tress  or 
s im i l ar con tinuous  parameters  need  to  be  recorded  for a l l  i tems.  A l i fe  d istribu tion  can  be  
model l ed  even  i f not a l l  the  i tems  have  fa i led .  

Gu idance  is  g i ven  on  how to  perform  an  anal ysis  us ing  a  spreadsheet program.  Gu idance  is  
a lso  g i ven  on  how to  anal yse  d i fferen t fa i l u re  modes  separate l y and  i den ti fy a  poss ible  weak 
popu lation .  Us ing  the  th ree-parameter Weibu l l  d is tribution  can  g i ve  in formation  on  time  to  fi rst  
fai l u re  or m in imum  endurance  i n  the  sample.  
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WEIBU LL AN ALYSI S  

1  Scope 

This  I n ternational  Standard  provides  methods  for anal ys ing  data  from  a  Weibu l l  d istribu tion  
us ing  conti nuous  parameters  such  as  time  to  fa i lu re,  cycles  to  fai l u re,  mechan ical  s tress,  etc.  

Th is  standard  is  appl icable  whenever data  on  strength  parameters,  e. g .  times  to  fai l u re,  
cycles,  s tress,  e tc.  are  avai l ab le  for a  random  sample  of i tems operati ng  under test cond i tions  
or i n -service,  for the  purpose  of estimating  measures  of re l i abi l i ty performance  of the  
popu lation  from  wh ich  these  i tems  were  d rawn .  

Th is  s tandard  is  appl icable  when  the  data  being  anal ysed  are  i ndependentl y,  i dentical l y 
d istribu ted .  Th is  shou ld  e i ther be  tested  or assumed  to  be  true  (see  I EC 60300-3-5).  

I n  th is  standard ,  numerical  methods  and  graph ical  methods  are  described  to  p lot data,  to  
make a  goodness-of-fi t  test,  to  estimate  the  parameters  of the  two-  or three-parameter 
Weibu l l  d istribution  and  to  plot confi dence  l im i ts .  Gu idance  i s  g i ven  on  how to  i n terpret the  
p lot i n  terms  of ri sk as  a  function  of time,  fa i l u re  modes  and  possib le  weak popu lation  and  
time  to  fi rst fa i l u re  or m in imum  endurance.  

2  N ormati ve referen ces  

The  fol l owing  referenced  documents  are  i nd ispensable  for the  appl ication  of th is  document.  
For dated  references,  on ly the  ed i ti on  ci ted  appl i es.  For undated  references,  the  l atest ed i tion  
of the  referenced  document ( i nclud ing  any amendments)  appl ies.  

I EC 60050-1 91 : 1 990,  International Electrotechnical Vocabulary – Part 191 : Dependability and 

quality of service 

I EC 60300-3-5: 2001 ,  Dependability management – Part 3-5: Application  guide – Reliability 
test conditions and statistical test principles 

I EC 61 81 0-2,  Electromechanical elementary relays – Part 2:  Reliability

I SO  2854: 1 976,  Statistical interpretation of data – Techniques of estimations and tests 
relating to means and variances 

I SO  3534-1 : 2006,  Statistics – Vocabulary and symbols – Part 1 :  General statistical terms and 
terms in  probability  

3 Terms,  defi n i ti on s,  abbrevi ati on s  an d  symbol s  

For the  purposes  of th i s  document,  the  defin i ti ons,  abbreviations  and  symbols  g i ven  in
IEC 60050-1 91  and  I SO  3534-1  apply,  together wi th  the  fol l owing .  

3. 1  Term s an d  d efi n i ti on s  

3. 1 . 1   
cen sori n g  

term inating  a  test  after e i ther a  g i ven  duration  or a  g i ven  number of fa i l u res  

NOTE  A test  term inated  when  there  are  s ti l l  u n fai l ed  i tems  may be  cal l ed  a  “censored  test" ,  and  test  t ime  data  
from  such  tests  may be  referred  to  as  “censored  data” .  
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3. 1 . 2   
su spen d ed  i tem  
i tem  upon  wh ich  testi ng  has  been  curta i led  wi thout re levan t fa i l u re  

NOTE  1  The  i tem  may not  have  fa i l ed ,  or i t  may have  fai l ed  i n  a  mode  other than  that  under i n vesti gation .  

NOTE  2  An  “early suspensi on”  i s  one  that  was  suspended  before  the  fi rst  fa i l u re.  A “ l ate  suspension ”  i s  
suspended  after the  l ast  fa i l u re .  

3. 1 . 3   
l i fe  test 

test conducted  to  estimate  or veri fy the  durabi l i ty of a  product 

NOTE  The  end  of the  usefu l  l i fe  wi l l  often  be  defi ned  as  the  time  when  a  certai n  percentage  of the  i tems  have  
fa i l ed  for non -repai rable  i tems  and  as  the  time  when  the  fa i l u re  i n tens i ty has  i ncreased  to  a  speci fi ed  l evel  for 
repai rabl e  i tems.  

3. 1 . 4   
n on -repai rabl e  i tem  
i tem  that  cannot,  under g i ven  cond i tions,  after a  fa i l u re,  be  returned  to  a  s tate  in  wh ich  i t  can  
perform  as  requ i red  

NOTE  The  g i ven  cond i ti ons  may be  techn ica l ,  econom ic,  ecolog ical  and /or others.  

3. 1 . 5   
operati n g  tim e 

time i n terval  for wh ich  the  i tem  is  i n  an  operating  state  

NOTE  ”Operating  time”  i s  generic,  and  shou ld  be  expressed  i n  u n i ts  appropriate  to  the  i tem  concerned ,  e . g .  
ca lendar t ime,  operati ng  cycl es ,  d i s tance  run ,  etc.  and  the  un i ts  shou ld  a lways  be  cl earl y stated .  

3. 1 . 6   
rel evan t  fai lu re  
fai l u re  that shou ld  be  i ncluded  in  i n terpreti ng  test or operational  resu l ts  or i n  calcu lati ng  the  
va lue  of a  re l iabi l i ty performance measure  

NOTE  The  cri teri a  for i ncl us ion  shou l d  be  stated .  

3. 1 . 7   
rel i abi l i ty test 
experiment carried  ou t i n  order to  measure,  quan ti fy or class i fy a  re l i ab i l i ty measure  or 
property of an  i tem  

NOTE  1  Re l i ab i l i ty testi ng  i s  d i fferent  from  envi ronmenta l  testi ng  where  the  a im  i s  to  prove  that  the  i tems  under 
test  can  survi ve  extreme  cond i t i ons  of s torage,  transportation  and  use.  

NOTE  2  Re l i ab i l i ty tests  may i ncl ude  envi ronmenta l  testi ng .  

3. 1 . 8   
repai rabl e  i tem  
i tem  that can ,  under g i ven  cond i tions,  after a  fai l u re,  be  returned  to  a  state  i n  wh ich  i t  can  
perform  as  requ i red  

NOTE  The  g i ven  cond i ti ons  may be  techn ica l ,  econom ic,  ecolog ical  and /or others.  

3. 1 . 9  
tim e to  fai l u re  

operati ng  time  accumulated  from  the  fi rst use,  or from  restoration ,  u n ti l  fai l u re  

NOTE  I n  appl icati ons  where  the  t ime  i n  s torage  or on  standby i s  s i gn i fi can tl y g reater than  “operati ng  t ime” ,  the  
time  to  fai l u re  may be  based  on  the  time  i n  the  speci fi ed  servi ce.  

BS EN 61 649:2008

Copyright European Committee for Electrotechnical  Standardization  

ELEC



 – 1 0  – 61 649  ©  I EC: 2008  

3. 1 . 1 0  
tim e between  fai l u res   
time duration  between  consecu ti ve  fa i l u res  

NOTE  1  The  t ime  between  fai l u res  i ncl udes  the  up  t ime  and  the  down  time.  

NOTE  2  I n  appl i cations  where  the  t ime  i n  s torage  or on  standby i s  s i gn i fi cantl y g reater than  operati ng  t ime,  the  
time  to  fai l u re  may be  based  on  the  time  i n  the  speci fi ed  servi ce.  

3. 1 . 1 1  
B  l i fe   
L  percen ti l es  
age  at wh ich  a  g i ven  percen tage  of i tems  have  fa i l ed  

NOTE  "B
1 0

"  l i fe  i s  the  age  a t  wh ich  1 0  %  of i tems  (e. g .  beari ngs)  have  fai l ed .  Sometimes  i t  i s  denoted  by the  
L  ( l i fe)  va l ue.  B  l i ves  may be  read  d i rectl y from  the  Weibu l l  p l ot  or determ ined  more  accu ratel y from  the  Weibu l l  
equation .  The  age  at  wh ich  50  %  of the  i tems  fa i l ,  the  B

50
 l i fe,  i s  the  med ian  t ime  to  fai l u re.

3. 2  Abbreviation s  

ASIC appl ication  speci fic  i n tegrated  ci rcu i t  

BGA bal l  g ri d  array 

CDF  cumu lati ve  d istribu tion  function  

PDF  probabi l i ty dens i ty function  

MLE  maximum  l ikel i hood  estimation  

MRR med ian  rank regress ion  

MTTF  mean  time to  fa i l u re  

3. 3  Symbol s  

t time  – variable  

η Weibu l l  characteristic l i fe  or scale  parameter 

β Weibu l l  shape  parameter 

t0 starting  poin t or ori g in  of the  d istribu tion ,  fa i l u re  free  time 

r2 coefficien t of determ ination  

f(t) probabi l i ty dens i ty function  

F(t) cumu lati ve  d istribu tion  function  

h (t) hazard  function  

?(t) i nstan taneous  fa i lu re  rate  

H (t) cumu lati ve  hazard  function  

F1  number of fa i lu res  wi th  fa i lu re  mode  1  

F2  number of fa i lu res  wi th  fa i lu re  mode  2  

F3  number of fa i lu res  wi th  fa i lu re  mode  3  
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4 Appl i cati on  of the  techni ques  

Table  1  shows  the  ci rcumstances  in  wh ich  particu lar aspects  of th is  standard  are  appl icable.  I t  
shows  the  th ree  main  methods  for estimati ng  parameters  from  the  Weibu l l  d istribu tion ,  namely 
graph ical ,  computational  and  WeiBayes,  and  ind icates  the  type  of data  requ i rements  for each  
of these  three  methods.  

Table  1  – G u i d an ce for usi n g  I EC  61 649  

M eth od / 
Ki n d s  of d ata  

G raph i cal  
m eth ods  

Com pu tati on al  
m eth ods  

Wei Bayes  

I n terval  censored  ?  NC  ?

Mu l ti ple  censored  ?  NC  ?

Sing l y censored  ? ? ?

Zero  fai l u res  NC NC ?

Smal l  sample  (?20)  ?  NC  ?

Large  sample  ? ?  NC 

Curved  data  ?  NC  NC 

Complete  d ata  ? ? ?

NOTE ? NC means  not  covered  i n  th i s  standard .  

5 The Wei bul l  d i stri buti on  

5. 1  Th e two-param eter Wei bu l l  d i stri bu ti on  

The  two-parameter Weibu l l  d is tribu tion  i s  by far the  most widel y used  d istribu tion  for l i fe  data  
anal ys is.  The  Weibu l l  probabi l i ty densi ty function  (PDF)  is  shown  i n  Equation  (1 ) :  

1
f( )

t

t
t e

β

β
η

β
βη

? ?
−− ? ?
? ?= ⋅ ⋅  (1 )  

where  

t i s  the  time,  expressed  as  a  variable ;  

η  i s  the  characteristic  l i fe  or scale  parameter;   

β  i s  the  shape  parameter.  

The  Weibu l l  cumu lative  d istribu tion  function  (CDF)  has  an  expl ici t  equation  as  shown  in  
Equation  (2) :  

-(t/ )F( )   1  - et
βη=  (2)  

The  two parameters  are  η ,  the  characteristic l i fe ,  and  β ,  the  shape parameter.  The  shape 

parameter i nd icates  the  rate  of change  of the  i nstantaneous  fa i l u re  rate  wi th  time.  Examples  
i nclude:  i n fant mortal i ty,  random  or wear-ou t.  I t  determ ines  wh ich  member of the  Weibu l l  
fam i l y of d istribu tions  i s  most appropriate.  D i fferen t members  have  widely d i fferen t shaped  
PDFs  (see  F igure  1 ) .  The  Weibu l l  d is tribu tion  fi ts  a  broad  range  of l i fe  data  compared  wi th  
other d istributions.  The  variable  t  i s  generic and  can  have  various  measures  such  as  time,  
d istance,  number of cycles  or mechan ical  stress  appl ications.  
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Datum in time 

β  =  3,44 

β  =  1  

β  =  0,5 

3,5 

0 0,5 1 ,0 1 ,5 2,0 2,5 3,0 3,5 

f(
t)

3,0 

2,5 

2,0 

1 ,5 

1 ,0 

0,5 

0

IEC   1321/08

Fi gu re 1  – Th e PDF  sh apes  of th e  Wei bu l l  fami l y for ? = 1 , 0  

From  Figure  1 ,  the  PDF  shape for β  =  3 , 44  ( i nd icated)  l ooks  l ike  the  normal  d istribution :  i t  i s  

a  fa i r approximation ,  except for the  tai l s  of the  d istribution .  

The  i nstan taneous  fa i l u re  rate  ?(t)  (or h (t) ,  the  hazard  function)  of the  two-parameter Weibu l l  
d istribu tion  i s  shown  in  Equation  (3) :  

?(t)  =  

1

h( )
t

t
β

β
β

η

−

= ⋅  (3)  

Three  ranges  of values  of the  shape  parameter,  β ,  are  sal i en t:  

•  for β  =  1 , 0  the  Weibu l l  d i stri buti on  is  i den tical  to  the  exponentia l  d istribu tion  and  the  

i nstan taneous  fa i l u re  rate,  ?(t) ,  then  becomes  a  constan t equal  to  the  reciprocal  of the  

scale  parameter,  η  ;

• β  >  1 , 0  i s  the  case  of i ncreasing  i nstantaneous  fa i l u re  rate;  and  

• β  <  1 , 0 ,  i s  the  case  of decreasing  i nstan taneous  fa i l u re  rate.  

Characteristic l i fe,  η ,  i s  the  time  at wh ich  63,2  %  of the  i tems  are  expected  to  fai l .  Th is  i s  true  

for a l l  Weibu l l  d istribu tions,  regard less  of the  shape parameter,  β .  I f there  i s  replacement of 

i tems,  then  63, 2  %  of the  times  to  fa i l u re  are  expected  to  be  l ower or equal  to  the  
characteristic l i fe ,  η .  Further d iscuss ion  of the  i ssues  concern ing  repair and  non-repai rable  

i tems  can  be  found  in  I EC  60300-3-5.  The  63, 2  %  comes  from  setti ng  t  =  η  i n  Equation  (2)  

wh ich  resu l ts  i n  Equation  (4) :  

-( / ) -(1 )F( )  1  - e   1  - e   1  - (1 /e)  0,632
β βη ηη = = = =  (4)  
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5. 2  Th e  th ree-param eter Weibul l  d i stributi on  

Equation  (5)  shows  the  CDF  of the  three-parameter Weibu l l  d istribution :  

0-( )

F( )  1  - e

t t

t

β
η
−

=
 (5)  

The  parameter t0 i s  ca l l ed  the  fa i l u re-free  time,  l ocation  parameter or m in imum  l i fe.  

The  effect of l ocation  parameter i s  typ ical l y not understood  wel l  un ti l  a  poor fi t  i s  observed  
wi th  a  2-parameter Weibu l l  p lot.  When  a  l ack of fi t  i s  observed ,  eng ineers  attempt to  use  other 
d istribu tions  that may provide  them  wi th  a  better fi t.  However,  the  l ack of fi t  can  be  reconci led  
when  the  data  i s  plotted  wi th  a  3-parameter Weibu l l  d is tribu tion  (see  8 . 5) .  Using  the  l ocation  
parameter,  i t  becomes  evident that the  product fa i l u res  are  offset by a  fi xed  period  of time,  
ca l led  the  th reshold .  The  effect of l ocation  parameter i s  normal l y observed  when  a  product 
sees  “shel f- l i fe”  after wh ich  the  fi rst fa i l u re  occurs.  A good  ind icator of the  effect of a  l ocation  
parameter i s  the  convex shape of a  p lot.  

6 Data consi d erati on s  

6. 1  Data  types  

Li fe  data  are  re lated  to  i tems  that "age"  to  fai l u re.  Weibu l l  fa i lu re  data  are  usual l y l i fe  data  bu t  
may also  describe  materia l  data  where  the  “ag ing”  may be  s tress,  force  or temperature.  "Age"  
may be  operati ng  time,  s tarts  and  stops,  l and ings,  takeoffs,  l ow-cycle  fatigue  cycles,  m i l eage,  
shel f or storage  time,  cycles  or time  at h igh  s tress  or h i gh  temperature,  or many other 
con tinuous  parameters.  I n  th is  standard  the  “age”  parameter wi l l  be  cal led  time.  When  
requ i red ,  “ time”  can  be  substi tu ted  by any of the  “age”  parameters  l i sted  above.  

6. 2  Time to  fi rst  fai l u re  

The Weibu l l  “ t ime”  variable  i s  usual l y considered  to  be  a  measure  of l i fe  consumption .  The 
fol l owing  in terpretations  can  be  used :  

– time  to  fi rst fa i l u re  of a  repai rable  i tem ;  

– time  to  fa i lu re  of an  non-repairable  i tem ;  

– time  from  new to  each  fa i l u re  of a  repai rable  system  i f a  non-repai rable  i tem  in  the  
system  fai l s  more  than  once  during  the  period  of observation .  I t  has  to  be  assumed  
that the  repai r (change  of the  i tem)  does  not i n troduce  a  new fa i lu re,  so  that the  
system  after the  repai r can ,  wi th  an  approximation ,  be  regarded  as  having  the  same 
re l i ab i l i ty as  immed iately before  the  fa i l u re  (commonly referred  as  the  “bad  as  o l d ”  
assumption);   

–  time  to  fi rst fa i l u re  of a  non-repai rable  i tem ,  fo l lowing  schedu led  main tenance,  wi th  the  
assumption  that  the  fa i l u re  i s  re lated  to  the  previous  main tenance.  

6. 3  M ateri al  ch aracteri sti cs  an d  th e  Weibu l l  d i stri bu ti on  

Materia l  characteristics  such  as  creep,  s tress  rupture  or breakage and  fati gue  are  often  
p lotted  on  Weibu l l  probabi l i ty paper.  Here  the  hori zon tal  scale  may be  s tress,  cycles ,  l oad ,  
number of l oad  repeti ti ons  or temperature.  

6. 4 Sample  si ze  

Uncertain ty wi th  regard  to  the  Weibu l l  parameter estimation  i s  re lated  to  the  sample  s i ze  and  
the  number of re levant fa i l u res.  Weibu l l  parameters  can  be  estimated  us ing  as  few as  two  
fai l u res;  however,  the  uncertain ty of such  an  estimate  wou ld  be  excessive  and  cou ld  not 
confi rm  the  appl icabi l i ty of the  Weibu l l  model .  Whatever the  sample  s i ze ,  confi dence  l im i ts  
shou ld  be  calcu lated  and  p lotted  i n  order to  assess  the  uncertain ty of the  estimations.  

BS EN 61 649:2008

Copyright European Committee for Electrotechnical  Standardization  

ELEC



 – 1 4  – 61 649  ©  I EC: 2008  

As  wi th  a l l  statis tical  anal ys is,  the  more  data  that i s  avai lab le ,  the  better the  estimation  bu t i f 
the  data  set i s  l im i ted ,  then  refer to  the  advice  g i ven  in  1 1 . 3 .  

6. 5  Cen sored  an d  su spen d ed  data 

When  anal ys ing  l i fe  data  i t  i s  necessary to  i nclude  data  on  those  i tems in  the  sample  that 
have  not  fa i led ,  or have  not fa i led  by a  fai l u re  mode anal ys is.  Th is  data  i s  referred  to  as  
censored  or suspended  data   (see  I EC  60300-3-5).  When  the  times  to  fa i l u re  of a l l  i tems  are  
observed ,  the  data  are  sa id  to  be  complete.  

An  i tem  on  test that has  not fa i led  by the  fa i l u re  mode in  question  i s  a  suspension  or censored  
i tem .  I t  may have  fa i l ed  by a  d i fferen t fa i lu re  mode  or not fa i l ed  at a l l .  An  "earl y suspension"  i s  
one  that was  suspended  before  the  fi rst fa i lu re  time.  A " l ate  suspension"  i s  suspended  after 
the  l ast  fa i lu re.  Suspensions  between  fa i lu res  are  ca l l ed  random  or progressive  suspensions.  

