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Standard Practice for
Statistical Treatment of Thermoanalytical Data1

This standard is issued under the fixed designation E1970; the number immediately following the designation indicates the year of
original adoption or, in the case of revision, the year of last revision. A number in parentheses indicates the year of last reapproval. A
superscript epsilon (´) indicates an editorial change since the last revision or reapproval.

1. Scope*

1.1 This practice details the statistical data treatment used in
some thermal analysis methods.

1.2 The method describes the commonly encountered sta-
tistical tools of the mean, standard derivation, relative standard
deviation, pooled standard deviation, pooled relative standard
deviation, the best fit to a (linear regression of a) straight line,
and propagation of uncertainties for all calculations encoun-
tered in thermal analysis methods (see Practice E2586).

1.3 Some thermal analysis methods derive the analytical
value from the slope or intercept of a linear regression straight
line assigned to three or more sets of data pairs. Such methods
may require an estimation of the precision in the determined
slope or intercept. The determination of this precision is not a
common statistical tool. This practice details the process for
obtaining such information about precision.

1.4 There are no ISO methods equivalent to this practice.

2. Referenced Documents

2.1 ASTM Standards:2

E177 Practice for Use of the Terms Precision and Bias in
ASTM Test Methods

E456 Terminology Relating to Quality and Statistics
E691 Practice for Conducting an Interlaboratory Study to

Determine the Precision of a Test Method
E2161 Terminology Relating to Performance Validation in

Thermal Analysis and Rheology
E2586 Practice for Calculating and Using Basic Statistics
F1469 Guide for Conducting a Repeatability and Reproduc-

ibility Study on Test Equipment for Nondestructive Test-
ing

3. Terminology

3.1 Definitions—The technical terms used in this practice
are defined in Practice E177 and Terminologies E456 and
E2161 including precision, relative standard deviation,
repeatability, reproducibility, slope, standard deviation,
thermoanalytical, and variance.

3.2 Symbols (1): 3

m = slope
b = intercept
n = number of data sets (that is, xi, yi)
xi = an individual independent variable observation
yi = an individual dependent variable observation
Σ = mathematical operation which means “the sum of

all” for the term(s) following the operator
X = mean value
s = standard deviation
spooled = pooled standard deviation
sb = standard deviation of the line intercept
sm = standard deviation of the slope of a line
sy = standard deviation of Y values
RSD = relative standard deviation
δyi = variance in y parameter
r = correlation coefficient
R = gage reproducibility and repeatability (see Guide

F1469) an estimation of the combined variation of
repeatability and reproducibility (2)

sr = within laboratory repeatability standard deviation
(see Practice E691)

sR = between laboratory repeatability standard deviation
(see Practice E691)

si = standard deviation of the “ith” measurement

4. Summary of Practice

4.1 The result of a series of replicate measurements of a
value are typically reported as the mean value plus some
estimation of the precision in the mean value. The standard
deviation is the most commonly encountered tool for estimat-
ing precision, but other tools, such as relative standard devia-
tion or pooled standard deviation, also may be encountered in
specific thermoanalytical test methods. This practice describes

1 This practice is under the jurisdiction of ASTM Committee E37 on Thermal
Measurements and is the direct responsibility of Subcommittee E37.10 on
Fundamental, Statistical and Mechanical Properties.
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the mathematical process of achieving mean value, standard
deviation, relative standard deviation and pooled standard
deviation.

4.2 In some thermal analysis experiments, a linear or a
straight line, response is assumed and desired values are
obtained from the slope or intercept of the straight line through
the experimental data. In any practical experiment, however,
there will be some uncertainty in the data so that results are
scattered about such a straight line. The linear regression (also
known as “least squares”) method is an objective tool for
determining the “best fit” straight line drawn through a set of
experimental results and for obtaining information concerning
the precision of determined values.

4.2.1 For the purposes of this practice, it is assumed that the
physical behavior, which the experimental results approximate,
are linear with respect to the controlled value, and may be
represented by the algebraic function:

y 5 mx1b (1)

4.2.2 Experimental results are gathered in pairs, that is, for
every corresponding xi (controlled) value, there is a corre-
sponding yi (response) value.

4.2.3 The best fit (linear regression) approach assumes that
all xi values are exact and the yi values (only) are subject to
uncertainty.

NOTE 1—In experimental practice, both x and y values are subject to
uncertainty. If the uncertainty in xi and yi are of the same relative order of
magnitude, other more elaborate fitting methods should be considered. For
many sets of data, however, the results obtained by use of the assumption
of exact values for the xi data constitute such a close approximation to
those obtained by the more elaborate methods that the extra work and
additional complexity of the latter is hardly justified (2 and 3).

4.2.4 The best fit approach seeks a straight line, which
minimizes the uncertainty in the yi value.

4.3 The law of propagation of uncertainties is a tool for
estimating the precision in a determined value from the sum of
the variance of the respective measurements from which that
value is derived weighted by the square of their respective
sensitivity coefficients.

4.3.1 Variance is the square of the standard deviation(s).
Conversely the standard deviation is the positive square root of
the variance.

4.3.2 The sensitivity coefficient is the partial derivative of
the function with respect to the individual variable.

5. Significance and Use

5.1 The standard deviation, or one of its derivatives, such as
relative standard deviation or pooled standard deviation, de-
rived from this practice, provides an estimate of precision in a
measured value. Such results are ordinarily expressed as the
mean value 6 the standard deviation, that is, X 6 s.