I f i tems  remain  unfai l ed ,  then  the  correspond ing  data  are  said  to  be  censored .  I f a  test i s  
term inated  at a  speci fi ed  time,  T,  before  al l  i tems have  fa i l ed ,  then  the  data  are  said  to  be  
time  censored .  I f a  test i s  term inated  after a  speci fied  number of fa i l u res  have  occurred ,  then  
the  data  are  said  to  be  fa i lu re  censored .  

Further d iscuss ion  of censoring  i s  covered  i n  I EC  60300-3-5.  

7 Graphi cal  methods  and  goodness-of-fi t  

7. 1  Overvi ew 

Graph ical  anal ys is  consists  of p lotti ng  the  data  on  Weibu l l  probabi l i ty paper,  fi tti ng  a  l i ne  
through  the  data,  i n terpreti ng  the  p lot and  estimating  the  parameters  us ing  specia l  probabi l i ty 
paper derived  by transform ing  the  Weibu l l  equation  i n to  a  l inear form .  Th is  i s  i l l ustrated  in  
Annex I .  

Data  i s  p l otted  after fi rst  organ izing  i t  from  earl i est to  l atest,  a  process  cal l ed  ranking .  The  
time to  fa i lu re  data  are  p lotted  as  the  X coord inate  on  the  Weibu l l  probabi l i ty paper.  

The  Y coord inate  is  the  med ian  rank as  speci fi ed  i n  7 . 2. 1 .  For sample  s izes  above  30  the  
med ian  rank i s,  i n  practi ce,  the  same as  the  per cen t of fa i l u res.  I f the  p lotted  data  fo l low a  
l inear trend ,  a  regress ion  l i ne  may be  d rawn .  

The  parameters  may then  be  read  off the  p lot.  The  characteristic  l i fe,  η ,  i s  the  time  to  63, 2  %  

of the  i tems  fai l i ng ,  ca l led  the  “B63, 2  L i fe” .  The  shape parameter,  β ,  i s  estimated  as  the  

s lope  on  Weibu l l  paper.  

Med ian  rank regression  (MRR)  i s  a  method  for estimating  the  parameters  of the  d istribu tion  
us ing  l i near regression  techn iques  wi th  the  variables  being  the  med ian  rank and  l i fetime or 
stress  , etc.  

Another graph ical  method  that i s  used  for estimating  parameters  of a  Weibu l l  d is tribu tion  i s  
ca l l ed  hazard  p lotting .  Th is  i s  described  i n  7 . 3 .  

7. 2  H ow to  make th e  probabi l i ty plot 

I n  order to  make a  probabi l i ty p lot,  a  sequence of steps  needs  to  be  carried  ou t.  These  s teps  
are  described  in  detai l  be low.  
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7. 2. 1  Ran king  

To make  the  Weibu l l  p lot,  rank the  data  from  the  lowest to  the  h i ghest t imes  to  fai lu re.  Th is  
ranking  wi l l  set up  the  p lotti ng  posi tions  for the  time,  t,  axis  and  the  ord inate,  F( t) ,  i n  
percentage  values.  These  wi l l  provide  i n formation  for the  construction  of the  Weibu l l  l i ne  
shown  i n  Equation  (6) .  

Med ian  ranks  are  g iven  i n  Annex C.  En ter as  an  example  the  tables  for 50  %  med ian  rank,  for 
a  sample  s i ze  of fi ve,  and  fi nd  the  med ian  ranks  shown  i n  Table  2  for fi ve  fai lu re  times  shown  
i n  the  m idd le  column.  The  med ian  rank p lotting  posi ti ons  i n  Annex C  are  used  wi th  a l l  types  of 
probabi l i ty paper,  i . e.  Weibu l l ,  l og-normal ,  normal ,  and  extreme value.  

NOTE  1  I f two  data  po in ts  have  the  same time,  they are  pl otted  at  d i fferen t  med ian  rank val ues.

Table  2  – Ran ked  fl are  fai lu re  rivet d ata  

Ord er n u m ber 
I

Fai l u re  ti m e  t

min  (X)  

M ed i an  ran k 

% (Y)  

1 30 1 2, 94  

2  49  31 , 38  

3 82 50, 00  

4  90  68, 62  

5 96 87, 06  

The  med ian  estimate  i s  preferred  to  the  mean  or average  value  for non-symmetrica l  
d istribu tions.  Most l i fe  data  d istribu tions  are  skewed  and ,  therefore,  the  med ian  p lays  an  
important  role.

I f a  tab le  of med ian  ranks  and  a  means  to  calcu late  med ian  ranks  using  the  Beta  d istribution  
is  not  avai lable,  then  Benard ’s  approximation ,  Equation  (6) ,  may be  used :  

( 0, 3)
%

( 0, 4)
i

i
F

N

−
=

+
 (6)  

where  N i s  the  sample  s i ze  and  i  i s  the  ranked  posi tion  of the  data  i tem  of i n terest.  

NOTE  2  Th i s  equation  i s  mostly used  for N ≤30;  for N >30  the  correction  of the  cumu lati ve  frequency can  be  
neg l ected :  Fi  =  (i/N) ×  1 00  % .  

7. 2. 2  Th e  Weibu l l  probabi l i ty plot 

After transform ing  the  data,  the  p lot  can  be  constructed  us ing  three  d i fferent methods:  

– Weibu l l  probabi l i ty paper – Annex F  shows  Weibu l l  probabi l i ty paper;  

– a  computer spreadsheet  program  – Annex E  g i ves  a  spreadsheet example;   

– commercia l  off-the-shel f software.  

7. 2. 3  Deal i ng  wi th  su spen si ons  or cen sored  d ata  

Non-fa i l ed  i tems  or i tems  that fa i l  by a  d i fferen t fai l u re  mode are  "censored"  or "suspended"  
i tems,  respectivel y.  These  data  cannot be  i gnored .  The  times  on  suspended  i tems  have  to  be  
i ncl uded  i n  the  anal ys is.  

The  formu la  be low g ives  the  ad justed  ranks  wi thout the  need  for ca lcu lating  rank increments .  
I t  i s  used  for every fa i l u re  and  requ i res  an  add i tional  co lumn  for reverse  ranks.  The  procedure  
i s  to  rank the  data  wi th  the  suspensions  and  to  use  Equation  (7)  to  determ ine  the  ranks,  
ad j usted  for the  presence  of the  suspensions.  
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(Reverse rank) x (Previous adjusted rank)  (   1 )
Adjusted rank  

(Reverse rank)  1

N+ +
=

+
  (7)  

The  rank order numbers  are  ad j usted  for the  effect of the  th ree  suspended  i tems i n  Table  3.  

Table  3  – Ad j u sted  ran ks  for su spen ded  or cen sored  d ata 

Ran k Ti m e  Statu s  
Revers e  

ran k
Ad j u sted  ran k 

M ed i an  
ran k

%

1 1 0 Suspension  8 Suspended . . .  

2  30  Fai l u re  7  [7  ×  0         + (8+1 )] /  (7+1 )  =  1 , 1 25  9 , 8  

3 45 Suspension  6 Suspended…  

4  49  Fai l u re  5  [5  ×  1 , 1 25  +(8+1 )] /  (5+1 )  =  2 , 438  25, 5  

5 82 Fai l u re  4 [4  ×  2 , 438  +(8+1 )] /  (4+1 )  =  3 , 750  41 , 1  

6  90  Fai l u re  3  [3  ×  3 , 750  +(8+1 )] /  (3+1 )  =  5 , 063  56, 7  

7 96 Fai l u re  2 [2  ×  5 , 063  +(8+1 )] /  (2+1 )  =  6 , 375  72, 3  

8  1 00  Suspension  1  Suspended . . .

I n  th is  example,  the  ad justed  ranks  use  Benard 's  approximation  to  ca lcu late  the  med ian  ranks  
as  i t  i s  eas ier than  in terpolating  i n  the  table.  The  resu l ts  i n  Table  3  are  p lotted  i n  F i gure  2 .  

NOTE  I f two  i tems  fa i l  at  the  same  age,  they are  assigned  sequenti al  rank order n umbers.  I n  case  of l ater 
suspension ,  the  procedu re  i s  to  be  repeated  for the  rest  of the  fai l u res.  
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Fi gu re  2  – Total  test  ti m e ( in  mi n utes)  
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Benard 's  approximation  for the  med ian  rank i s  su fficientl y accurate  when  using  suspension  for 
p lotti ng  Weibu l l  d istributions  and  estimating  the  parameters.  Here  "i"  i s  the  ad justed  rank and  
"N"  i s  the  sum  of fa i l u res  and  suspensions.  The  med ian  ranks  are  converted  to  percentages  
for p lotting  on  Weibu l l  paper.  For example,  for the  fi rst  fa i lu re  i n  Table  3  wi th  an  ad justed  rank 
of 1 , 1 25:  

(1,1 25 0, 3)
(%) 100 9, 82%

(8 0, 4)
Median Rank

−
= × =

+
 (8)  

F i gure  2  shows  the  correct Weibu l l  p lot as  i t  i ncludes  the  suspensions.  

The  fol l owing  are  the  s teps  to  p lot data  sets  wi th  suspensions:  

a)  rank the  times,  both  fa i l u res  and  suspensions,  from  earl i est to  l atest;  

b)  ca lcu late  the  ad j usted  ranks  for the  fa i l u res  (suspensions  are  not p lotted);  

c)  use  Benard 's  approximation  to  calcu late  the  med ian  ranks;  

d )  p lot the  fa i l u re  times  (x)  versus  the  med ian  ranks  (y)  on   Weibu l l  paper;  

e)  estimate  η  by read ing  the  B63, 2  l i fe  from  the  p lot;  

f)  estimate  β  wi th  a  ru ler or use  specia l  beta  scales  usual l y g i ven  on  the  Weibu l l  probabi l i ty 

paper;   

g )  i n terpret the  p lot.  

7. 2. 4  Probabi l i ty plotti ng  

Plotti ng  the  data  on  Weibu l l  paper by hand  or on  a  compu ter may be  sufficien t for checking  
the  goodness-of-fi t.  Subjecti vel y fi tting  a  stra ight l i ne  by eye  can  g i ve  an  i nd ication  of 
goodness-of-fi t.  

7. 2. 5  Ch ecki n g  th e  fi t  

I f the  data  cluster around  a  stra ight l i ne  on  a  probabi l i ty p lot,  i t  i s  evidence  that the  data  is  
represented  by the  subject d is tribution .  However,  smal l  samples  make i t  d i fficu l t  to  gauge  the  
goodness-of-fi t.  There  are  s tatistical  measures  of goodness-of-fi t  such  as  Ch i -squared ,  
Kolmogorov-Sm irnoff and  Nancy Mann 's  tests.  Th is  standard  uses  the  correlation  coefficient 
squared  cal l ed  the  coeffi cien t of determ ination .  

Th is  can  be  calcu lated  using  Equation  (9) :  

( ) ( )

2

1 1

1

2

2 22 2

1 1

N N

i iN
i i

i i

i

N N

i i

i i

x y

x y
N

r

x N x y N y

= =

=

= =

? ?
? ?
? ?−
? ?
? ?
? ?=

? ? ? ?
− −? ? ? ?

? ? ? ?

? ?
?

? ?
 (9)  

where  xi and  yi are  the  med ian  rank and  the  fa i l u re  time,  respective l y,  x  and  y are  averages  

of xi and  yi  and  N i s  the  sample  s i ze.  

r2  i s  the  proportion  of variati on  i n  the  data  that can  be  expla i ned  by the  Weibu l l  h ypothesis.  
The  closer th is  i s  to  1 ,  the  better the  data  are  fi tted  to  a  Weibu l l  d is tribu tion ;  the  closer to  0  
i nd icates  a  poor fi t.  The  correlation  coefficien t,  "r, "  i s  i n tended  to  measure  the  streng th  of a  
l i near re lationsh ip  between  two variables.  "r"  i s  a  number between  -1  and  +1 ,  depend ing  on  
the  s lope.  Al ternativel y,  i f the  Weibu l l  p lot i s  constructed  us ing  a  spreadsheet,  then  when  
using  l i near regress ion  techn iques  the  corre lation  coefficient i s  often  g i ven  as  part of the  
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ou tpu t when  data  are  fi tted  wi th  a  stra ight l i ne  (usual l y a  se lective  option).  S im i l arl y,  
commercia l  software  packages  provide  the  coefficien t of determ ination .  

Th is  shou ld  be  used  wi th  care  and  on l y i f visual  i nspection  concurs  wi th  observation .  

7. 3  H azard  pl otti ng  

Weibu l l  probabi l i ty p lotti ng  techn iques  fi rst estimate  the  cumu lati ve  proportion  fa i led ,  F(t) ,
us ing  med ian  ranks,  and  then  p lot times  to  fa i l u re  against respective  estimated  cumu lative  
probabi l i ti es  on  the  Weibu l l  probabi l i ty paper.  

The  hazard  p lotti ng  techn ique  beg ins  wi th  the  estimation  of the  i nstantaneous  fai l u re  rate  or 
the  hazard  function ,  

( ) ( )
( )

[1 ( )]

f t
t h t

F t
λ = =

−
 ,  (1 0)  

us ing  an  estimate  of the  cumu lati ve  hazard  function .  

The  cumu lative  hazard  function ,  

( ) ( ) ( )
 0

ln 1
t

H t h t dt F t? ?= = − −? ??  ,  (1 1 )  

i s  estimated  by the  cumu lati ve  sum  of the  estimated  hazard  functions.  

For the  Weibu l l  d is tribu tion ,  

( )
t

H t

β

η

? ?
= ? ?
? ?

 ,  (1 2)  

taking  natura l  l ogari thms of both  s i des,  yie l ds  the  fol l owing  l inear re lationsh ip  for ( )lnH t

against  l n t:

( )ln( ) ln( ) ln( )H t tβ β η= −  (1 3)  

The  Weibu l l  hazard  paper i s  therefore  l n - ln  paper.  The  nom inal  s lope  of the  fi tted  l i ne  to  the  

data  i s  β ,  and  t η=  when  ( ) 1H t = .

NOTE  E i ther natu ral  l ogs  or base  1 0  l ogs  can  be  used  for Weibu l l  hazard  paper.  

Though  the  Weibu l l  hazard  paper is  avai l able  for some coun tries ,  th is  techn ique  can  be  used  
wi th  the  usual  Weibu l l  probabi l i ty paper appl ying  the  transformation :  

( ) ( )1 e H tF t −= −  (1 4)  

Th is  can  be  very easi l y implemen ted  us ing  a  spreadsheet program.  

The  hazard  p lotti ng  procedure  i s  as  fo l lows:  

a)  sort  the  times,  both  fa i lu res  and  suspensions  s imu l taneousl y,  from  earl i est  to  l atest;  
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b)  for each  fai l u re,  ca lcu late  the  i nstan taneous  fa i l u re  rate,  g iven  by 1 /(number of i tems  
remain ing  after the  previous  fa i lu re  or censoring) ;  

c)  for each  fa i lu re,  ca lcu late  the  cumu lati ve  sum  of i nstantaneous  fa i l u re  rates,  as  an  
estimate  of the  hazard  function ;  

d )  p lot the  estimated  cumu lati ve  hazards  against the  time  of fai lu re  on  e i ther l og- log  paper or 
l n - l n  paper;  

e)  fi t  a  s tra ight  l i ne  to  the  p lots ;  

f)  estimate  the  parameters.  

Annex E  g i ves  worked  examples.  I EC 61 81 0-2  a lso  provides  examples  of us ing  hazard  
p lotti ng  to  estimate  the  parameters  of a  Weibu l l  d i stributi on .  

8  Interpreti ng  the Wei bul l  probabi l i ty pl ot 

8. 1  Th e bath tu b  cu rve 

8. 1 . 1  Gen eral  

The  often-used  bath tub  curve  (see  F igu re  3)  shows  the  re lationsh ip  between  the  Weibu l l  
shape  parameter,  β ,  and  the  hazard  function  th roughou t the  l i fe  of an  i tem .  Not a l l  i tems,  

however,  d isplay a l l  e l ements  of the  bathtub  curve  during  thei r l i fetimes.  

Useful  l i fe 
(Random period)

β <  1

β = 1

β >  1

Time 

Infant 
mortal ity 
(early l ife) 

Wear-out 

h
(t
)

Hazard function 

IEC   1323/08

Figu re 3  – Typi cal  bath tub  cu rve  for an  i tem  

8. 1 . 2  β  <1  – I mpl i es  earl y fai l u res  

Both  e lectron ic and  mechan ical  systems may i n i tia l l y have  h i gh  fa i l u re  rates.  Manufacturers  
conduct production  process  con trol ,  production  acceptance  tests,  "burn- i n , "  or re l iabi l i ty stress  
screen ing  (RSS),  to  prevent earl y fa i lu res  before  del i very to  the  customer.  Therefore,  shape  
parameters  of l ess  than  one  i nd icate  the  fo l l owing :  

−  l ack of adequate  process  control ;  

−  i nadequate  burn -i n  or stress  screen ing ;  

−  production  problems,  m is-assembly,  poor qual i ty con trol ;  

−  overhau l  problems;  

−  m ixture  of popu lations;   
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−  run -i n  or wear- in .   

Many e lectron ic components  during  the ir usefu l  l i fe  show a  decreasing  i nstantaneous  fai l u re  
rate,  thus  featuring  shape parameters  l ess  than  1 .  Preventive  main tenance  on  such  a  
component  i s  not  appropriate,  as  ol d  parts  are  better than  new.  

8. 1 . 3  β  =  1  – Impl i es  con stan t  i n stantan eou s  fai l u re  rate  

This  i s  often  ca l led  the  random  fai l u re  period  as  the  fai l u res  occur random ly i n  t ime.  These  
fai l u re  modes  are  cons idered  independent of time.  I n  th is  case,  preventive  main tenance wou ld  
not improve  the  system .  

Therefore,  any of the  fol lowing  m igh t be  suspected :  

−  random  main tenance  errors,  human  errors ;  

−  random  overload ;  

−  fa i l u res  due  to  nature,  foreign  object damage,  l i gh tn ing  s trikes;   

−  m ixtures  of data  from  three  or more  fai l u re  modes  (assum ing  they have  d i fferent va lues  
of β )  where  no  fa i l u re  mechan ism  dom inates  the  fa i l u re  behaviour.  

Here  again ,  preventive  main tenance is  not appropriate.  The  Weibu l l  d istributi on  wi th  β  =  1  i s  

i dentica l  to  the  exponentia l  d istribu tion .  Of those  that survive  to  time,  t,  a  constan t percen tage  
fai ls  i n  the  next period  of time.  Th is  i s  known  as  a  constan t i nstantaneous  fa i l u re  rate.  

8. 1 . 4  β  >  1  – Impl i es  wear-ou t 

Some typical  examples  of these  cases  are  as  fo l l ows:  

−  wear;  

−  corrosion ;  

−  crack propagation ;  

−  fatigue;  

−  moistu re  absorption ;  

−  d i ffusion ;  

−  evaporation  (weigh t l oss) ;   

−  damage  accumulation .  

Design  measures  have  to  ensure  that those  phenomena do  not s i gn i ficantl y contribu te  to  the  
probabi l i ty of product fai l u re  during  the  expected  operational  l i fe .  

Three-parameter Weibu l l  d istribu tion  estimates  m in imum  time to  fi rst fa i lu re,  wh ich  i s  h igh l y 
advantageous  i n  cases  where  the  shape parameter i s  greater than  1  (see  5. 2  or 8 . 5) .  

8. 2  U n kn own  Wei bu l l  m od es  may be  "m asked "  

The “masked"  phenomenon  m ight be  encountered  when  there  are  two or more  competing  
fai l u re  modes  wi th  h i gh  values  of shape  parameters  and  h igh l y d i fferent  scale  parameters.  
Th is  means  that for a  smal l  sample  s ize,  most or a l l  of the  samples  wou ld  fa i l  i n  the  fai l u re  
mode wi th  lower scale  parameter.  The  other fa i lu re  modes  may not be  i denti fi ed  un ti l  the  fi rst  
fai l u re  mode i s  e l im inated .  An  example  of two competing  fa i l u re  modes  is  shown  i n  F i gure  4 .  
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Fi gu re 4  – Wei bu l l  fai l u re  mod es  m ay be  “m asked”  

8. 3  Sm al l  sam pl es  

Weibu l l  anal ys is  i s  possib le  from  smal l  samples.  However,  confi dence  l im i ts  are  affected  by 
sample  s ize.  Smal l  samples  wi l l  i ncrease  the  uncertain ty i n  estimating  the  l i fe  parameters.  

Improvement i n  uncerta in ty wi th  i ncreasing  sample  s i ze  is  i l l ustrated  i n  F i gures  5  and  6 .  (The  
“90  %  B  l i fe  bounds”  (con fidence  l im i ts)  con tain  the  unknown  “B  l i fe”  wi th  a  frequency of 90  % .  
The  i n terval  i s  much  smal ler i n  F igu re  6 . )  
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Fi g u re 5  – Sampl e  s ize:  1 0  
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Fi gu re  6  – Sampl e  s ize:  1 00  

The degree  of uncerta in ty i s  l argest i n  the  ta i l  of the  Weibu l l  d istribution ,  as  i nd icated  by smal l  
va lues  of F(t)  when  the  fraction  fai l i ng  i s  smal l .  Samples  of greater than  20  fa i l u res  and  
suspensions  are  requ ired  to  d i fferenti ate  the  Weibu l l  from  other d istributions.  

Decis ions  based  upon  resu l ts  from  a  smal l  sample  shou ld  consider the  uncertain ty and ,  where  
poss ib le ,  shou ld  be  refi ned  by col l ection  and  analys is  of add i ti onal  data.  

8. 4  Ou tl i ers  

Sometimes,  the  fi rst  or l ast poin t i n  a  data  set i s  a  wi l d  poin t  and  not a  member of the  data  set 
for some reason ;  such  poin ts  are  termed  outl iers .  These  poin ts  may be  importan t to  the  l i fe  
data  anal ys is,  and  therefore  requ i re  i nvesti gation  of the  eng ineering  aspects  of data  
record ing ,  test records,  i nstrumentation  cal ibrations,  etc.  i n  order to  i den ti fy the  cause  of 
extreme scatter of the  poin t.  Sometimes,  the  ou tl i ers  may i nd icate  a  weak popu lation  or 
process  fl aws,  and  are  therefore  h igh l y s i gn i ficant from  the  rel i ab i l i ty assurance  poin t  of view.  

8. 5  In terpretati on  of n on -l i n ear pl ots  

I f the  data  on  a  Weibu l l  p l ot appears  curved ,  as  i l l ustrated  i n  F i gure  7 ,  th is  i nd icates  that the  t0

parameter may be  non-zero.  Before  mod i fying  the  p lot,  i t  i s  necessary to  check i f the  p lot  
con tains  more  than  one  fa i l u re  mode.  I f so,  refer to  Annex G  and  i nvesti gate  fu rther whether 
those  modes  are  competing  wi th  each  other or are  s imple  m ixtures.  
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Fi gu re  7  – An  exampl e  sh owi ng  l ack of fi t  wi th  a  two-parameter Wei bul l  d i stri bu ti on  

Min imum  l i fe  does  not mean  at “zero  time”,  bu t rather that there  exists  a  m in imum  l i fe  or a  
m in imum  endurance.  “Zero  age”  i s  where  none  of the  wear-out  fa i l u re  mechan isms  of an  i tem  
has  started  to  operate  whereas  “zero  time”  i s  where  an  i tem  has  seen  no  operati ng  time.  For 
example,  i t  may be  physical l y impossib le  for the  fa i l u re  mode to  produce  fa i l u res  
i nstan taneousl y,  or earl y i n  l i fe.  F igure  8  shows  the  same data  as  used  i n  F i gure  7  bu t wi th  
the  ori g i n  sh i fted  2 , 99  mon ths.  Th is  p lot shows  a  l inear fi t  to  the  data  and  i s  i n terpreted  as  a  
fai l u re-free  period  (3  mon ths),  wi th in  wh ich  the  probabi l i ty of fa i l u re  i s  zero.  
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Fi gu re  8  – Th e sam e d ata pl otted  wi th  a  th ree-parameter Wei bu l l  d i stri bu tion  sh ows  a  
good  fi t  wi th  3  mon th s  offset ( l ocati on  – 2 , 99  mon th s)  

The method  cons ists  of subtracting  t0  =  3  months  from  each  data  poin t i n  F i gure  7  to  obta in  
F igure  8 .  Note  that the  Weibu l l  ord inate  scale  and  the  characteristic  l i fe  are  now i n  the  t0
domain .  To  convert back to  rea l  time,  add  t0  back.  Th is  i s  an  example  of a  three-parameter 
Weibu l l  d is tribu tion  wi th  the  th i rd  parameter,  t0 ,  the  fa i lu re-free  period .  A fai l u re-free  period  
shou ld  not be  assumed  wi thou t a  techn ical  j usti fication .  Annex H  g i ves  another example  of the  
three-parameter Weibu l l  d istribu tion .  

The  three-parameter Weibu l l  d is tribution  wi l l  show a  better fi t  than  the  two-parameter Weibu l l  
d istribu tion  fi t  s impl y because  i t  i s  a  more  complex model .  The  fo l lowing  th ree  cri teria  shou ld  
a lways  be  met before  us ing  the  three-parameter Weibu l l :  

a)  the  Weibu l l  p lot  sha l l  show concave curvature;  

b)  there  shal l  be  a  physical  explanation  of why fa i lu res  cannot  occur before  t0 ;

c)  a  l arger sample  s i ze,  at  l east 21  fa i lu res,  shal l  be  avai l ab le .  I f there  i s  prior knowledge  
from  earl i er Weibu l l  d istribu tions  that the  th i rd  parameter i s  appropriate,  a  smal ler sample  
s i ze,  say e i ght  to  ten ,  may be  acceptable.  

Concave  downward  p lots  occur much  more  often  than  concave  upward .  Concave upward  
suggests  a  negative  t0 ,  wh ich  may occur when  i tems  wi th  wear-out fa i lu res  were  stressed  
before  pu tti ng  on  test.  There  are  several  ways  to  estimate  t0 .  A curve  may be  p lotted  through  
the  data  and  extrapolated  down  to  the  horizon tal  time  scale.  The  i n tersection  wi l l  be  an  
approximate  t0 .  I f the  earl i est portion  of the  data  i s  m issing ,  t0 may compensate  for the  m issing  
data,  a l though  th is  may not a lways  be  successfu l .  For example,  F igure  9  shows  cable  data  
grouped  by vi n tage  year and  the  ag ing  scale  i n  mon ths.  

NOTE  t
0
 wi l l  a lways  be  l ess  than  the  fi rst  fa i l u re  t ime.  
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Fi gu re 9  – Exampl e  of esti mati n g  t0  by eye  

I n  summary,  concave downward  p lots  i nd icate  the  ori g in  needs  to  be  sh i fted  to  the  ri gh t,  
subtracti ng  t0  from  each  time to  fai l u re  to  get a  s tra igh t  l ine  fi t.  Concave  upward  p lots  i nd icate  
the  orig in  has  to  be  sh i fted  to  the  l eft  and  t0  has  to  be  added  to  each  time to  fa i l u re  to  get a  
stra igh t l i ne  fi t.  The  plot i n  "as  recorded "  t ime scale  may be  eas ier to  understand .  

8. 5. 1  Di stribu ti ons  oth er th an  th e  Wei bul l  

There  are  other reasons  for poor fi t  of a  stra igh t  l i ne,  i . e.  the  data  form  a  curve  on  Weibu l l  
paper.  Another d istribu tion  may better describe  the  data.  I f th is  i s  true,  the  d istribu tion  that 
best describes  the  data  shou ld  be  used .  For example,  the  l og -normal  d istribu tion  i s  not a  
member of the  Weibu l l  fam i l y of d is tribu tions  bu t  has  appl ication  to  l i fe  data  anal ys is .  Log-
normal  data  p lotted  on  Weibu l l  paper are  concave downward .  The  same data  p lotted  on  l og -
normal  probabi l i ty p lot fol l ow a  stra igh t l i ne.  

Data  fi tted  to  the  three-parameter Weibu l l  p lot and  the  l og-normal  p lot appear curved  
downward  on  a  two-parameter Weibu l l  p lot.  Both  these  d istribu tions  can  model  data  wi th  time  
to  fi rst fa i l u re.  

8. 5. 2  Data  i n con sisten ci es  an d  m u ltimode  fai lu res  

Based  on  the  plotted  Weibu l l  data,  an  eng ineering  h ypothes is  may be  deduced .  Th is  
hypothes is  shou ld  then  be  confi rmed  by fa i lu re  anal ys is  of further i nvesti gation .  Examples  
i nclude:  

a)  fa i l u res  are  mostl y l ow-time parts  wi th  h i gh-time parts  unaffected ,  suggesti ng  a  batch  
problem ;  

b)  seria l  numbers  of fai l ed  parts  are  close  together,  a lso  suggesti ng  a  batch  problem ;  

c)  the  data  have  a  "dog leg"  bend  or cusps  when  p lotted  on  Weibu l l  paper,  probably caused  
by a  m ixture  of fa i l u re  modes;  and  

d )  the  fi rst or l ast poin t appears  suspect as  an  ou tl i er,  i nd icati ng  data  problems or perhaps  
evidence  of a  d i fferen t fa i l u re  mode.  

9 Computati onal  methods  and  goodness-of-fi t  

9. 1  In trodu cti on  

The maximum  l ikel i hood  estimation  (MLE)  method  is  a  computational  method  for large  sample  
cases.  
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Among  many computational  methods  to  estimate  the  parameters  of the  Weibu l l  d istribution  
(see  [9] 1 ) ,  MLE  has  the  advan tage  that i t  a l l ows  estimation  of the  parameters  from  the  data  
sets  wi th  compl icated  censoring  mechan isms and  suspensions,  when  the  number of i tems  
under a  test i s  l arge.  Th is  clause  describes  MLE  for the  data  sets  wi thou t censoring .  F i rst the  
goodness-of-fi t  test i s  i n troduced  to  check the  Weibu l l  assumption .  I f the  hypothesis  i s  not 
rej ected ,  then  proceed  to  the  MLE.  

The  methods  i n  C lauses  7  and  8  deal  wi th  mu l tip le  and  s i ng l y censored  data;  however,  the  
methods  i n  th i s  cl ause  deal  wi th  s ing l y censored  data  on l y (not mu l tip l y censored  data).  

9.2  Assumptions  and  cond i tions  

A sample  of n  non -repai rable  i tems,  com ing  from  the  same popu lation ,  i s  pu t on  test  at a  
g i ven  i nstant of time t  =  0 .  The  testi ng  envi ronment shal l  be  the  same  for a l l  i tems  being  
subj ected  to  the  test,  and  fa i l ed  i tems are  not  replaced  once  they fa i l .  When  the  test i s  
stopped  at time  T,  there  are r  i tems  that have  fa i l ed  (T can  be  equal  to  or g reater than tr) .  The  
time  to  fa i lu re  of each  fa i l ed  i tem  has  to  be  known .  There  are r times  to  fai l u re : t1 , t2 ,  . . . ,  tr  so  
that  riTti . . . ,,2,1,0 =≤< .

NOTE  1  The  stati sti cal  procedures  of th i s  standard  assume access  to  some computi ng  faci l i ty.  Al though  most,  i f 
not  a l l ,  formu las  can  be  implemented  i n  a  smal l  prog rammable  calcu lator,  i t  wi l l  be  u sefu l ,  from  the  user's  
standpoin t,  to  have  access  to  a  programmable  computer wi th  a  pri n ter and  some mass  s torage  med ium .  

NOTE  2  Test  t ime  for each  i tem  has  to  be  made  from  time  zero.  

9.3  Limi tations  and  accuracy 

These  procedures  are  val i d  on l y i f there  are  at  l east 1 0  re levant fa i lu res.  The  confidence  
i n tervals  are  approximate.  Mu l tip le  censoring  i s  not cons idered  i n  th is  clause.  

MLE  i s  val i d  for larger sample  s i zes.  The  confidence  i n tervals  are  approximatel y val id  for 
l arge  sample  data  sets.  Though  MLE  can  be  appl ied  to  a  wide  variety of censoring  
mechan isms and  suspensions,  on l y the  cases  wi th  s i ng le  censoring  are  considered  here.  

9.4  Input  and  output data 

The data  to  be  anal ysed  consist of times  to  fa i l u re  of non-repairable  i tems,  wh ich  are  pu t on  
test.  These  times  to  fai l u re  have  to  be  known  exactl y,  as  opposed  to  knowledge  of i n tervals  of 
time.  I t  i s  not necessary to  have  the  times  to  fa i l u re  of a l l  the  i tems  tested ,  s i nce  the  test  can  
be  stopped  before  a l l  i tems  have  fai l ed .  Al l  i tems  shal l  be  i n  operational  cond i ti on  at  the  s tart  
of the  test,  and  the  test  shal l  be  s topped  for a l l  operational  i tems  at the  same time.  

I nput:  

– number of i tems on  test  n ;

– times  to  fai lu re  of each  fai led  i tem ,  l i sted  i n  ascend ing  order:  t1 ,  t2 ,  . . . ,  tr;

– s ign i ficance  level ,  γ,  or confidence  level  (1  – γ) ;  to  be  speci fi ed .  

Ou tput:  

– accept/reject goodness-of-fi t;  

– point  estimates  and  confidence  i n tervals  of scale  and  shape  parameters,  η and β ;

– point  estimate  of the  mean  time to  fa i l u re;  

– l ower confidence  l im i t  for the  expected  time at wh ich  1 0  %  of the  popu lation  wi l l  fa i l ,  B1 0;   

– l ower confidence l im i t  for the  rel i abi l i ty function  R(t).  

___________

1  F i gures  i n  square  brackets  refer to  the  B ibl i og raphy.  
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9.5  Goodness-of-fi t  test 

Step 1  – Sort the r  t imes  to  fa i l u re  i n  ascend ing  order and  compute  the  natural  l ogari thms of 
these  times  l n (t1 )  =  x1 ,  l n (t2)  =  x2, . . . ,  l n (tr)  =  xr.

NOTE  1  x
1
≤ x

2
≤ ,  . . . ,  ≤ x

r
.

Step 2  – Compute  the  fol l owing  ?i  q uanti ties  in  Equation  (1 5) ,  for i  =  1  to  (r  – 1 ) :  

1

4 1 3 4 3
ln ln ln

4 1 4 1

i i
i

x   x
=

(n i )+ (n i)+

n+ n+

+ −

? − − − ?? ? ? ?
? ? ? ?? ?

? ? ? ?? ?

?  (1 5)  

Step  3  – Compute  the  quan ti ty H us i ng  Equation  (1 6)  and  the  quanti ti es  obtained  i n  step  2 :  

??

?−?

?

?
??

−

??

2

21

2

1

1

12

r/

)/(r
H=

i
r/

i=

i
r

+r/i=

?

?

 (1 6)  

where  the  symbol  ?x?  i s  u sed  to  denote  the  l argest i n teger l ess  than  or equal  to x.

Step  4  – Reject the  hypothesis  that the  data  come from  a  Weibu l l  d istribu tion  at the  γ 1 00  %  
si gn i ficance  level  i f ( )? ? ? ?( )2/2,2/12 rrFH −≥ γ  and  do  not proceed  wi th  the  anal ys is .  

Otherwise,  no  evidence has  been  detected  to  rej ect the  Weibu l l  nature  of the  times  to  fa i lure  
and  the  anal ys is  can  proceed .  

The  values  of the  fracti l es  of the F d istribu tion  function  can  be  found ,  for example,  i n  Table  I V 
of I SO  2854.  

NOTE  2  I t  i s  recommended  that,  i n  case  of rejection ,  the  p l otted  data  be  exam ined  for a  possib le  m ixture  of 
popu lati ons,  anomalous  fa i l u re  t imes  or other artefacts.  These  s i tuations  are  ana lysed  by techn iques  beyond  the  
scope  of th i s  s tandard .  

9.6  MLE – point estimates  of the  d istribution  parameters  β  and  η

The MLE of the  two parameters  of the  Weibu l l  d istribution  is  obtained  by numerical l y solving  
the  equations  below.  The  value  of β  that satisfies  the  fi rst equation  is  the  MLE  of β .  Th is  value  
i s  used  in  the  second  equation  to  derive  the  MLE  of η .

NOTE  Any computer rou tine  to  sol ve  equations  can  be  used  to  obtai n β  from  Equation  (1 7),  as  the  convergence  
to  a  s i ng l e  val ue  i s  usual l y very fast.  

Step 1  – F ind  the  estimate  of β̂  that satisfies  Equation  (1 7) :  

( ) ( ) ( )

( )
( )?

?

?

=

=

= =−

?

?

?

?

?

?

?

?
?
?
?
?

?

?

−

−+

−+
r

i

ir

i

??
i

r

i

?
ii

t
r?

Trnt

TTrntt
?

1

1

1 0ln
11

lnln

 (1 7)  

Step  2  – Compute  ηˆ  us i ng  Equation  (1 8)  and  the  value  of β̂ ,  obtained  i n  s tep  1 ,  from :  
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( )
β̂

1

ˆˆ1
ˆ

1

?
?
?

?
?
?

?

?

?
?
?

?
−+= ?

=

r

i

??

i Trnt
r

?  ( 1 8)  

9. 7  Poi n t esti m ate  of th e  m ean  tim e to  fai l u re  

The point  estimate  of the  mean  time to  fa i lure,  m̂ ,  i s  ca lcu lated  us ing  Equation  (1 9)  as:  

1
ˆˆ (1 )

ˆ
m η

β
= Γ +  (1 9)  

where  β̂  and  η̂  are  obtained  from  steps  1  and  2  of 9. 6  and  where  Γ(z)  i s  the  gamma function  

of z as  defined  i n  NOTE 2  to  defin i tion  2 . 56   of I SO 3534-1 .   

Table  D . 1  g ives  the  value  of Γ(1 +1 /β )  as  a  function  of β .  For β  va lues  not l i sted  i n  th is  table,  a  
l inear i n terpolation  i s  acceptable.  

NOTE  1  For cases  where  the  l ower confidence  l im i t  of β  i s  g reater than  or equal  to  1  (wear-ou t  case),  the  
confi dence  i n terval  for η  can  be  used  as  a  rough  measu re  of the  confi dence  i n terval  for the  mean  t ime  to  fai l u re,  

s i nce  i n  these  cases  the  gamma function  a lways  l i es  between  0 , 88  and  1 .  

NOTE  2  Mean  t ime  to  fai l u re  (MTTF)  i s  the  mean  value  of a  number of times  to  fai l u re.  The  rel iabi l i ty too l s  used  
for exponential l y d i stri bu ted  data  (constant  i nstan taneous  fai l u re  rate)  can  on l y be  used  for Weibu l l  d i stri bu ted  data  
i f β  =  1 .  I t  shou ld  be  noted  that  the  time  to  fa i l u re  d i s tri bu tion  i s  normal l y not  symmetri cal .  

9. 8  Poi n t esti m ate  of th e  fracti l e  (1 0  %)  of th e  ti m e  to  fai l u re  

Compute  1 0B̂ using  Equation  (20),  the  poin t  estimate  of B1 0 ,  the  time  by wh ich  1 0  %  of the  

popu lation  wi l l  have  fa i l ed :  

ˆ1 /

1 0

1ˆ ˆ In
0, 9

B

β

η
? ?? ?

= ? ?? ?
? ?? ?

 (20)  

9. 9  Poin t esti m ate  of th e  rel i abi l i ty at  ti m e t (t ≤ T)

The poin t  estimate  of the  re l i ab i l i ty at time t  i s  g i ven  by Equation  (21 ):  

( ) ( )
ˆ

ˆˆ e
?

t/?
R t

−
=  (21 )  

9. 1 0  Software program s 

There  are  many statis ti ca l  and  re l iab i l i ty software  packages  that g i ve  estimates  of the  
parameters  of Weibu l l  d istributions  using  both  g raph ical  methods  and /or MLE,  not on l y for 
s i ng le  and  mu l ti p le  censored  data,  bu t a lso  for more  general  i ncomplete  data  due  to  
compl icated  censoring  mechan isms  and  suspensions.  

1 0  Confi d ence i nterval s  

1 0. 1  Interval  esti m ation  of β

Step 1  – Compute  the  constants C, β 1  and β2  us i ng  the  ratio q  =  r/n  and  Equations  (22) ,  (23)  
and  (24) :  

 C =  2 , 1 4628  – 1 , 361 1 1 9 q (22)
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( )2

1 / 2 1r Cγχβ = −? ?? ?  (23)  

( )2

2 1 / 2 1r Cγβ χ − ? ?= −? ?  (24)  

where  )(2 νχ p  i s  the  p  fracti l e  of the χ2  d istribution  wi th ν  degrees  of freedom.  

S ince the  number of degrees  of freedom,  (r  – 1 )C,  wi l l  not be  an  i n teger,  the χ2  fracti les  
shou ld  be  calcu lated  e i ther us ing  a  computer program,  or th rough  i n terpolation  i n  Table  I I I  of 
I SO 2854  or Table  D. 1  of I EC  60605-4:2001 .  

Step 2  – Compute  the  mu l ti pl ying  factors w1  and w2  us i ng  Equation  (25)  and  (26) :  

2

1

1
1

1

q?
w

rC

+? ?
= ? ?

? ?
 (25)  

2

1

1
2

2

q

w
?

rC

+? ?
= ? ?

? ?
 (26)  

Step  3  – Compute  the  (1  – γ)1 00  %  confi dence  i n terval  for β  us ing  Equation  (27):  

)ˆ,ˆ( 21 ββ ww  (27)  

NOTE  The  confidence  i n terval s  for β  can  be  used  for compari sons.  S i nce  a  val ue  of β  > 1  consti tu tes  evidence  of 
wear and  a  va l ue  of β  < 1  i nd icates  i n fan t  mortal i ty,  the  confi dence  i n terval  for β  can  be  used  to  test  these  
assumptions.  Conversel y,  i f the  confi dence  i n terval  for β  con tai ns  the  val ue β  =  1 ,  the  i tems being  tested  may 
belong  to  a  constant  fai l u re  rate  popu lati on .  A formal  test  on  constant  fai l u re  rate  i s  provi ded  i n  [1 0 ] .

1 0. 2  Interval  esti m ation  of η

Step 1  – Compute  the  constan ts A4 , A5  and A6 ,  us ing  the  ratio q  =  r/n ,  and  Equations  (28),  
(29)  and  (30) :  

 A4  =  0 , 49q  –  0 , 1 34  +  0, 622  q –1  (28)  

 A5  =  0 , 2445 (1 , 78  – q)  (2 , 25  + q)  (29)  

 A6  =  0 , 029  – 1 , 083  l n (1 , 325  q)  (30)  

Step 2  – Carry out s tep  2a  i f the  test was  stopped  before  a l l  the  i tems  have  fa i led ,  that i s  i f 
r < n ,  or carry ou t s tep  2b  i f a l l  the  fa i l ure  times  are  known ,  that  i s  i f r  =  n .

Step  2a  (r  < n)  – Compute  the  constants A3 , d1 , d2 , A 1  and A2 :  us ing  Equations  (31 ),  (32),  (33)  
and  (34) :  

A3  =  –A6  x
2
 (31 )  

where x  =  u(1 -γ/2) and up  i s  the p  fracti l e  of the  normal  d istribu tion  g iven  in  Table  D .2.  

( )2 2

3 6 4 5 4

1 2

5

A x x A A A rA
d

r A x

+ − +
=

−
 (32)  

( )2 2

3 6 4 5 4

2 2

5

A x x A A A rA
d

r A x

− − +
=

−
 (33)  
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( ) ( )1 2
ˆ ˆ/ /

1 2e  ;  e
d d

A A
β β− −

= =
  (34)  

Step 2b  (r  =  n)  – Compute  the  quan ti ti es d3 , A 1  and A2 :  us ing  Equations  (35),  (36)  and  (37):  

d3  =  t(1–γ/2)(n  – 1 )  (35)  

where tp(r  – 1 )  i s  the p  fracti l e  of the  Student t  d istribu tion  wi th  (r  –  1 )  degrees  of freedom  and  
can  be  found  i n  Table  I I a  of I SO 2854  (sing le-s ided  case).  

1

1, 053
3

ˆ 1
e

d

n
A

β

−? ?
? ?
? ?−? ?=  (36)  

2

1, 053
3

ˆ 1
 e

d

n
A

β

? ?
? ?
? ?−? ?=  (37)  

where  β̂  i s  obtained  from  step  1  of 9. 6.  

Step  3  – Compute  the  (1  – γ)1 00  %  confi dence  i n terval  for η using  Equation  (38):  

)ˆ,ˆ( 21 ηη AA
 (38)  

where  η̂  i s  obtained  from  step 2  of 9. 6 .  

1 0. 3  M RR Beta-bin omi al  bou nds  

The derivation  of these bounds  i s  d i rectl y related  to  the  determ ination  of med ian  ranks.  The  
bounds  are  calcu lated  from  the  Beta-binom ial  d istribu tion ,  a  mod i fied  b inom ial  d istribution  that  
i s  used  to  evaluate  the  Beta  d istribu tion  as  described  by J ohnson  [1 4] .  Suspensions  requ i re  
i n terpolation  i n  the  5  %  and  95  %  ranks.  These  Beta-binom ial  i n tervals  are  s l i gh tl y 
conservative  (the  wid th  of the  i n terval  i s  too large),  when  compared  to  the  Fisher’s  Matrix and  
l ikel i hood  ratio  methods.  

The  method  for converti ng  the  5  %  and  95  %  ranks  in to  i n tervals  provides  in tervals  for the  
time to  fa i lu re.  The  fol lowing  Equations  (39)  and  (40)  re late  the  5  %  and  95  %  ranks  in  Annex 
C  to  the  Weibu l l  l i ne:  
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1 0. 4  Fi sh er's  m atri x bou n d s  

There  are  s ign i fican t advantages  of using  F isher’s  matrix bounds  over the  Beta-binom ial  
approach .  Fu rthermore,  for moderate  s i ze  samples,  the  apparen t confidence  l evel  i s  closer to  
the  requested  level ,  though  more  optim istic,  than  Beta-binom ial .  For 1 0  or fewer fa i l ures  these 
bounds  are  too optim istic  (see  reference  [20] ) .  
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1 0. 5  Lower confi d en ce l i mit  for B1 0

Compute  the  lower (1  – γ)  1 00  %  confidence l im i t  of B1 0  us ing  Equations  (41 ) ,  (42) ,  (43)  and  
(44):  

h1  =  I n [–I n (0, 9) ]  (41 )  

( )2 2 2 2

6 1 6 4 5 4 1 6 5 1

1

5

2

2A x rh x A A A x rA rh A rA h

r x A
δ

− − + − + + +
=

−
 (42)  

where x  =  uγ i s  the  γ fracti le  of the  normal  d istribu tion  g iven  i n  Table  D .2 ,  and A4 , A5  and A6
are  computed  accord ing  to  step  1  of 1 0. 2.  

1

1 1
ˆ

e

h

Q

δ

β

+? ?
−? ?

? ?
? ?=  (43)  

1 01l imitlower1 0 B̂QB =  (44)  

1 0. 6  Lower confi d en ce l i mit  for  R

Compute  the  l ower (1  – γ)  1 00  %  confidence l im i t  for the  re l iabi l i ty at time t,

|R ?−1 l imitlower
using  Equations  (45)  (46)  and  (47):  

ˆˆ
t

η
β

? ?
= ? ?

? ?
Ct In  

 (45)  

= + −A A C A C A2
0 4 t 5 t 62  (46)  

where A4 , A5  and A6  are  computed  accord ing  to  step  1  of 1 0 . 2 .  

( )0

1 lower limit exp exp
A

t r
R C xγ−

? ?= − − +? ?? ?
 (47)  

where  x  =  uγ i s  the  γ fracti l e  of the  normal  d istribution  g iven  i n  Table  D . 2.  

1 1  Compari son  of medi an  rank regressi on  (M RR)  an d  maxi mum l i kel i hood  
esti mati on  (M LE)  esti mati on  methods  

1 1 . 1  Graph i cal  d ispl ay 

Rank regression ,  MRR,  provides  a  graph ical  d isplay of the  data.  Th is  helps  to  i denti fy 
i nstances  of poor fi tti ng  Weibu l l  d istribu tion  p lots  perhaps  suggesting  another d istribu tion ,  
more  than  one  fai lure  mode affecting  the  i tems,  m ixtures  of fa i lure  modes,  batch  problems or 
ou tl iers .  MLE  does  not provide  a  graph ical  d isplay of the  data.  

1 1 . 2  B  l i fe  esti mates  someti mes  kn own  as  B  or L  percenti l es  

Rank regression  provides  more  accurate  estimates  of " l ow"  percen ti l es,  l i ke  the  B  percenti l e  
l i fe,  from  smal l  sample  s i zes.  These  l ow B  percen ti l e  l i ves  and  correspond ing  h igh  re l iabi l i ti es  
may be  extremely important for safety problems,  warranties,  guaranties  and  con tract 
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obl i gations.  Maximum  l ikel ihood  B  percenti l e  l i ves  tend  to  be  optim istical l y b iased  for smal l  
numbers  of fa i lu res.   

1 1 . 3  Sm al l  sam pl es  

Rank regress ion  fa i lure  forecasts  are  usual l y more  accurate  for smal l  samples  but much  
depends  on  the  shape and  age  d istribu tion  of the  suspensions.  However,  i f the  data  set i s  
i n troduced  i n to  a  computer,  i t  i s  recommended  that both  MRR and  MLE  shou ld  be  used  for 
smal l  samples.  I n  most cases  the  two sets  of resu l ts  wi l l  be  i n  reasonably good  agreement,  
provid ing  some assurance of a  good  Weibu l l  fi t.  

General  advice  for i den ti fying  the  most appropriate  method  wi th  respect to  the  sample  s i ze  is  
as  fo l l ows:  

– For 20  or fewer data  poin ts,  wi th  or wi thout  censoring  times,  X on  Y MRR is  preferred .  

– With  data  sets  contain ing  fewer than  1 0  data  poin ts,  WeiBayes  anal ys is  i s  preferred  when  
prior knowledge  of the  s lope  parameter,  β ,  i s  avai l able.  

– For other data  sets,  MRR and  MLE  resu l ts  shou ld  be  compared .  Closel y s im i lar resu l ts  
for MRR and  MLE estimates,  together wi th  good  regression  and  l ikel ihood  measures,  wi l l  
provide  assurance  that  the  data  are  correctly model led  by a  Weibu l l  d istribu tion .  
(Comparison  wi th  other models  shou ld  a lso  be  cons idered . )  However,  a  l arge  
d iscrepancy between  MRR and  MLE  estimates  wi l l  i nd icate  that the  data  are  not correctl y 
model l ed  and  may con tain  mu l ti p le  popu lations.  Any such  d iscrepancies  shou ld  be  
i nvestigated  fu rther.  

1 1 . 4  Sh ape param eter β

MLE tends  to  overestimate  the  shape parameter,  β ,  wi th  smal l  samples.  The  s lope  of the  

Weibu l l  p lot i s  often  too  steep.  The  s lope  of the  l og-normal  and  normal  p lots  i s  s im i larl y 
b iased ,  too  steep,  as  MLE standard  deviation  is  underestimated .  

1 1 . 5  Con fi den ce  in tervals  

Likel i hood  ratio  i n terval  estimates  for MLE  are  rigorous;  they are  ad j usted  for smal l  sample  
s i zes.  I t  i s  recommended  to  use  p ivotal  i n terval  estimates  for MRR.  

1 1 . 6  Si n gl e  fai l u re  

MLE may provide  a  solu tion  wi th  one  fa i lu re  and  some ri gh t or late  suspensions.  The  
capabi l i ty has  l arge  uncertain ties,  bu t there  are  s i tuations  where  i t  cannot be  avoided  as  i t 
provides  the  on l y solu tion  i f β  i s  unknown .  WeiBayes  is  preferred  i f there  is  prior knowledge 

of β .

1 1 . 7  M ath em ati cal  ri gou r 

There  i s  a  mathematical  obj ection  to  the  use  of the  regression  l east-squares  method  for rank 
regression .  The  residual  scatter abou t the  l i ne  i s  not un i form .  The resu l ts  are  such  that the  
l ower end  of the  l ine  tends  to  be  overweighed  compared  to  the  upper end .  However,  as  a l l  
eng ineering  i n terest i s  i n  the  l ower end  of the  curve,  th is  i s  acceptable  to  eng ineers  wh i le  i t  i s  
unacceptable  to  statisticians.  MLE  does  have attractive  mathematical  qual i ti es.

1 1 . 8  Presen tati on  of resu l ts  

For presen tations  of resu l ts  i t  i s  often  best to  keep  i t  s imple  and  concise  in  order to  improve  
communications.  Rank regression  p lots  are  preferred  for th is  purpose.  MLE  plots  wi th  data  
poin ts  l ocated  wi th  med ian  ranks  are  not recommended  as  they can  i nspi re  comments  abou t 
the  poor fi t  of the  Weibu l l  l i ne.  
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1 2  Wei Bayes  approach  

1 2. 1  Descripti on  

I n  WeiBayes  anal ys is,  the  shape  parameter,  β ,  i s  assumed  from  h istorical  fai l u re  data,  prior 

experience,  or from  eng ineering  knowledge of the  physics  of the  fa i lu re.  WeiBayes  i s  defined  
as  Weibu l l  anal ys is  wi th  a  g i ven  β  parameter.  I t  i s  a  s ing le  parameter ( ? )  Weibu l l  

d istribu tion .  WeiBayes  can  be  used  to  anal yse  data  sets  wi th  and  wi thout fa i l ures,  where  both  
types  of data  may have  suspensions.  

1 2. 2  M eth od  

Given β ,  Equation  (48)  may be  derived  us ing  the  method  of maximum  l ikel ihood  to  determ ine  

the  characteristic l i fe ,  η :

1 /

i

1

t
   

N

i r

ββ

η
=

? ?
= ? ?

? ?
?  (48)  

where  

t  i s  the  time or cycles;  

r  i s  the  number of fai l ed  i tems;  

N i s  the  tota l  number of fa i l ures  plus  suspensions;  

?  i s  the  maximum  l ikel ihood  estimate  of the  characteristic l i fe .  

With  β  assumed  and  η  ca lcu lated  from  Equation  (48),  a  Weibu l l  d istribu tion  i s  defined .  A 

WeiBayes  l i ne  is  p lotted  on  Weibu l l  probabi l i ty paper.  The  WeiBayes  p lot  i s  used  exactl y l i ke  
any other Weibu l l  p l ot.  Estimates  of B  l i ves,  fa i l ure  forecasts,  and  re l i abi l i ty are  avai lable  from  
WeiBayes  anal ys is .  

1 2 . 3  Wei Bayes  wi th ou t  fai lu res  

I n  many WeiBayes  problems,  no  fa i l ure  has  occurred .  For example,  a  redesigned  component 
may have been  tested  wi thout any observed  fa i l u res.  I n  th is  case,  a  second  assumption  is  
requ ired .  The  fi rst fa i l ure  is  assumed  to  be  imm inen t,  i . e .  i n  the  equation ,  set r =  1 , 0 .  As  no  
fai l u res  have  occurred ,  th is  i s  a  conservative  eng ineering  assumption .  The  resu l ting  
WeiBayes  l i ne  i s  s im i l arl y conservative.  Statistical l y,  the  WeiBayes  l i ne,  based  on  assuming  
one  fa i l u re,  i s  a  l ower one-s ided  confidence estimate.  That  i s ,  i t  may be  stated  wi th  63, 2  %  
confidence  that the  true  Weibu l l  d istribu tion  l ies  to  the  ri ght of the  WeiBayes  l i ne,  i f the  
assumption  of β  i s  correct.  

WeiBayes  l i nes  may be  obtained  at any level  of confidence by employing  l arger or smal ler 
denominators  (assume imm inen t fai l u res):  

Confi dence  50  %  63, 2  %  90  %  95  %  99  %  

Denom inator 0 , 693  1 , 0  2 , 3  3 , 0  4 , 6  

1 2. 4  Wei Bayes  with  fai lu res  

When  the  denominator i s  based  on  actual  fa i l ures,  the  scale  parameter,  η ,  i s  an  MLE 
estimate.  A valuable  characteristic of MLE estimates  i s  that they are  i nvariant under 
transformation .  Th is  means  that  the  resu l ting  WeiBayes  l i ne,  B  l i ves,  and  re l iabi l i ty estimates  
are  al l  MLE  estimates.  The  WeiBayes  l ine  is  an  MLE  estimate  of the  true  unknown  Weibu l l  
d istribu tion ,  a  nom inal  Weibu l l .  
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Weibu l l  d istribu tions  based  on  samples  of 2  or 3  fai l u res  have l arge  uncertainties.  I f there  is  
good  knowledge  of β  from  prior data,  s i gn i fican t improvements  i n  accuracy may be  obtained  

wi th  WeiBayes.  WeiBayes  may offer cost reductions  through  reduced  testi ng  wi thou t l oss  of 
accuracy.  A Weibu l l  d is tribution  l i brary or data  bank to  provide  Weibu l l  d istribu tion  s lope  
h istories  is  s trong l y recommended  i n  order to  obtain  the  advantage  of WeiBayes  anal ys is.  

The  d istinction  between  zero fai lu re  and  one  fai l ure  WeiBayes  i s  worth  reviewing .  For 
example,  assume fi ve  redesigned  un i ts  have  been  tested  wi thou t fa i l ure.  A WeiBayes  l i ne  is  
ca lcu lated  based  on  the  β  va lue  estimated  from  the  orig inal  design .  Th is  i s  a  l ower one-s ided  

confidence i n terval  for the  true  unknown  Weibu l l  for the  redesign .  Now assume the  same data  
set includes  one  fai l u re  and  four suspensions.   

The  resu l ti ng  WeiBayes  i s  i dentical  to  the  fi rst zero fa i l ure  WeiBayes,  bu t the  i n terpretation  i s  
d i fferent.  Wi th  one  fai l u re,  the  WeiBayes  is  a  nom inal ,  MLE  estimate  of the  true  unknown  
Weibu l l  d istribu tion ,  not a  confidence  i n terval .  However,  a  l ower confidence bound  for the  
MLE  WeiBayes  l i ne  may be  calcu lated  using  Ch i -squared  [20] .  

I f r i s  the  number fa i lu res  (≥1 ) ,  the  lower C  %  confidence  l im i t for η  i s  g i ven  by Equation  (49) :  

( )( ) )/1(2

c 22rr / 2
β

χηη +=
CMLE

 (49)  

Using  c?  and  β ,  the  l ower confidence  bound  for the  true  WeiBayes  l i ne  i s  defined .  

1 2 .5  WeiBayes  case study 

Fi fteen  compressor fai l u res  have  been  experienced  i n  a  l arge  fl eet of a i rcraft eng ines.  Weibu l l  
anal ys is  provides  a  β  of approximatel y 5, 0.  Three  redesigned  compressor cases  have been  

tested  in  eng ines  to  1  600  h ,  2  900  h  and  3  1 00  h  wi thout fa i l u re.  I s  th i s  enough  testi ng  to  
substan tiate  that the  redesign  is  s ign i ficantl y better than  the  o l d  design?  Assum ing  β  =  5, 0  

and  the  times  on  the  three redesigned  un i ts,  the  characteristic l i fe  may be  estimated  for a  
WeiBayes  solu tion .  
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The  WeiBayes  l i ne  is  p l otted  i n  F igure  1 0 .  I t  may be  s tated  wi th  63  %  confidence  that the  
Weibu l l  d istribution  for the  redesigned  un i ts  i s  to  the  ri gh t of th is  l i ne  and ,  therefore,  
s i gn i ficantl y better than  the  parts  i n  the  b i l l -of-materia ls.  I t  i s  possib le  that the  redesign  has  
e l im inated  th is  fa i l ure  mode  but that cannot be  proven  wi th  th is  sample  of data.  As  more  time 
is  pu t on  these un i ts  wi thou t fa i l ure,  the  WeiBayes  l i ne  wi l l  move further to  the  ri gh t and  more  
assurance  wi l l  be  gained  that the  fai l u re  mode  has  been  e l im inated .  The  assumption  of s l ope,  
i n  th is  case,  i s  based  on  an  establ ished  Weibu l l  fa i lu re  model .  
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Figu re 1 0  – N ew com pressor design  WeiBayes  versu s  ol d  d esig n  

When  testing  h igh l y re l i able  i tems,  a  very smal l  number of fa i lu res  is  often  observed ,  i . e.  zero  
fai l ures  or j ust one  fai l u re.  Th is  does  not perm i t  estimation  of the  parameters  of a  two-  or 
three-parameter Weibu l l  d istribu tion .  

I n  cases  where  the  β  va l ue  for the  re levant fa i lure  mode i s  known  from  previous  tests,  a  

rough  estimate  can  sti l l  be  made  wi th  zero or one  fai l ure.  Furthermore,  the  estimation  of the  
best straight l i ne  through  a  smal l  number of points  can  be  improved  i f the  β  va lue  is  known .  

The avai l able  i n formation  can  then  be  used  to  estimate  the  η  val ue.  

1 3  Sudden  death  meth od  

Sudden  death  testing  requ i res  smal l  subgroups  of i tems  for test,  say three  to  e igh t i tems,  the  
test consisti ng  of runn ing  al l  the  i tems  s imu l taneousl y unti l  the  fi rst fai l u re.  For a  subgroup of 
four,  th is  provides  data  on  one  fa i l ure  and  three  suspensions  at the  same time.  Perhaps  four 
to  ten  i tems  i n  each  subgroup may be  tested  i n  typical  sudden  death  p lans.  Ten  sets  of four 
provide  ten  fa i l ures  and  30  suspensions.  Sudden  death  provides  a  trade-off compared  to  
testing  a l l  i tems  to  fa i l u re,  i . e .  an  i ncrease i n  uncertain ty for a  gross  reduction  i n  test time.  I n  
the  bearing  industry,  for example,  sudden  death  wi th  subgroups  of four i s  employed  
worldwide,  and  the  anal ysis  provides  an  estimate  of L1 6  l i fe.  I n  other i ndustries ,  estimates  of 
L1  l i fe  are  more  common  from  sudden  death  testi ng .  

The  sudden  death  method  is  used  to  determ ine  the  time  to  a  speci fied  percen tage  of fa i l u res.  
Th is  poin t of the  Weibu l l  curve  wi l l  be  determ ined  wi th  a  h igher precis ion  wh i l e  the  rest of the  
Weibu l l  cu rve,  especial l y the  s lope of the  plot,  i s  determ ined  wi th  l ess  precision  than  wi th  a  
conventional  Weibu l l  test.  The  advantage of the  sudden  death  method  i s  that the  test time  i s  
shorter than  testing  a l l  samples  to  fa i l ure.  

Often  the  requ i red  in formation  is  time to  wear-out,  i . e.  time to  a  l ow,  but  s i gn i fican t 
percentage of fai l u res,  for example  1 0  %.  Th is  number i s  widel y used  for stating  l i fe  of 
bearings,  the  so  cal l ed  L1 0  value,  sometimes  a lso  cal l ed  the  B1 0  value.  The  estimated  time to  
fai l u re  for other percen tages,  obtained  from  the  Weibu l l  p lot,  are  shown  in  Table  4 .

I n  a  sudden  death  method ,  the  L8, 3  value  (8, 3  %  fai l ed)  can  be  estimated ,  for example.  Th is  
value  can  be  stated  as  a  conservative  estimate  of the  L1 0  value,  or be  stated  as  the  best 
estimate  for the  L8, 3.  
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The  fol lowing  procedure  i s  used  to  estimate  the  LX time (the  time to  X per cen t fai l u res):  

a)  d i vide  the  avai lable  number of samples  random ly in to  A subgroups  each  consisting  of B  
components  accord ing  to  Table  4 ;  

b)  set  a l l  subgroups  to  test;  

c)  record  the  time  to  fi rst fai l ure  i n  each  subgroup;  

d )  stop  the  test of a  subgroup  as  soon  as  the  fi rst fai l ure  has  occurred  i n  that  subgroup;  

e)  p lot the  time  to  fi rst fa i lu re  from  each  subgroup on  a  Weibu l l  d i agram,  treating  the  rest of 
the  i tems  i n  each  subgroup  as  suspended  at  the  time of the  fi rst fa i l ure  i n  that subgroup;  

f)  read  the  time  to  LX va l ue  on  the  p lotted  Weibu l l  l i ne  as  usual .  

NOTE  1  I n  th i s  case  the  LX poin t  i s  estimated  wi th  h i gher precis ion ,  wh i l e  the  Weibu l l  cu rve  can  be  used  to  
estimate  the  t ime  to  other percentages  of fa i l u res,  as  wel l  as  estimati ng  the  s l ope  of the  Weibu l l  cu rve.  Uncertain ty 
i s  l arger,  however,  due  to  the  l arge  number of suspensions.  Th i s  i s  especial l y importan t  when  time  to  other 
percentages  of fa i l u res  are  read  from  the  curve.  

NOTE  2  Subgroups  of four are  often  used  for sudden  death  testing  due  to  the  saving  i n  the  number of test  ri gs  
requ i red .  

Tabl e  4 – Su bg rou p  s i ze  to  estim ate  ti m e to  X %  fai lu res  u sin g  th e  su dden  d eath  meth od

Su bg rou p s i ze  B  Preci s e  m ed i an  ran k for 1  fai l u re  LX esti m ated  i n  test 

2  0 , 292  9  L30  

3  0 , 206  3  L20  

4  0 , 1 59  1  L1 6  

5  0 , 1 29  4  L1 3  

6  0 , 1 09  1  L1 0  

7  0 , 094  3  L9  

8  0 , 083  0  L8  

9  0 , 074  1  L7  

1 0  0 , 067  0  L6  

50  0 , 01 3  8  L1  

70  0 , 009  94  L1  

The LX va lue  estimated  i n  a  sudden  death  test i s  almost as  re l i able  as  i f a l l  components  i n  
each  subgroup had  been  tested  to  fa i l ure,  bu t the  confidence i n terval  i s  approximatel y 50  %  
l arger. A sudden  death  test can  be  performed  much  faster than  testi ng  a l l  components  to  
fai l ure,  however.  For example,  for β  =  1  the  test time is  on l y 25  %  of the  time to  test a l l  

components  to  fa i lu re  provided  the  subgroups  are  tested  sequentia l l y.  I f a l l  subgroups  are  
tested  s imu l taneousl y,  the  time  requ ired  i s  on l y approximatel y 7  %  of the  time  requ ired  to  test 
a l l  components  to  fai l u re.  

The  ratio  of test times  may be  estimated  us ing  the  average  times  to  fa i lu re.  Manufacturers  
that employ sudden  death  reduce  the  test time by constructing  sudden  death  ri gs  that test  
each  subgroup together,  subjected  to  the  same load .  

Example:  below are  data  from  1 2  fai l u res  i n  cycles.  

Table  5  – Ch ain  d ata  – Cycl es  to  fai l u re  

Su bg rou p 1  Su bg rou p 2  Su bg rou p 3  Su bg rou p 4

Suspended  at  3  698  Suspended  at  4  650  Suspended  at  2  398  Fai l ed  at  2  945  

Fai l ed  at  3  698  Suspended  at  4  650  Suspended  at  2  398  Suspended  at  2  945  

Suspended  at  3  698  Fai l ed  at  4  650  Fai l ed  at  2  398  Suspended  at  2  945  
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For the  sudden  death  test,  the  mean  rank,  (1 /(N +  1 )) ,  for the  fi rst of three  i s  1 /4 .  The  
correspond ing  L  l i fe  i s  B25.  For a  Weibu l l  wi th  β  =  2 , 1 3,  the  B25  l i fe  i s  0, 557η  and  the  ratio 

of MTTF  to  η  i s  0 , 8858.  Therefore,  the  ratio  of test times  for sudden  death  is  

(0, 557  x 4)/(0, 885 8  x  1 2)  or approximatel y 0 , 2.  Comparing  F isher’s  matrix confidence bounds  
for the  1 0  sets  of three  wi th  the  Weibu l l  for a l l  1 2  fai l ures  provides  about a  27  %  i ncrease  in  
the  statistical  uncertain ty of B1  l i fe  compared  to  testing  a l l  1 2  to  fai l u re.  Th is  i ncrease  i n  
uncertainty i s  traded  for an  80  %  reduction  in  test time.  

NOTE  3  Data  can  a l so  be  analysed  by treati ng  the  subgroups  as  s i ng le  samples.  

1 4 Other d istributions  

I f x  i s  l og-normal l y d istribu ted ,  the  d istribu tion  of x  wi l l  be  skewed  to  the  ri gh t and  l og  x  wi l l  
have  the  fam i l i ar bel l -shaped  normal  d istribu tion .  

The  log-normal  d istribu tion  has  many appl ications.  The  d istribu tion  of flaw s i zes,  rad io  
frequency (RF)  parameters  and  repai r t imes  are  typical  examples.  Perhaps  the  most importan t 
i s  progressive  deterioration  such  as  performance  l oss,  crack growth  to  rupture  and  increases  
i n  vibration  ampl i tude  i f the  rate  of change  i ncreases  wi th  the  deterioration .  I f the  rate  of 
change  is  l i near these  d i stributions  wi l l  tend  to  be  Weibu l l .  

Physical l y,  the  l og-normal  d istribu tion  models  a  process  where  the  time  to  fai l u re  resu l ts  from  
the  mu l tip l ication  of effects.  For example,  deterioration  may be  progressive;  a  crack grows  
rapid l y wi th  h i gh  stress  because  the  stress  increases  progressivel y as  the  crack grows.  I n  th is  
case,  the  growth  rate  wi l l  be  log-normal .  On  the  other hand ,  i f the  growth  rate  i s  l i near wi th  
time,  as  i t  may be  i n  a  l ow stress  area,  the  Weibu l l  d istribu tion  wi l l  be  more  appropriate.  The  
l og-normal  has  many appl ications  such  as  materia ls  properties,  personal  i ncomes,  
i nheri tances,  bank deposi ts ,  growth  rate  of cracks  and  the  d istribu tion  of fl aw s i zes.  

Whi le  there  are  many statistical  d istribu tions  other than  the  Weibu l l ,  the  log-normal  
d istribu tion  i s  the  second  choice  for l i fe  data  anal ysis .  The  l og-normal  d i stribu tion  shou ld  be  
the  fi rst choice  i f there  i s  good  prior in formation  and  more  than  twenty fa i l u res.  For example,  
many materia l  characteri stics  employ the  l og-normal  d istribu tion .  Times  to  repai r and  crack 
growth  to  rupture  are  often  l og-normal .  Knowledge  that  the  phys ics  of fa i l u re  i nd icates  
progressive  deterioration  is  a lso  a  clue  that the  data  may be  l og-normal .  Some sem iconductor 
ch ip  fa i l u res  are  log-normal .  The  d istribu tion  of the  Weibu l l  parameter,  β ,  i s  approximatel y 

l og-normal ,  wh i l e  η  i s  more  normal l y d istribu ted .  
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An nex A  
(in formative)  

Examples  an d  case studies  

A. 1  Low ti me fai l ures  

Figure  A. 1  i s  an  example  of l ow-time part fa i lu res  on  main  oi l  pumps.  Gas  turbine  eng ines  are  
tested  before  being  sh ipped  to  the  customer,  and  s ince  there  were  over 1  000  of these  
eng ines  in  the  fie l d  wi th  no  problems,  what was  going  wrong?  Upon  examin ing  the  fai l ed  o i l  
pumps,  i t  was  found  that they contained  oversized  parts.  Someth ing  had  changed  in  the  
manufacturing  process  that created  a  batch  problem.  The oversized  parts  caused  an  
i n terference  wi th  the  gears  in  the  pump that resu l ted  i n  fai l ure.  Th is  was  traced  to  a  mach in ing  
operation  and  corrected .  Low-time fai l u res  may suggest wear-ou t by having  a  s lope greater 
than  one,  but  more  often ,  they wi l l  show i nfan t mortal i ty,  wi th  s lopes  l ess  than  one.  Low-time 
fai l ures  provide  a  clue  to  a  production  or assembl y process  change,  especia l l y when  there  are  
many successfu l  h igh-time i tems  in  the  fie l d .  Overhau l  and  schedu led  main tenance  a lso  may 
produce  these "batch"  effects.  Times  s ince  overhau l  or main tenance may provide  a  cl ue.  The  
presence of many l ate  suspensions  may a lso  be  a  cl ue  that  a  batch  problem  exists.  
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Fi gu re  A. 1  – M ai n  oi l  pu mp l ow ti mes  

A. 2  Cl ose seri al  numbers   

The same reason ing  can  be  extended  to  other particu lar fa i l ure  groupings.  For example,  i f 
l ow-time i tems  have  no  fai l u res,  m id-time i tems  have fa i lu res,  and  h igh-time i tems  have  no 
fai l u res,  then  a  batch  problem  is  suspected .  Someth ing  may have  changed  i n  the  
manufacturing  process  for a  short period  and  then  changed  back.  Closeness  of serial  
numbers  of the  fa i led  parts  suggests  a  batch  problem .  F igure  A.2  is  a  prime example  of a  
process  change that happened  m idstream  in  production .  Bearings  were  fa i l i ng  i n  new 
augmenter pumps.  The  fa i l u res  occurred  i n  the  200  h  to  400  h  period .  At l east 650  i tems  had  
more  time than  the  h ighest time  of fai l u re.  These  fai l ures  were  traced  to  a  process  change  
that was  i ncorporated  as  a  cost reduction  for manufacturing  of bearing  cages.  Th is  example  
shows a  poor fi t  to  one  Weibu l l  d istribu tion ,  as  there  are  at l east two  dom inant fa i l u re  modes  
present in  the  data  as  shown  i n  F igure  A.2 .   
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Fi g u re  A. 2  – Au g m en ter pu m p beari n g  fai lu re  

A. 3  Steep sl opes  

Caution  shou ld  be  exercised  wi th  values  of ?  i n  excess  of 4.  A steep  plot may be  conceal i ng  
curvature,  ou tl iers  or dog legs,  and  the  messages  that they g ive  about the  data  fi t.  The  steep  
p lot often  h ides  incorrect Weibu l l  data.  Al l  the  messages  from  the  data  such  as  curves,  
ou tl iers ,  dog legs  tend  to  d isappear.  Apparentl y,  good  Weibu l ls  may have poor fi ts.  An  
example  i s  g i ven  in  F igure  A.3.  Here,  at fi rst g l ance,  the  p lots  appear to  be  good  fi ts ,  bu t there  
is  curvature  and  perhaps  an  ou tl i er.

NOTE  The  steep  s l ope  of the  Weibu l l  cu rves  i s  preferable  from  an  eng ineering  poi n t  of vi ew,  provided  the  val ue  of 
η  i s  l arge  enough .  
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Fi gu re A. 3  – Steep  β  val u es  h i d e  probl em s 
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An nex B   
(in formative)

Example of compu tations  

This  example  i s  provided  as  a  numerical  test  case  to  veri fy the  accuracy of computer 
programs implementing  the  MRR and  MLE  procedures  of th is  standard .  

Forty i tems  are  pu t under test.  The  test i s  stopped  at the  time of the  20th  fa i l ure.  The  
fol l owing  are  the  times  correspond ing  to  the  fi rst 20  fa i lu res:  

Table  B . 1  – Ti m es  to  fai lure   

t1 t2 t3 t4 t5 t6 t7 t8 t9 t1 0 t1 1 t1 2 t1 3 t1 4 t1 5 t1 6 t1 7 t1 8 t1 9 t20

5  1 0  1 7  32  32  33  34  36  54  55  55  58  58  61  64  65  65  66  67  68  

The fi rst s tep  is  to  p lot the  data  as  shown  below in  F igure  B . 1 .  Note  that al though  both  the  
MRR and  MLE goodness-of-fi t  impl y an  acceptable  fi t,  the  plot shows the  class ic Bi -Weibu l l  
m ixture  of two  fa i l u re  modes,  l ow s lope fol lowed  by steep  s lope.  D istribu ti on  anal ys is  us ing  
the  l i kel i hood  ratio  test favours  the  three-parameter Weibu l l .  The  m ixture  anal ys is  based  on  
l ikel ihood  confi rms at l east two fai l ure  modes  are  present.  Th is  i l l ustrates  the  meri t of a lways  
p lotti ng  the  data,  not re l ying  en ti re l y on  anal yti cal  methods.   

Appl ying  the  numerical  procedures  of th is  s tandard  yie l ds  the  fol l owing  resu l ts :  

A goodness-of-fi t  l ikel i hood  test on  th is  data  set cannot reject,  at  the  s i gn i ficance  l evel  of 
1 0  % ,  the  hypothesis  that these times  to  fa i lure  come from  a  Weibu l l  d istribution  s i nce  
H =  0, 36  and F0, 1 (1 8  ;  20)  =  1 , 81 .  The  MRR coefficient of determ ination  i s  93, 9  %,  above the  
cri tical  90  %  value  of 90 , 3  %.  Both  tests  impl y an  acceptable,  bu t  not ou tstand ing ,  fi t.  

The  MLE/MRR values  for β  and η  are β̂  =  2 , 091 /1 , 423  and  η̂  =  84/1 1 3.  

The  90  %  MLE/MRR confidence in tervals  are:  [1 , 34/0, 998  ;  2 , 742/2, 029]  for β and  [70/79,05 ;  
1 08/1 62, 4]  forη .

The  MLE/MRR of B1 0  i s  28, 63/28, 56  and  the  lower 90  %  confidence  l im i t for B1 0  i s  
20, 43/23,29  (see  F igure  B. 1 ) .  Note  that  as  expected  the  MLE  β i s  steeper than  the  MRR and  
the  MLE  B  l i ves  are  optim istic compared  to  the  MRR,  even  at the  B1 0  level .  At  l evels  l ike  B1  
they are  much  more  optim istic as  shown  in  Table  B. 2 .  Note  that  t  =  5, 0  i s  approximatel y B1 .  

The  MLE/MRR values  for the  re l i abi l i ty and  their l ower 90  %  confidence l im i ts  for three  
arbi trary values  of t  are:  
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Tabl e  B. 2  – Su mm ary of resul ts  
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Figu re  B. 1  – Pl ot  of compu tati ons   
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An nex C  
(in formative)  

Median  rank tables  

C. 1  M edi an  ran k tabl es  5  % ran k 

5 % ran ks  
Sam pl e  s i ze  

Ran k 
order

1  2  3  4  5  6  7  8  9  1 0  

1 5,00 2, 53  1 ,70 1 , 27 1 ,02 0, 85 0, 73 0, 64  0, 57  0, 51  
2 22, 36  1 3, 54  9, 76 7, 64 6, 28 5, 34 4, 64  4, 1 0  3, 68  
3 36, 84  24, 86 1 8, 93 1 5, 32 1 2, 88 1 1 , 1 1  9, 77  8, 73  
4  47 , 29 34, 26 27, 1 3 22, 53 1 9, 29  1 6, 88  1 5, 00
5 54, 93 41 , 82 34, 1 3 28, 92  25, 1 4  22 , 24
6    60 , 70 47, 93 40, 03  34, 49  30, 35
7 65, 1 8 52, 93  45, 04  39, 34
8      68 , 77  57, 09  49, 31
9 71 , 69  60, 58

1 0        74 , 1 1

5 % ran ks  
Sam pl e  s i ze  

Ran k 
ord er

1 1  1 2  1 3  1 4 1 5  1 6  1 7  1 8  1 9  20  

1 0, 47  0, 43  0, 39  0, 37 0, 34 0, 32 0, 30 0, 28  0, 27  0, 26
2 3, 33  3, 05  2 , 81  2 , 60 2, 42 2, 27 2, 1 3 2, 01  1 , 90  1 , 81
3 7, 88  7,1 9 6, 60  6, 1 1 5, 68 5, 31 4, 99 4, 70  4, 45  4, 22
4 1 3, 51  1 2 , 29  1 1 , 27  1 0 , 40  9, 67 9, 03 8, 46 7, 97  7, 53  7, 1 4
5 1 9, 96  1 8, 1 0  1 6 , 57  1 5, 27 1 4, 1 7 1 3, 21 1 2 , 38 1 1 , 64  1 0, 99  1 0 , 41
6 27, 1 2  24, 53  22 , 40  20, 61 1 9, 09 1 7, 78 1 6, 64 1 5, 63  1 4 , 75  1 3, 96
7 34, 98  31 , 52  28, 70  26, 36 24, 37 22, 67 21 , 1 9 1 9, 90  1 8, 75  1 7 , 73
8 43, 56  39, 09  35, 48  32 , 50 30, 00 27, 86 26, 01 24, 40  22 , 97  21 , 71
9 52, 99  47, 27  42 , 74  39, 04 35, 96 33, 34 31 , 08 29, 1 2  27, 39  25, 87

1 0 63, 56  56, 1 9  50, 54  46, 00 42, 26 39, 1 0 36, 40 34, 06  32 , 01  30, 20
1 1 76, 1 6  66, 1 3  58, 99  53, 43 48, 92 45, 1 7 41 , 97 39, 22  36, 81  34, 69
1 2 77, 91  68, 37  61 , 46 56, 02 51 , 56 47, 81 44, 60  41 , 81  39, 36
1 3 79, 42  70, 33 63, 66 58, 34 53, 95 50, 22  47, 00  44, 20
1 4 80, 74 72, 06 65, 62 60, 44 56, 1 1  52 , 42  49, 22
1 5 81 , 90 73, 60 67, 38 62, 33  58, 09  54, 44
1 6 82, 93 74, 99 68, 97  64, 06  59, 90
1 7 83, 84 76, 23  70, 42  65, 63
1 8 84, 67  77, 36  71 , 74
1 9 85, 41  78, 39
20 86, 09
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5 % ran ks  
Sam pl e  s i ze  

Ran k 
ord er

21  22  23  24 25 26  27  28  29  30  

1 0, 24  0, 23  0, 22  0, 21 0, 20 0, 20 0, 1 9 0, 1 8  0, 1 8  0, 1 7
2 1 , 72  1 , 64  1 , 57  1 , 50 1 , 44 1 , 38 1 , 33 1 , 28  1 , 24  1 , 20
3 4, 01  3, 82  3, 65  3, 50 3, 35 3, 22 3, 1 0 2, 98  2, 88  2 , 78
4 6,78 6, 46  6, 1 7  5, 90 5, 66 5, 43 5, 22 5, 03  4, 85  4, 69
5 9, 88  9, 41  8, 98  8, 59 8, 23 7, 90 7, 59 7, 31  7, 05  6, 81
6 1 3, 24  1 2 , 60  1 2 , 02  1 1 , 49 1 1 , 01 1 0, 56 1 0, 1 5 9, 77  9, 42  9, 09
7 1 6, 82  1 5, 99  1 5, 25  1 4 , 57 1 3, 95 1 3, 38 1 2, 85 1 2, 37  1 1 , 92  1 1 , 50
8 20, 57  1 9, 56  1 8, 63  1 7 , 80 1 7, 03 1 6, 33 1 5, 68 1 5, 09  1 4 , 53  1 4 , 02
9 24, 50  23, 27  22 , 1 6  21 , 1 6 20, 24 1 9, 40 1 8, 62 1 7, 91  1 7, 25  1 6, 63

1 0 28, 58  27, 1 3  25, 82  24, 64 23, 56 22, 57 21 , 66 20, 82  20, 05  1 9, 33
1 1 32, 81  31 , 1 3  29, 61  28, 24 26, 99 25, 84 24, 79 23, 83  22, 93  22 , 1 1
1 2 37, 1 9  35, 25 33, 51  31 , 94 30, 51 29, 21 28, 01 26, 91  25, 89  24, 95
1 3 41 , 72  39, 52  37, 54  35, 76 34, 1 4 32, 66 31 , 31 30, 07  28, 93  27, 87
1 4 46, 41  43, 91  41 , 68  39, 68 37, 86 36, 21 34, 70 33, 31  32 , 03  30, 85
1 5 51 , 26  48, 45 45, 95  43, 71 41 , 68 39, 84 38, 1 6 36, 62  35, 20  33, 89
1 6 56, 30  53, 1 5  50, 36  47, 86 45, 61 43, 57 41 , 71 40, 00  38, 44  36, 99
1 7 61 , 56  58, 02  54, 90  52 , 1 3 49, 64 47, 38 45, 34 43, 46  41 , 75  40, 1 6
1 8 67, 08  63, 09  59, 61  56, 53 53, 78 51 , 30 49, 05 47, 00  45, 1 2  43, 39
1 9 72, 94  68, 41  64, 51  61 , 09 58, 05 55, 32 52, 86 50, 62  48, 57  46, 69
20 79, 33  74, 05 69, 64  65, 82 62, 46 59, 46 56, 77 54, 33  52 , 1 0  50, 06
21 86, 71  80, 1 9  75, 08  70, 77 67, 04 63, 74 60, 79 58, 1 3  55, 71  53, 49
22 87, 27  80, 98  76, 02 71 , 83 68, 1 8 64, 94 62, 03  59, 40  57, 01
23 87, 79  81 , 71 76, 90 72, 81 69, 24 66, 06  63, 20  60, 61
24 88, 27 82, 39 77, 71 73, 73 70, 23  67, 1 1  64, 30
25 88, 71 83, 02 78, 47 74, 58  71 , 1 6  68, 1 0
26 89, 1 2 83, 60 79, 1 8  75, 39  72 , 04
27 89, 50 84, 1 5  79, 84  76, 1 4
28 89, 85 84, 66  80, 47
29 90, 1 9  85, 1 4
30 90, 50

C. 2  M edi an  ran k tabl es  95  % rank 

95 % ran ks  
Sam pl e  s i ze  

Ran k 
ord er

1  2  3  4  5  6  7  8  9  1 0  

1 95, 00  77,64 63, 1 6  52 , 71 45, 07 39, 30 34, 82 31 , 23  28, 31  25, 89
2 97, 47  86, 46  75, 1 4 65, 74 58, 1 8 52, 07 47, 07  42 , 91  39, 42
3 98, 30  90, 24 81 , 07 72, 87 65, 87 59, 97  54, 96  50, 69
4 98, 73 92, 36 84, 68 77, 47 71 , 08  65, 51  60, 66
5 98, 98 93, 72 87, 1 2 80, 71  74, 86  69, 65
6 99, 1 5 94, 66 88, 89  83, 1 2  77, 76
7 99, 27 95, 36  90, 23  85, 00
8 99, 36  95, 90  91 , 27
9 99, 43  96, 32

1 0 99, 49
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95 % ran ks  
Sam pl e  s i ze  

Ran k 
ord er

1 1  1 2  1 3  1 4 1 5  1 6  1 7  1 8  1 9  20  

1 23, 84  22 , 09  20, 58  1 9, 26  1 8, 1 0 1 7, 07 1 6, 1 6 1 5, 33  1 4 , 59  1 3, 91
2 36, 44  33, 87  31 , 63  29, 67  27, 94 26, 40 25, 01 23, 77  22 , 64  21 , 61
3 47, 01  43, 81  41 , 01  38, 54  36, 34 34, 38 32, 62 31 , 03  29, 58  28, 26
4 56, 44  52 , 73  49, 46  46, 57  43, 98 41 , 66 39, 56 37, 67  35, 94  34, 37
5 65, 02  60, 91  57, 26  54, 00  51 , 08 48, 44 46, 05 43, 89  41 , 91  40, 1 0
6 72, 88  68, 48  64, 52  60, 96  57, 74 54, 83 52, 1 9 49, 78  47, 58  45, 56
7 80, 04  75, 47  71 , 30  67, 50  64, 04 60, 90 58, 03 55, 40  53, 00  50, 78
8 86, 49  81 , 90  77, 60  73, 64  70, 00 66, 66 63, 60 60, 78  58, 1 9  55, 80
9 92, 1 2  87, 71  83, 43  79, 39  75, 63 72, 1 4 68, 92 65, 94  63, 1 9  60, 64

1 0 96, 67  92 , 81  88, 73  84, 73  80, 91 77, 33 73, 99 70, 88  67, 99  65, 31
1 1 99, 53  96, 95 93, 40  89, 60  85, 83 82, 22 78, 81 75, 60  72 , 61  69, 80
1 2  99 , 57  97, 1 9  93, 89  90, 33 86, 79 83, 36 80, 1 0  77, 03  74, 1 3
1 3 99, 61  97, 40  94, 32 90, 97 87, 62 84, 37  81 , 25  78, 29
1 4    99 , 63  97, 58 94, 69 91 , 54 88, 36  85, 25 82 , 27
1 5 99, 66 97, 73 95, 01 92, 03  89, 01  86, 04
1 6      99 , 68 97, 87 95, 30  92 , 47  89, 59
1 7 99, 70 97, 99  95, 55  92 , 86
1 8        99 , 72  98, 1 0  95, 78
1 9 99, 73  98, 1 9
20          99 , 74

95 % ran ks  
Sam pl e  s i ze  

Ran k 
order

21  22  23  24 25 26  27  28  29  30  

1 1 3, 29  1 2 , 73  1 2 , 21  1 1 , 73 1 1 , 29 1 0, 88 1 0, 50 1 0, 1 5  9, 81 9, 50
2 20, 67  1 9, 81  1 9 , 02  1 8, 29 1 7, 61 1 6, 98 1 6, 40 1 5, 85  1 5, 34  1 4 , 86
3 27, 06  25, 95 24, 92  23, 98 23, 1 0 22, 29 21 , 53 20, 82  20, 1 6  1 9, 53
4 32, 92  31 , 59  30, 36  29, 23 28, 1 7 27, 1 9 26, 27 25, 42  24, 61  23, 86
5 38, 44  36, 91  35, 49  34, 1 8 32, 96 31 , 82 30, 76 29, 77  28, 84  27, 96
6 43, 70  41 , 98  40, 39  38, 91 37, 54 36, 26 35, 06 33, 94  32 , 89  31 , 90
7 48, 74  46, 85 45, 1 0  43, 47 41 , 95 40, 54 39, 21 37, 97  36, 80  35, 70
8 53, 59  51 , 55  49, 64  47, 87 46, 22 44, 68 43, 23 41 , 87  40, 60  39, 39
9 58, 28  56, 09  54, 05  52 , 1 4 50, 36 48, 70 47, 1 4 45, 67  44, 29  42 , 99

1 0 62, 81  60, 48  58, 32  56, 29 54, 39 52, 62 50, 95 49, 38  47, 90  46, 51
1 1 67, 1 9  64, 75 62 , 46  60, 32 58, 32 56, 43 54, 66 53, 00  51 , 43  49, 94
1 2 71 , 42  68, 87  66, 49  64, 24 62, 1 4 60, 1 6 58, 29 56, 54  54, 88  53, 31
1 3 75, 50  72 , 87  70, 39  68, 06 65, 86 63, 79 61 , 84 60, 00  58, 25 56, 61
1 4 79, 43  76, 73  74, 1 8  71 , 76 69, 49 67, 34 65, 30 63, 38  61 , 56  59, 84
1 5 83, 1 8  80, 44  77, 84  75, 36 73, 01 70, 79 68, 69 66, 69  64, 80  63, 01
1 6 86, 76  84, 01  81 , 37  78, 84 76, 44 74, 1 6 71 , 99 69, 93  67, 97  66, 1 1
1 7 90, 1 2  87, 40  84, 75  82 , 20 79, 76 77, 43 75, 21 73, 09  71 , 07  69, 1 5
1 8 93, 22  90, 59  87, 98  85, 43 82, 97 80, 60 78, 34 76, 1 7  74, 1 1  72 , 1 3
1 9 95, 99  93, 54  91 , 02  88, 51 86, 05 83, 67 81 , 38 79, 1 8  77, 07  75, 05
20 98, 28  96, 1 8  93, 83  91 , 41 88, 99 86, 62 84, 32 82, 09  79, 95  77, 89
21 99, 76  98, 36  96, 35  94, 1 0 91 , 77 89, 44 87, 1 5 84, 91  82, 75 80, 67
22 99, 77  98, 43  96, 50 94, 34 92, 1 0 89, 85 87, 63  85, 47  83, 37
23 99, 78  98, 50 96, 65 94, 57 92, 41 90, 23  88, 08  85, 98
24 99, 79 98, 56 96, 78 94, 78 92, 69  90, 58  88, 50
25 99, 80 98, 62 96, 90 94, 97  92 , 95  90, 91
26 99, 80 98, 67 97, 02  95, 1 5  93, 1 9
27 99, 81 98, 72  97, 1 2  95, 31
28 99, 82  98, 76  97, 22
29 99, 82  98, 80
30 99, 83
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C. 3  M edi an  ran k tabl es  50  % rank 

M ed i an  ran ks  (50  %)  
Sam pl e  s i ze  

Ran k 
order

1  2  3  4  5  6  7  8  9  1 0  

1 50 29, 29  20, 63  1 5, 91  1 2 , 94  1 0 , 91  9, 43  8, 30  7, 41  6, 70  
2  70 , 71  50, 00  38, 57  31 , 38  26, 44  22 , 85  20, 1 1  1 7 , 96  1 6, 23  
3 79, 37  61 , 43  50, 00  42, 1 4  36, 41  32 , 05 28, 62  25, 86  
4    84 , 09  68, 62  57, 86  50, 00  44, 02  39, 31  35, 51  
5 87, 06  73, 56  63, 59  55, 98  50, 00  45, 1 7  
6      89 , 09  77, 1 5  67, 95 60, 69  54, 83  
7 90, 57  79, 89  71 , 38  64, 49  
8       91 , 70  82 , 04  74, 1 4  
9 92, 59  83, 77  

1 0          93, 30  

M ed i an  ran ks  (50  %)  
Sam pl e  s i ze  

Ran k 
order

1 1  1 2  1 3  1 4 1 5  1 6  1 7  1 8  1 9  20  

1 6, 1 1  5, 61  5, 1 9  4 , 83  4, 52  4, 24  4, 00  3, 78  3, 58  3, 41  
2 1 4, 80  1 3, 60  1 2 , 58  1 1 , 70  1 0, 94  1 0 , 27  9, 68  9, 1 5  8, 68  8, 25  
3 23, 58  21 , 67  20, 04  1 8, 65  1 7 , 43  1 6, 37  1 5, 42  1 4, 58  1 3, 83  1 3, 1 5  
4 32, 38  29, 76  27, 53  25, 61  23, 94  22 , 47  21 , 1 8  20, 02  1 8, 99  1 8, 05  
5 41 , 1 9  37, 85  35, 02  32 , 58  30, 45  28, 59  26, 94  25, 47  24, 1 5  22 , 97  
6 50, 00  45, 95  42 , 51  39, 54  36, 97  34, 71  32 , 70  30, 92  29, 32  27, 88  
7 58, 81  54, 05  50, 00  46, 51  43, 48  40, 82  38, 47  36, 37  34, 49  32 , 80  
8 67, 62  62 , 1 5  57, 49  53, 49  50, 00  46, 94  44, 23  41 , 82  39, 66  37, 71  
9 76, 42  70, 24  64, 98  60, 46  56, 52  53, 06  50, 00  47, 27  44, 83  42 , 63  

1 0 85, 20  78, 33  72 , 47  67, 42  63, 03  59, 1 8  55, 77  52 , 73  50, 00  47, 54  
1 1 93, 89  86, 40  79, 96  74, 39  69, 55  65, 29  61 , 53  58, 1 8  55, 1 7  52 , 46  
1 2  94 , 39  87, 42  81 , 35  76, 06  71 , 41  67, 30  63, 63  60, 34  57, 37  
1 3 94, 81  88, 30  82 , 57  77, 53  73, 06  69, 08  65, 51  62 , 29  
1 4    95, 1 7  89, 06  83, 63  78, 82  74, 53  70, 68  67, 20  
1 5 95, 48  89, 73  84, 58  79, 98  75, 85  72 , 1 2  
1 6      95, 76  90, 32  85, 42  81 , 01  77, 03  
1 7 96, 00  90, 85  86, 1 7  81 , 95  
1 8        96 , 22  91 , 32  86, 85 
1 9 96, 42  91 , 75  
20          96 , 59  
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M edi an  ran ks  (50  %)  
Sam pl e  s i ze  

Ran k 
ord er

21  22  23  24 25 26  27  28  29  30  

1 3, 25  3,1 0 2, 97  2, 85 2, 73 2, 63 2, 53 2, 45 2 , 36  2 , 28
2 7, 86  7, 51  7, 1 9  6, 90 6, 62 6, 37 6, 1 4 5, 92  5, 72  5, 53
3 1 2, 53  1 1 , 97  1 1 , 46  1 0 , 99  1 0 , 55 1 0, 1 5 9, 78 9, 44  9, 1 1  8, 81
4 1 7, 21  1 6 , 44  1 5, 73  1 5, 09  1 4 , 49 1 3, 94 1 3, 43 1 2, 96  1 2 , 52  1 2 , 1 0
5 21 , 89  20, 91  20, 01  1 9 , 1 9  1 8, 43 1 7, 74 1 7, 09 1 6, 48  1 5, 92  1 5, 40
6 26, 57  25, 38  24, 30  23, 30  22 , 38 21 , 53 20, 74 20, 01  1 9, 33  1 8, 69
7 31 , 26  29, 86  28, 58  27, 41  26, 32 25, 32 24, 40 23, 54  22 , 74  21 , 99
8 35, 94  34, 33  32 , 86  31 , 51  30, 27 29, 1 2 28, 06 27, 07  26, 1 4  25, 28
9 40, 63  38, 81  37, 1 5  35, 62  34, 22 32, 92 31 , 71 30, 59  29, 55  28, 58

1 0 45, 31  43, 29  41 , 43  39, 73  38, 1 6 36, 71 35, 37 34, 1 2  32 , 96  31 , 87
1 1 50, 00  47, 76  45, 72  43, 84  42 , 1 1 40, 51 39, 03 37, 65  36, 37  35, 1 7
1 2 54, 69  52 , 24  50, 00  47, 95 46, 05 44, 31 42, 68 41 , 1 8  39, 77  38, 46
1 3 59, 37  56, 71  54, 28  52 , 05  50, 00 48, 1 0 46, 34 44, 71  43, 1 8  41 , 76
1 4 64, 06  61 , 1 9  58, 57  56, 1 6  53, 95 51 , 90 50, 00 48, 24  46, 59  45, 06
1 5 68, 74  65, 67  62 , 85 60, 27  57, 89 55, 69 53, 66 51 , 76  50, 00  48, 35
1 6 73, 43  70, 1 4  67, 1 4  64, 38  61 , 84 59, 49 57, 32 55, 29  53, 41  51 , 65
1 7 78, 1 1  74, 62  71 , 42  68, 49  65, 78 63, 29 60, 97 58, 82  56, 82  54, 94
1 8 82, 79  79, 09  75, 70  72 , 59  69, 73 67, 08 64, 63 62, 35  60, 23  58, 24
1 9 87, 47  83, 56  79, 99  76, 70  73, 68 70, 88 68, 29 65, 88  63, 63  61 , 54
20 92, 1 4  88, 03  84, 27  80, 81  77, 62 74, 68 71 , 94 69, 41  67, 04  64, 83
21 96, 75 92 , 49  88, 54  84, 91  81 , 57 78, 47 75, 60 72, 93  70, 45  68, 1 3
22  96 , 90  92 , 81  89, 01  85, 51 82, 26 79, 26 76, 46  73, 86  71 , 42
23 97, 03  93, 1 0  89, 45 86, 06 82, 91 79, 99  77, 26  74, 72
24    97 , 1 5  93, 38 89, 85 86, 57 83, 52  80, 67  78, 01
25 97, 27 93, 63 90, 22 87, 04  84, 08  81 , 31
26      97 , 37 93, 86 90, 56  87, 48  84, 60
27 97, 47 94, 08  90, 89  87, 90
28        97 , 55  94, 28  91 , 1 9
29 97, 64  94, 47
30          97 , 72

C. 4 Generati ng  ranks  u si ng  a  spread sheet program  

Ranks  can  be  generated  i n  a  spreadsheet program  using  the  fol l owing  function :  

BETAINV(C,  J ,  N -J+1 )   

where  

C  i s  the  confidence l evel ;  

J   i s  the  rank order;   

N  i s  the  sample  s ize.  
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An nex D   
(normative)  

Statistical  tables  

D. 1  Tabl e  of the  gamma functi on  

Table  D . 1  i s  used  in  con j unction  wi th  9 . 7 .  

Tabl e  D. 1  – Val u es  of th e  g amm a fu n ction   

? Γ(1 +1 /?) ? Γ(1 +1 /?) ? Γ(1 +1 /?)

0, 20  1 20   1 , 50  0 , 902  7   3 , 60  0 , 901 1  

0 , 25  24   1 , 55  0 , 899  4   3 , 70  0 , 9024  

0 , 30  9 , 2603   1 , 60  0 , 896  6   3 , 80  0 , 9038  

0 , 35  5, 0295   1 , 65  0 , 894  2   3 , 90  0 , 9051  

0 , 40  3 , 3233   1 , 70  0 , 892  2   4 , 00  0 , 9064  

0 , 45  2 , 5055   1 , 75  0 , 890  6   4 , 1 0  0 , 9076  

0 , 50  2 , 0000   1 , 80  0 , 889  2   4 , 20  0 , 9089  

0 , 55  1 , 7024   1 , 85  0 , 888  2   4 , 30  0 , 91 01  

0 , 60  1 , 5045   1 , 90  0 , 887  4   4 , 40  0 , 91 1 3  

0 , 65  1 , 3603   1 , 95  0 , 886  7   4 , 50  0 , 91 25  

0 , 70  1 , 2657   2 , 00  0 , 886  2   4 , 60  0 , 91 37  

0 , 75  1 , 1 906   2 , 1 0  0 , 885  7   4 , 70  0 , 91 49  

0 , 80  1 , 1 330   2 , 20  0 , 885  6   4 , 80  0 , 91 60  

0 , 85  1 , 0878   2 , 30  0 , 885  9   4 , 90  0 , 91 71  

0 , 90  1 , 0522   2 , 40  0 , 886  5   5 , 00  0 , 91 82  

0 , 95  1 , 0238   2 , 50  0 , 887  2   5 , 20  0 , 9202  

1 , 00  1 , 0000   2 , 60  0 , 888  2   5 , 40  0 , 9222  

1 , 05  0 , 9808   2 , 70  0 , 889  3   5 , 60  0 , 9241  

1 , 1 0  0 , 9649   2 , 80  0 , 890  3   5 , 80  0 , 9260  

1 , 1 5  0 , 951 7   2 , 90  0 , 891  7   6 , 00  0 , 9277  

1 , 20  0 , 9406   3 , 00  0 , 893  0   6 , 20  0 , 9293  

1 , 25  0 , 931 4   3 , 1 0  0 , 894  3   6 , 40  0 , 9309  

1 , 30  0 , 9236   3 , 20  0 , 895  6   6 , 60  0 , 9325  

1 , 35  0 , 91 69   3 , 30  0 , 897  0   6 , 80  0 , 9340  

1 , 40  0 , 91 1 4   3 , 40  0 , 898  4   7 , 00  0 , 9354  

1 , 45  0 , 9067   3 , 50  0 , 899  7   8 , 00  0 , 941 7  

D. 2  Fracti les  of the  norm al  d istri bution  

Table  D. 2  g i ves  values  of the  fracti l es  of the  normal  d istribution  up for commonly requ ired  
values  of the  argument p .

Table  D . 2  – Fracti les  of th e  n orm al  d istri bution  

p 0, 01 0  0 , 025  0 , 050  0 , 1 00  

up
2, 326  3  1 , 960  0  1 , 644  9  1 , 281  6  
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An nex E   
(in formative)  

Spreadsheet exam ple  

E. 1  Exampl e of Wei bul l  anal ysi s  u si ng  a  spreadsheet 

Table  E. 1  – Practi cal  an al ysi s  exampl e  

A B C D E

1 Failure No.  
i

Failure time 
ti

Median rank,  Fi(t) = 
(i  -  0,3)/(n  +  0,4) 

X

=ln(t)  
Y

=ln(1/ln(1-F(t))  

2 1  1 2 0,067 3 2,484 9 -2,663 8 

3 2 20 0,1 63 5 2,995 7 -1 ,723 3 

4 3 34 0,259 6 3,526 4 -1 ,202 0 

5 4 65 0,355 8 4,1 74 4 -0,821  7 

6 5 91  0,451  9 4,51 0 9 -0,508 6 

7 6 1 34 0,548 1  4,897 8 -0,230 4 

8 7 1 78 0,644 2 5,1 81  8 0,032 9 

9 8 246 0,740 4 5,505 3 0,299 0 

1 0 9 378 0,836 5 5,934 9 0,594 0 

1 1  1 0 51 2 0,932 7 6,238 3 0,992 7 

1 2 Regress X on  Y,  since there is 
more uncertainty in  t

 Alternative method,  if more 
uncertainty in  Y

1 3 y  =  1 ,1 1 1  5 x + 5, 1 26 5 y  =  0,8839x - 4,5403 

1 4 R
2
 =  0,982 4 R

2
 =  0,9824 

1 5 Intercept 5,1 265  intercept -4,540 3 

1 6 β 0,8997  β 0,883 9 

1 7 η 1 68,42  η 1 70,1 5 

1 8      

Method  Equation  Spreadsheet model  β η

X on  Y
(Standard
)

(1 /β )  l n (  - l n (1 -F))

+ l n (η )= l n (t)

y  =  1 ,1 1 1  5 x - 5, 1 26 5 =  1 /1 , 1 1 5  

=  0 , 899  7  

=exp(5, 1 265)  

=1 68, 42  

Y on  X

(Specia l )

l n (  - l n (1 -  F))  =   

β l n (t)  -β l n (η )

y  =  0,883 9 x - 4,540 3 =  0 , 883  9  =exp(4,5403/0, 8839)

=  1 70, 1 5  

Cel ls  shaded  i n  Table  E . 1  are  selected  for a  p lot.  The  p lot type  is  scattered ,  wi thout l i nes.  
Once the  scattered  graph  i s  completed ,  the  data  are  fi tted  wi th  a  straight regression  l i ne,  and  
the  fi tti ng  selection  shou ld  speci fy the  equation  of the  fi tted  l ine  to  be  d isplayed  on  the  graph  
a long  wi th  the  correlation  coefficient,  R

2
,  va lue.  The  p lot obtained  i s  shown  i n  F igure  E . 1 .  I t  i s  

conven ient to  copy the  equation  from  the  plot on to  the  data  sheet for calcu lation  of the  scale  
parameter,  as  shown  on  the  bottom  of the  Table  E. 1 .  The  LINEST function  i n  a  spreadsheet 
model  can  a lso  be  used  to  calcu late  the  fi t.  

There  is  usual l y more  uncertain ty wi th  the  time  to  fa i l u re,  t,  and  l ess  uncertain ty wi th  the  
fai l u re  number.  Least squares  regression  shou ld  regress  the  variable  wi th  more  uncertainty 
against the  variable  wi th  l ess  uncertain ty.  Commercial  software  wi l l  regress  X on  Y i nstead  of 
the  customary Y on  X often  used  i n  spreadsheet l i near p lots.  The  rows  on  the  bottom  of Table  
E. 1  show the  comparison  between  the  two  methods.  
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   = 1 68,42 h  
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2

= 0,982 4 

IEC   1335/08

Fig u re E. 1  – Wei bu l l  p lot for g raph i cal  an al ysi s  

The s lope  of the  l i ne  in  the  p lot  defines  the  shape  parameter,  β ,  and  the  scale  parameter,  η .

These  are  calcu lated  as  shown  i n  Table  E. 1 .  

E. 2  Exampl e usi ng  suspended  d ata 

Censored  or suspended  data,  especia l l y when  l arge,  can  be  anal ysed  using  a  computer 
spreadsheet,  much  i n  a  s im i lar way as  was  shown  i n  the  previous  section  for spreadsheet 
Weibu l l  anal ys is.  The  d i fference  i s  that  the  order number wh ich  is  used  for the  calcu lation  of 
med ian  rank,  previousl y designated  as  i,  i s  mod i fied  to  account for suspensions  us ing  the  
fol l owing  expressions:  

4,0

3,0
)(

items)precedingofnumber(1

)1(
1

1

+

−
=

−+

−+
=

+=

−

−

n

i
tF

n

in
m

mii

i

i

i

iii

t

ii

t

t

ttt

The re lationsh ip  between  the  above  two equations,  
iii ttt mii +=

−1
 and  

it
m  are  derived  from  

Equation  (7)  of 7 . 2. 3 .  

Tables  E. 2  and  E. 3  below show how a  spreadsheet i s  to  be  set up  for a  g iven  set  of data.  
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Tabl e  E. 2  – Spread sh eet set-u p for an al ysis  of cen sored  d ata 

A B C D E F G

1 Even t 
n u m ber 

j

Adjusted failure No.  
i

Even t ti m e 
ti

Event 
Adjusted rank Fi(t)

(i - 0,3)/(n  + 0,4) 
x y 

2 1  =A2 t1
F =(B2-0,3)/($A1 2+0,4) ln(C2) ln{ln[1 /(1 -E2)]} 

3 2 t2
S    

4 3 t3
S    

5 4 =B2+(($A$1 2+1 )-
B2)/(1 +($A$1 2-A4)) 

t4
F =(B5-0,3)/($A1 2+0,4) ln(C5) ln{ln[1 /(1 -E5)]} 

6 5 =B5+(($A$1 2+1 )-
B5)/(1 +($A$1 2-A5)) 

t5
F =(B6-0,3)/($A1 2+0,4) ln(C6) ln{ln[1 /(1 -E6)]} 

7 6 t6
S ,    

8 7 =B6+(($A$1 2+1 )-
B6)/(1 +($A$1 2-A7)) 

t7
F =(B8-0,3)/($A1 2+0,4) ln(C8) ln{ln[1 /(1 -E8)]} 

9 8 t8
S

1 0 9 =B8+(($A$1 2+1 )-
B8)/(1 +($A$1 2-A9)) 

t9
F =(B1 0-

0,3)/($A1 2+0,4) 
ln(C1 0) ln{ln[1 /(1 -E1 0)]} 

1 1 1 0 =B1 0+(($A$1 2+1 )-
B1 0)/(1 +($A$1 2-A1 0)) 

t1 0
F =(B1 1 -

0,3)/($A1 2+0,4) 
ln(C1 1 ) ln{ln[1 /(1 -E1 1 )]} 

1 2 1 1 t1 1
S    

Table  E. 3  – Exam pl e  of Weibu l l  an al ysi s  for su spend ed  data  

A B C D E F G

1 Even t 
n u m ber 

, j

Fai l u re  N o.  
i

Fai l u re  ti m e
ti

Event 
M ed i an  ran k,  F i (t)

(i  -  0 , 3) /  (n  +  0 , 4)
x y

2 1  1 ,000 0 1 2 F 0,061 4 2,484 9 -2,758 8 

3 2  20 S  

4 3  34 S  

5 4 2,222 2 65 F 0, 1 68 6 4, 1 74 4 -1 ,689 2 

6 5 3,444 4 91  F 0,275 8 4,51 0 9 -1 ,1 30 9 

7 6  1 34 S  

8 7 4,870 4 1 78 F 0,400 9 5, 1 81  8 -0,668 8 

9 8  246 S  

1 0 9 6,652 8 378 F 0,557 3 5,934 9 -0,204 8 

1 1 1 0 8,435 2 450 F 0,71 3 6 6,1 09 2 0,223 5 

1 2 1 1   51 2 S  

1 3        

1 4 y  =  1 ,230 5x + 6,01 0 2     

1 5 R2  =  0,9833      

1 6  I ntercept 6,01 0 2     

1 7 β 0,81 2 7 = 1 /1 ,230 5    

1 8 η 407,55 = exp(6,01 0 2)    

1 9        

The Weibu l l  p lot from  the  above  example  is  shown  i n  F igure  E .2 .  
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Fi gu re E .2  – Weibu l l  p lot  of cen sored  d ata  

E. 3  H azard  pl otti ng  exam pl e 1  

Another su i table  way to  anal yse  data  wi th  suspensions  is  to  p lot the  cumu lati ve  hazard  
function .  The  plotted  poin ts  correspond  to  the  fai l ure  times,  bu t the  cumulati ve  hazard  
calcu lation  accounts  for the  suspensions.  Th is  method  i s  considerabl y s impler than  
ad j ustment of the  fai l ure  numbers,  producing  comparable  resu l ts.  I EC  61 81 0-2  describes  how 
to  perform  hazard  plotti ng .  

The  spreadsheet wi th  hazard  p lotti ng  to  account for suspensions  is  shown  i n  Tables  E . 4  
and  E . 5.  

Tabl e  E. 4 – Exam pl e  of spread sh eet appl i cation  for cen sored  d ata 

A B C D E F G H I

1

Even t  
n u m ber 

i

Even t 
ti m e 

ti

Even t 
Reverse  

ran k

H azard  
fu n cti on

h(t)

Cu m u l ati ve  
h azard  

H(t)  

l n(t)  l n (H(t))  F(t)  

2  1  t1 Fai led  1 1  =1 /D2   =E2  =LN (B2)   =LN (F2)   =1 -EXP(-F2)  

3  2  t2 Censored  1 0  ? ? ? ?

4  3  t3 Censored  9  ? ? ? ?

5  4  t4 Fai led  8  =1 /D5   =F2+E5 =LN (B5)   =LN (F5)   =1 -EXP(-F5)   

6  5  t5 Fai led  7  =1 /D6  =F5+E6  =LN (B6)   =LN (F6)   =1 -EXP(-F6)  

7  6  t6 Censored  6  ? ? ? ?

8  7  t7 Fai led  5  =1 /D8   =F6+E8  =LN (B8)   =LN (F8)   =1 -EXP(-F8)  

9  8  t8 Censored  4  ? ? ? ?

1 0  9  t9 Fai led  3  =1 /D1 0   =F8+E1 0  =LN (B1 0)  =LN (F1 0)   =1 -EXP(-F1 0)  

1 1  1 0  t1 0 Fai led  2  =1 /D1 1   =F1 0+E1 1  =LN (B1 1 )  =LN (F1 1 )   =1 -EXP(-F1 1 )  

1 2  1 1  t1 1 Censored  1  ? ? ? ?
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Tabl e  E. 5 – Exam pl e  spread sh eet 

Ti m e to  
fai l u re  

t

N u m ber Even t 
Revers e  

ran k

H azard  
fu n cti on  

h (t)

Cu m u l ati ve  
h azard  

H (t)
l n (t)  l n (H (t) )  F(t)

1 2  1  Fai l ed  1 1  0 , 091  0 , 091  2 , 485  -2 , 398  0 , 087  

20  2  Censored  1 0       

34  3  Censored  9       

65  4  Fai l ed  8  0 , 1 25  0 , 21 6  4 , 1 74  -1 , 533  0 , 1 94  

91  5  Fai l ed  7  0 , 1 43  0 , 359  4 , 51 1  -1 , 025  0 , 301  

1 34  6  Censored  6       

1 78  7  Fai l ed  5  0 , 200  0 , 559  5, 1 82  -0, 582  0 , 428  

246  8  Censored  4       

378  9  Fai l ed  3  0 , 333  0 , 892  5, 935  -0, 1 1 4  0 , 590  

450  1 0  Fai l ed  2  0 , 500  1 , 392  6, 1 09  0 , 331  0 , 751  

51 2  1 1  Censored  1     ? ?

Plot (LN  i s  the  natural  l ogari thm)  LN  cumulative  hazard  against LN  time  g iving  F igure  E . 3.  
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IEC   1337/08

Fi gu re  E. 3  – Cumu l ati ve  h azard  pl ot for d ata  of Tabl e  E. 4 

From  the  regression  analys is  of l n [H(t)]  on  l n (t) ,  a  strai gh t l i ne  fi tted  to  the  data  i s:  

[ ] 338,4)ln(729,0)H(ln −= tt

wi th  
2 0, 973R = .  The  parameter estimates  are:  

0, 729β =

and  

4,338

0,729e 384η
? ?
? ?
? ?= =

E. 4 H azard  pl otti ng  exam pl e 2  

Both  the  hazard  p lotti ng  techn ique  and  the  techn ique described  i n  7 . 3  can  anal yse  data  sets  
wi th  mu l ti p le  modes  of fa i l ure,  by treating  fai l ure  modes  other than  that to  be  anal yzed  as  
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censorings.  The  fol lowing  data  set,  provided  by IEC/TC94,  i s  the  resu l t of the  re l iabi l i ty 
experiments  on  a  re lay.  The  l i fetime scale  i s  measured  wi th  the  number of swi tch ing  times.  
Th is  re lay suffered  from  two  fa i lu re  modes,  weld ings  (mode  1 )  and  erosion  con tacts  (mode  2).  

Table  E .6  shows  the  data  set a long  wi th  an  example  to  estimate  the  cumulati ve  hazard  
function  for fai lu re  mode  1 .  I n  anal ys ing  fai l u re  records  wi th  mode 1 ,  those wi th  mode  2  are  
treated  as  censored .  

Tabl e  E. 6  – A rel ay data  provid ed  by I SO/TC94 an d  H azard  an al ysi s  for fai lu re  mod e 1  

Ti m es  N u m ber Even t 
Revers e  

ran k

H azard  
fu n cti on  

h 1 (t)

Cu m u l ati ve  
h azard  

H 1 (t)
l n (t)  l n (H 1 (t) )  F1 (t)

984  1 82  1  Fai led  -  mode  1  30  0 , 033  0 , 033  1 3, 800  -3 , 401  0 , 033

1 03  598  9  2  Fai l ed  -  mode  1  29  0 , 034  0 , 068  1 3, 851  -2 , 691  0 , 066

1 08  632  0  3  Fai l ed  -  mode  1  28  0 , 036  0 , 1 04  1 3, 898  -2 , 268  0 , 098

1 1 6  708  2  4  Fai l ed  -  mode  2  27       

1 1 6  843  7  5  Fai l ed  -  mode  2  26       

1 1 9  624  3  6  Fai l ed  -  mode  2  25       

1 1 9  895  4  7  Fai l ed  -  mode  1  24  0 , 042  0 , 1 45  1 3, 997  -1 , 930  0 , 1 35

1 23  71 5  8  8  Fai l ed  -  mode  2  23       

1 26  636  3  9  Fai l ed  -  mode  1  22  0 , 045  0 , 1 91  1 4 , 052  -1 , 657  0 , 1 74

1 28  005  4  1 0  Fai l ed  -  mode  2  21       

1 29  248  1  1 1  Fai l ed  -  mode  2  20       

1 30  758  8  1 2  Fai l ed  -  mode  1  1 9  0 , 053  0 , 243  1 4 , 084  -1 , 41 4  0 , 21 6

1 30  857  5  1 3  Fai l ed  -  mode  2  1 8       

1 34  1 96  6  1 4  Fai l ed  -  mode  2  1 7       

1 36  270  8  1 5  Fai l ed  -  mode  1  1 6  0 , 063  0 , 306  1 4 , 1 25  -1 , 1 85  0 , 263

1 42  846  6  1 6  Fai l ed  -  mode  1  1 5  0 , 067  0 , 372  1 4 , 1 72  -0 , 988  0 , 31 1

1 43  1 92  3  1 7  Fai l ed  -  mode  2  1 4       

1 43  327  1  1 8  Fai l ed  -  mode  1  1 3  0 , 077  0 , 449  1 4 , 1 75  -0 , 800  0 , 362

1 45  822  6  1 9  Fai l ed  -  mode  2  1 2       

1 46  1 55  9  20  Fai l ed  -  mode  2  1 1       

1 52  838  6  21  Fai l ed  -  mode  2  1 0       

1 56  31 2  3  22  Fai l ed  -  mode  2  9       

1 62  708  2  23  Fai l ed  -  mode  2  8       

205  1 87  7  24  Fai l ed  -  mode  2  7       

224  022  4  25  Fai l ed  -  mode  1  6  0 , 1 67  0 , 61 6  1 4 , 622  -0 , 484  0 , 460

231  958  5  26  Fai l ed  -  mode  1  5  0 , 200  0 , 81 6  1 4 , 657  -0 , 203  0 , 558

247  604  7  27  Fai l ed  -  mode  1  4  0 , 250  1 , 066  1 4 , 722  0 , 064  0 , 656

248  000  0  28  Censored  3       

248  000  0  29  Censored  2       

248  000  0  30  Censored  1       
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S im i lar anal ys is  i s  performed  on  the  fai l ure  mode 2  and  the  resu l ti ng  p lots  and  the  fi tted  l i nes  
are  shown  i n  F igure  E. 4.  

    and  sol id  l ine for welding 

+  and  dashed l ine for contact erosion 
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Fi gu re  E. 4  – Cumu l ative  hazard  pl ots  for Tabl e  E. 6  

The estimated  parameters  are  53,6,61 06,59,3 211 === ?n? and  825=? ,  respectivel y.   
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An nex F   
(in formati ve)  

Example  of Weibul l  probabi l i ty paper 

Weibul l  paper 
(3 cycles) 
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Fi gu re  F . 1  – Wei bu l l  probabi l i ty paper
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An nex G   
(in formative)

M ixtures  of several  fai lure  modes  

G. 1  Descri pti on   

A Weibu l l  p l ot contain ing  a  dog leg  bend  i s  a  cl ue  to  the  potenti a l  of mu l ti ple  competi ti ve  
fai l u re  modes.  An  example  of th is  was  a  problem  in  a  compressor start b leed  system .  Upon  
examination  of the  data,  1 0  ou t of 1 9  fa i l u res  had  occurred  at one  i nstal lation  base.  I t  was  
concluded  that the  l ocation  of th is  base was  con tribu ting  to  the  problem .  The  base  was  
l ocated  on  the  ocean  and  the  sal t  a i r was  the  factor.  The  data  were  categorized  i n to  separate  
Weibu l l  p lots  wi th  th is  eng ineering  knowledge.  The  fi rst Weibu l l  had  a  s lope  of 0, 75.  Th is  
cou ld  be  considered  an  i n fant mortal i ty problem,  wh i l e  the  ocean  base  Weibu l l  had  a  stress  
corrosion  wear-out  fa i l ure  mechan ism  wi th  β  =  1 1 , 9.  More  atten tion  to  main tenance  resolved  

the  problem.  

Dog leg  Weibu l ls  are  caused  by m ixtures  of more  than  one  fa i l ure  mode.  These  are  usual l y 
competi ti ve  fa i l u re  modes,  competing  to  produce  fai l ure.  However there  are  several  types  of 
m ixtures  described  i n  th is  annex.  For i nstance,  fuel  pump fai l ures  can  be  due  to  bearings,  
hous ing  cracks,  leaks,  etc.  I f these  d i fferen t fai l u re  modes  are  p lotted  on  one  Weibu l l  pl ot,  one  
or more  dog leg  bends  wi l l  resu l t.  When  th is  occurs,  a  close  examination  of the  fa i l ed  parts  i s  
the  best way to  separate  the  data  in to  d i fferent fa i l u re  modes.  I f th is  i s  done  correctl y,  
separate  good  Weibu l ls  wi l l  resu l t.  There  can  be  m ixtures  of modes  and  popu lations,  perhaps  
batches  and  competing  fai l ure  modes.  A steep slope  fol lowed  by a  shal low s lope usual l y 
i nd icates  a  batch  problem ,  as  there  are  some "perpetual  survivors"  that are  not subject to  the  
fai l u re  mode.  For example,  there  may be  defects  i n  some,  but not al l ,  parts ;  a  batch  problem .  

I t  i s  a lways  preferable  to  separate  the  fa i lu re  modes  based  on  anal ys is  of the  parts  (and  
environment)  and  to  analyse  them  separatel y,  rather than  re l y on  statistical  methods.   

Supposing  a  data  set of 50  parts,  and  20  of them  have  one fa i l ure  mode and  the  other 30  
have a  d i fferent fa i l u re  mode.  The fi rst set shou ld  be  anal ysed  as  20  fai l ures  (of 1F )  and  30  

suspensions  (for 2F ) .  The  second  set wou ld  be  30  fai l ures  (of 2F )  and  20  suspensions  

(for 1F ).  These two sets  of parameters  can  then  be  used  to  pred ict  the  cumulati ve  fa i l ure  

d istribu tion .  

When  parts  are  not avai l able  for physical  anal ys is ,  the  data  may be  spl i t  i n to  groups  based  on  
p lotting  posi tion .  Th is  can  cause errors,  because a  smal l  percentage  of wear-out fa i l u res  wi l l  
occur at  an  "earl y"  l i fe,  and  a  percentage  of  i n fan t mortal i ty fai l u res  wi l l  occur at  later l i fe .  

A m in imum  of 20  fa i l ures  is  needed  for cred ib le  resu l ts  from  a  m ixture  of two fa i l ure  modes,  
and  50  or more  fai l ures  for the  other m ixtu res.   

The  fol lowing  are  brief descriptions  of the  more  common  methods  for hand l i ng  m ixtures:  

– p  i nd icates  the  portion  or batch  of the  tota l  popu lation  that has  a  parti cu lar fai l ure  
d istribu tion  ( 1F  i n  the  s imple  m ixture);  

– 1F , 2F ,  and  3F  i nd icate  fai l ure  d i stribu tions;  

– R1 , R2 a-nd  R3  are  the  correspond ing  re l iabi l i ty d istribu tions;  

The  popu lation  cumu lati ve  fai l u re  d istribu tions  are  F and  R .
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The  descriptions  are  g iven  wi thout describing  the  particu lar d istribu tion  shape (e. g .  Weibu l l ,  
l og-normal ,  normal ,  or exponentia l ) .  An  appropriate  d istribu tion  shape  needs  to  be  substi tu ted  
for each  nF .

G. 2  Competi n g  ri sk 

F =  1  – (1  – 1F )(1  – 2F )  (G . 1 )  

Competing  risk occurs  when  a  popu lation  has  two or more  fa i l u re  modes  and  the  en ti re  
popu lation  is  at  risk from  ei ther fa i l u re  mode.  Even  though  a  Weibu l l  p l ot of these data  wi l l  
appear curved ,  th is  i s  not a  m ixture  of subpopu lations;  i t  i s  a  homogeneous  popu lation .  I f one  
defines  a  m ixture  to  be  a  m ixture  of fai l u re  modes,  then  th is  model  wou ld  be  a  m ixture  as  wel l ,  
s i nce  there  are  two  d i fferen t fai l u re  modes.  

NOTE ? Th is  i s  s imply a  series  rel i abi l i ty problem :  R  =  R 1  *  R2 .

An  example  of competing  risk i s  an  ASIC component i n  a  plastic  encapsu lation  wi th  m icro  
BGA solder connections.  The  ASIC may fai l  through  crack propagation  i n  the  solder bal ls  or 
through  moisture  penetration  th rough  the  p lastic.  The  two  fa i l ure  modes  are  i ndependent of 
each  other,  bu t wi l l  compete  i n  causing  the  ASIC to  fa i l .  

G. 3  Si mpl e  mi xture 

F =  pF1  +  (1  – p)F2  (G . 2)

Th is  i s  a  m ixture  of two  independent subpopu lations  wi th  no  common  fai lure  modes.  Each  
subpopu lation  has  i ts  own  un ique  fai lu re  modes.  

Al though  l i s ted  as  a  s imple  m ixture,  there  are  very few appl ications  that tru l y fi t  th is  model .  
Most m ixtu res  have at l east one  common  fai l ure  mode.  The s imple  m ixture  may be  used  as  an  
approximation  for more  complex d istribu tions,  such  as  the  competing  risk m ixture,  described  
i n  Clause  G . 4 .  An  example  cou ld  be  the  solder bal ls  of the  m icro BGA of the  ASIC.  Some of 
the  solder bal l s  have  one  or more  voids.  A crack wi l l  propagate  to  the  void  reducing  the  l i fe  
time  s ign i fican tl y,  compared  to  the  solder bal ls  where  the  crack has  to  propagate  through  the  
whole  length  of the  solder.  

G. 4 Competi n g  ri sk mi xtu re 

F =  p[1  –  (1  –F1 ) (1  –F2) ]  +  (1 – p)F2  (G .3)

Most m ixtures  of subpopu lations  are  competing  risk m ixtures.  There  is  at l east one  fai l ure  
mode  ( 1F )  that i s  un ique  to  one  subpopu lation ,  and  there  is  a  fa i lu re  mode ( 2F )  that i s  

common  to  both  subpopu lations.  

I n  th is  case,  one  subpopu lation  i s  subject to  fa i l ure  modes  1  and  2,  as  i nd icated  by the  portion  
of the  equation  i n  brackets  [  ] .  Th is  subpopu lation  by i tsel f has  competing  risk.  As  an  
example,  a  tyre  of a  car may wobble  due  to  being  ou t of round  ( 1F ) ,  bu t the  tyre  may a lso get 

a  puncture.  I n  both  s i tuations,  the  tyres  are  wi th in  speci fication  of roundness  and  the  tyre  that  
wobbled  may get a  puncture.  So i t  i s  possible  to  get a  puncture  ( 2F )  on  the  way to  the  dealer 

to  have the  wobbl ing  tyre  replaced .  
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M ixtures  of more  than  three  fa i lu re  modes  wi l l  have a  better fi t,  the  dog legs  wi l l  d isappear and  
?  wi l l  tend  toward  one.  Thus  Weibu l ls  for a  system  or component wi th  many modes  m ixed  
together wi l l  tend  toward  a  ? of one.  These  Weibu l ls  shou ld  not be  employed  i f there  i s  any 
way to  categorize  the  data  in to  separate,  more  accurate  fai l ure  modes.  Using  a  Weibu l l  p lot  
wi th  m ixtures  of many fai l ure  modes  i s  the  equ ivalen t of assum ing  the  exponentia l  d istribution  
appl ies.  Exponentia l  resu l ts  are  often  m is lead ing  and  yet  th is  i s  common  practice.  
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An nex H   
(in formative)  

Three-parameter Weibul l  exam ple  

H .1  Example  

Figure  H . 1  i s  a  typical  example  of a  three-parameter Weibu l l  d istribu tion  us ing  fracture  
toughness  of s teel  p late  as  the  data  of in terest.  The  model  i nd icates  i t  i s  physical l y impossible  
to  fa i l  the  p late  at a  l ow l evel  of stress  (see Figure  H . 2  for the  effect of the  t0  sh i ft) .  There  are  
many poss ib le  reasons  for an  orig in  sh i ft.  The  manufacturer may have pu t time  or m i leage on  
the  system  as  part of production  acceptance,  bu t reported  that the  i tems  are  "zero  time. "  The  
purpose  of production  acceptance i s  to  e l im inate  the  i n fant mortal i ty fai l u res.  E lectron ic 
components  may be  subjected  to  burn-in  or environmental  s tress  screen ing  for the  same 
purpose.  I n  these cases,  the  i tems  have aged  before  being  del i vered  as  "zero  time"  systems.  
Spare  parts  such  as  rubber,  chem icals  and  bal l  bearings  may age in  s torage and  use  part of 
thei r l i fe  on  the  shel f,  requ iring  a  negative  t0 . For material  properties,  where  the  Weibu l l  
abscissa  i s  stress  or stra in ,  i t  may be  impossible  for fracture  or creep  or other properties  to  
produce  fa i l u re  near the  orig in  on  the  scale.  
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Fi gu re  H . 1  – Steel -fractu re  tough n ess  – Cu rved  d ata  
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Figure H .2  – t0  improves  the  fi t  of Figure  H . 1  data 

For these  reasons  and  others,  the  Weibu l l  p lot may be  curved  and  needs  an  orig in  sh i ft,  from  
zero  to  t0 .

Three  parameters, t0 , β and  η ,  are  included  i n  the  Weibu l l  cumulati ve  d istribu tion  function  as  

shown  i n  Equation  (H . 1 ) :  

βη−−−= )/)(( 0e1)F( tt
t  (H . 1 )  

where  

t   i s  the  fa i l ure  time;   

t0 i s  the  starti ng  poin t  or ori g in  of the  d istribu tion .  

When  the  t0  correction  is  appl ied  to  the  data,  the  resu l ting  p lot wi l l  fo l low a  straight l ine  i f the  
correction  i s  appropriate.  F igure  H . 2  shows  the  fracture  data  i n  F igure  H . 1  wi th  the  t0
correction .  Note  that the  Weibu l l  ord inate  scale  and  the  characteristic  l i fe  are  now in  the  t0
domain .  To  convert back to  real  time,  add  t0  back.  
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An nex I   
(in formative)  

Constructi ng  Wei bu l l  paper 

I . 1  Wei bul l  probabi l i ty pl otti ng  paper 

Al l  probabi l i ty papers  have  scales  that transform  the  cumu lati ve  d istribu tion  function  in to  a  
straigh t l i ne.  I f data  are  p lotted  on  the  transformed  scale  and  i f they conform  to  a  stra igh t l i ne,  
then  th is  supports  the  contention  that  the  d istribu tion  i s  appropriate.  

Weibu l l  g raph  paper can  be  constructed  us ing  the  transformation  as  described  i n  the  fol l owing  
paragraphs.  

The  Weibu l l  d istribu tion  may be  defined  mathematical l y as  shown  i n  Equation  ( I . 1 ) :  

?
?tt )/(-e-1)(F =  ( I . 1 )  

where  F(t)  defines  the  cumulati ve  fraction  of i tems  that  wi l l  fa i l  by a  time  t.  The  fraction  of 
i tems  that has  not fa i l ed  up  to  time  t  i s  1  – F(t) .

Th is  can  be  wri tten  as  ( I . 2):  

β
=

−
)(e

)(F1

1 t/?

t
 ( I . 2)  

Taking  natural  l ogari thms  of both  s ides  twice  (decimal  l ogari thms  can  a lso  be  used)  g i ves  an  
equation  of a  straigh t l i ne,  as  shown  i n  ( I . 3)  below:  

)ln()ln(
)F(1

1
lnln n?t?

t
−=

?

?

?

?

?
?
?

?

?

?

?

?

?
?
?

?

−  ( I . 3)  

The  equation  above  is  a  stra ight l i ne  of the  form  y = mx +  c.  Weibu l l  paper is  constructed  by 
p lotti ng  the  cumu lati ve  probabi l i ty of fai l ure  us ing  a  log- log  reciprocal  scale  against t  on  a  l og  
scale.  The  s lope  of the  s tra igh t l i ne  p lotted  i n  th is  manner wi l l  be  the  shape  parameter, ? ,  as  
shown  i n  ( I . 4) .  

?

?

?

?

?
?
?

?

?

?

?

?

?
?
?

?

−
=

)F(1

1
)lnln

t
y

 m=β ( I . 4)  

 x=ln(t)

 c=–β · l n (η )

The  scale  parameter i s  then  calcu lated  from  the  i n tercept (value  of y  for x  =  l n (t)  =  0 ,  i . e .  for 
t =  1 )  as  shown  i n  Equation  ( I . 5) :  

??

intercept

e
−

=  ( I . 5)  
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Table  I . 1  – Con stru ction  of ord i n ate  (Y)

F(t)  l n l n (1 /(1  -  F(t) ) )  Col  2  Val u e  +  6, 91   

0, 001  

0, 01 0  

0, 1  

0 , 5  

0, 9  

0, 99  

0, 999  

–6, 91  

–4 , 60  

–2 , 25  

–0 , 37  

0, 83  

1 , 53  

1 , 93  

0

2, 31  

4, 66  

6, 54  

7, 74  

8, 44  

8, 84  

Tabl e  I .2  – Con stru ction  of absci ssa  (t)

t

h
l n (t)

1

2
3
4
5
1 0
1 5
20
1 00  

1  000  

0
0, 69  
1 , 1 0  
1 , 39  
1 , 61  
2 , 30  
2 , 71  
3, 00  
4, 61  
6, 91  

The  Weibu l l  parameter β  i s  estimated  by measuring  the  s lope  of the  l i ne  on  the  Weibu l l  

paper or p lot.  

MRR is  the  techn ique  wh ich  combines  the  med ian  rank as  a  p lotti ng  posi tion  and  the  least 
square  regression  on  the  Weibu l l  paper as  a  fi tti ng  cri terion .  

I . 2  U si ng  a  spreadsheet to  construct Wei bul l  pl ots  

Weibu l l  anal ys is  can  be  carried  ou t  us ing  any commercia l  spreadsheet computer software in  a  
manner s im i lar to  the  construction  of the  probabi l i ty paper.  Here,  the  paper is  not prepared  for 
manual  p lotting ,  bu t the  spreadsheet graph  presen ts  the  data  i n  a  manner appropriate  for 
determ ination  of Weibu l l  parameters  us ing  l i near regress ion .  

Tabl e  I .3  – Con ten t  of d ata  en tered  i n to  a  spreadsh eet 

Fai l u re  N o.  

i

Fai l u re  ti m e 

ti

M ed i an  ran k 

F i(t)   (i  -  0 , 3 ) /(n+0, 4)  
xi  yi

1 t1 (1 -0,3)/(n+0,4) ln(t1 ) ln{ln[1 /(1 -F1 (t)]}

2 t2 (2-0,3)/(n  +0,4) ln(t2) ln{ln[1 /(1 -F2(t)]}

3 t3 (3-0,3)/(n  +0,4) ln(t3) ln{ln[1 /(1 -F3(t)]}

4 t4 (4-0,3)/(n+0,4) ln(t4) ln{ln[1 /(1 -F4(t)]}

.  .  .  .  

.  .  .  .  

i ti (i-0,3)/(n+0,4) ln(ti) ln{ln[1 /(1 -Fi(t)]}

.  .  .  .  

.  .  .  .  

n tn (n-0,3)/(n+0,4) ln(tn) ln{ln[1 /(1 -Fn(t)]}
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A practical  example  i s  shown  i n  Annex E.  

I . 3  Commerci al  software 

Commercia l  software  is  a lso  avai l able  for anal ys is  and  Weibu l l  p l otting .  
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An nex J   
(in formative)  

Technical  backgrou nd  an d  references  

Annex J  g ives  i n formation  on  the  orig i n  of the  procedures  of Clause  9  of th is  standard .  The  
references  quoted  are  al l  l i s ted  i n  Clause  J . 5.  

J .1  Goodness-of-fi t test 

This  i s  the  Mann-Scheuer-Ferti g  ( 1 973)  test i n  the  form  presented  by Lawless  (1 982).  The  
expected  values  of the  s tandard  extreme value  order statis tics ,  necessary for the  ca lcu lation  
of the  i? ,  i n  9 . 5,  have  been  approximated  as  suggested  by B lom  (1 958).  Th is  test has  been  

shown  to  have  power comparable  to  the  Shapi ro  and  Brain  test (1 987)  and  to  Tiku 's  test as  
described  by Lawless  (1 982).  The  l atter was  s l igh tl y better than  any avai lab le  empirical  
d istribu tion  function  tests.  I n  add i ti on ,  the  Mann-Scheuer-Ferti g  test can  deal  wi th  censored  
samples.  

J . 2  M axi mum l i kel i hood  esti mates  of ?  and ?

The equations  are  those  commonly used  for s i ng l y censored  samples.  At presen t,  they are  the  
most widespread  numerical  techn iques  to  obtain  Weibu l l  parameters.  The  form  presented  i n  
th is  standard  is  that of Mann ,  Schafer and  S ingpurwal l a  (1 974).  S ince  the  numerical  
procedure  of th is  standard  on l y appl i es  to  sample  s i zes  greater than  1 0 ,  the  statistical  b ias  i s  
smal l .  

J . 3  Confi d ence i nterval s  and  l ower confi dence  l i mi ts  

The approach  adopted  is  that of Ba in  and  Engelhard t (1 981 )  for complete  samples  and  Bain  
and  Engelhard t (1 986)  for censored  samples.  These  references  have  coefficients  generated  
by Monte  Carlo  methods,  and  use  asymptotic  approximations  to  ad just  the  resu l ts .  Some 
simple  l inear and  non- l inear functions  have been  fi tted  to  these  tables  e l im inating  the  need  for 
auxi l i ary tables.  The  d i fferences  are,  i n  a l l  cases,  very m inu te  (~1  %).  

An  a l ternati ve  wou ld  have  been  to  use  Lawless's  (1 978)  cond i ti onal  methods,  bu t th is  
approach ,  a l though  theoretical l y more appeal i ng ,  wou ld  have  l ed  to  a  much  more  compl icated  
procedure,  requ i ring  extens ive  numerical  i n tegration .  

The  purel y asymptotic approach  was  rejected  because  the  procedure  needs  to  be  robust for 
re lati vel y smal l  samples.  

J . 4 Accuracy of the  stan dardi zed  procedures  

The procedures  of th is  s tandard  have  been  compared  to  resu l ts  publ ished  us ing  s im i l ar and  
d i fferent techn iques.  Al l  the  examples  anal ysed  obtain  the  same maximum  l ikel i hood  
estimates  as  the  procedure  of th is  s tandard .  The  on l y d i fferences  are  i n  the  confidence  
i n tervals  and  l ower l im i ts .  The  fo l l owing  is  a  summary of these  comparisons.  

J . 4. 1  Bai n  an d  Eng el h ardt (1 986)  

Since  th is  i s  the  orig i n  of the  standard ized  procedure,  the  need  to  compare  the  resu l ts  cou ld  
be  questioned .  The  i n terest  of the  comparison  l ies  i n  the  accuracy of the  approximating  
functions  used  i n  th is  standard .  The  comparison  is  as  fo l lows:  
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Bain & Engelhardt  Standardized procedure

 90  %  confidence  in terval  for ?  [1 , 34  ;  2 , 73]   [1 , 34  ;  2 , 74]  

 90  %  confidence  in terval  for ? [70, 7  ;  1 05, 9]   [70  ;  1 08]  

R0, 9(t  =  32, 46)   0 , 801   0 , 800  

J . 4. 2  Lawless  (1 978)  

The sample  anal ysed  has  28  fa i lu res  for a  sample  s ize n  =  40.  Lawless  on l y g i ves  90  %  
confidence  i n tervals  for k and  95  %  lower confidence  l im i ts  for B1 0  and  for R(t  =  e–1 ).  The  
resu l ts  are  as  fol l ows:  

Lawless Standardized procedure

 90  %  confidence  in terval  for ?   [0 , 783  ;  1 , 381 ]   [0 , 785  ;  1 , 370]  

 95  %  lower confidence  l im i t for B1 0   0 , 066   0 , 074  

R0, 95(t  =  0 , 368)   0 , 647   0 , 644  

J . 4. 3  M eeker and  N el son  (1 976)  

This  i s  an  asymptotic  techn ique.  The example  treated  is  a  sample  of 96  l ocomotives,  37  of 
them  having  fa i l ed .  The  censoring  time T i s  s l i gh tl y greater than  the  time  of the  last fa i lu re.  
S ince the  sample  s i ze  i s  fai rl y l arge,  the  asymptotic approach  shou ld  be  accurate  i n  th is  case.  
The  au thors  on l y g i ve  a  95  %  confidence i n terval  for k and ,  s ince  there  i s  a  95  %  confidence  
i n terval  for B1 0 ,  we  can  derive  the  97, 5  %  l ower confidence  l im i t  for th is  quanti ty.  

Meeker & Nelson  Standardized procedure

 90  %  confidence  in terval  for ?  [1 , 72  ;  3 , 1 6]   [1 , 61  ;  3 , 04]  

 97,5 % lower confidence l imit for B1 0   55, 4   54 , 2  

J . 4. 4  Gu id a (1 985)  

This  paper contains  Monte  Carlo  generated  tables  to  obtain  exact l ower l im i ts  for the  
maximum  l ikel ihood  estimates  of the  re l iabi l i ty i n  smal l  censored  samples  (n ?  20) .  Some 
random ly generated  Weibu l l  d is tribu ted  samples  were  used  to  compare  the  l ower l im i ts  of the  
re l iabi l i ty calcu lated  accord ing  to  th is  standard  and  those  obtained  by Gu ida.  I n  a l l  cases,  the  
d i fferences  were  of the  order of 1  %  or l ess.  

J . 5 Reference docum ents  
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