5.2 If the measured values are, in the statistical sense,
“normally” distributed about their mean, then the meaning of
the standard deviation is that there is a 67 % chance, that is 2
in 3, that a given value will lie within the range of 6 one
standard deviation of the mean value. Similarly, there is a 95 %
chance, that is 19 in 20, that a given value will lie within the
range of 6 two standard deviations of the mean. The two

standard deviation range is sometimes used as a test for
outlying measurements.

5.3 The calculation of precision in the slope and intercept of
a line, derived from experimental data, commonly is required
in the determination of kinetic parameters, vapor pressure or
enthalpy of vaporization. This practice describes how to obtain
these and other statistically derived values associated with
measurements by thermal analysis.

6. Calculation

6.1 Commonly encountered statistical results in thermal
analysis are obtained in the following manner.

NOTE 2—In the calculation of intermediate or final results, all available
figures shall be retained with any rounding to take place only at the
expression of the final results according to specific instructions or to be
consistent with the precision and bias statement.

6.1.1 The mean value (X) is given by:

X 5
x11x21x31 . . . .1xi

n
5

Σxi

n
(2)

6.1.2 The standard deviation (s) is given by:

s 5 F Σ~xi 2 X!2

~n 2 1! G 1/2

(3)

6.1.3 The relative standard deviation (RSD) is given by:

RSD 5 ~s ·100 %!/X (4)

6.1.4 The pooled standard deviation (sp) is given by:

5F Σ~$ni 2 1%·si!
Σ~ni 2 1! G 1/2

(5)

NOTE 3—For the calculation of pooled relative standard deviation, the
values of si are replaced by RSDi.

6.1.5 The gage repeatability and reproducibility (R) is given
by:

R 5 @sR
21sr

2#1/2 (6)
NOTE 4—For the calculation of relative gage repeatability and

reproducibility, the values of sr and sR are replaced with RSDr and RSDR.

6.2 Linear Regression (Best) Fit Straight Line:
6.2.1 The slope (m) is given by:

m 5
nΣ~xiyi! 2 ~Σxi! ~Σyi!

nΣxi
2 2 ~Σxi!

2 (7)

6.2.2 The intercept (b) is given by:

b 5
~Σxi

2! ~Σyi! 2 ~Σxi! ~Σxiyi!
nΣxi

2 2 ~Σxi!
2 (8)

6.2.3 The individual dependent parameter variance (δyi) of
the dependent variable (yi) is given by:

δyi 5 yi 2 ~mxi1b! (9)

6.2.4 The standard deviation sy of the set of y values is given
by:

sy 5 F Σ ~δyi!
2

n 2 2 G 1/2

(10)

6.2.5 The standard deviation (sm) of the slope is given by:

sm 5 syF n
nΣxi

2 2 ~Σxi!
2 G 1/2

(11)
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6.2.6 The standard deviation (sb) of the intercept (b) is given
by:

sb 5 sy F Σxi
2

nΣxi
2 2 ~Σxi!

2 G 1/2

(12)

6.2.7 The denominators in Eq 7, Eq 8, Eq 11, and Eq 12 are
the same. It is convenient to obtain the denominator (D ) as a
separate function for use in manual calculation of each of these
equations.

D 5 nΣxi
2 2 ~Σxi!

2 (13)

6.2.8 The linear correlation coefficient (r), a measure of the
mutual dependence between paired x and y values, is given by:

r 5
nΣxy 2 ~Σxi! ~Σyi!

@nΣxi
2 2 ~Σxi!

2#1/2 @n~Σyi
2! 2 ~Σyi!

2#1/2 (14)

NOTE 5—r may vary from –1 to +1, where values of +1 or –1 indicate
perfect (100 %) correlation and 0 indicates no (0 %) correlation, that is,
random scatter. A positive (+) value indicates a positive slope and a
negative (–) indicates a negative slope.

6.3 Propagation of Uncertainties:
6.3.1 The law of propagation of uncertainties, neglecting the

cross terms, is given by:

sz
2 5 Σ@~]z ⁄ ]i!si#

2 (15)

or

sz 5 $Σ @~]z ⁄ ]i! si#
2%2 (16)

6.3.2 For example, given the function z = a d /c, then the
sensitivity coefficient for a is ∂z/∂a = d/c, for d is ∂z/∂d = a/c,
and for c is ∂z/∂c = –ad/c2.

6.3.3 Eq 16 becomes:

sz 5 $@~]z ⁄ ]a!sa#2 1 @~]z ⁄ ]d!sd#
2 1 @~]z ⁄ ]c!sc#

2%1⁄2 (17)

or

sz 5 $~d sa ⁄ c!2 1 ~a sd ⁄ b!2 1 ~a d sc ⁄ c2!2%1⁄2

6.3.4 Dividing both sides of the equation by z = a d/c,
yields:

sz ⁄z 5 $~sa ⁄ a!2 1 ~ sd ⁄ d!2 1 ~ sc ⁄ c!2%1⁄2 (18)

6.3.5 The form of Eq 17 has been determined for a number
of functions and is presented in Table 1.

6.4 Example Calculations:
6.4.1 Table 2 provides an example set of data and interme-

diate calculations which may be used to examine the manual
calculation of slope (m) and its standard deviation (sm) and of
the intercept (b) and its standard deviation (sb).

6.4.1.1 The values in Columns A and B are experimental
parameters with xi being the independent parameter and yi the
dependent parameter.

6.4.1.2 From the individual values of xi and yi in Columns A
and B in Table 2, the values for xi

2 and xiyi are calculated and
placed in Columns C and D.

6.4.1.3 The values in columns A, B, C, and D are summed
(added) to obtain Σxi = 76.0, Σyi = 86.7, Σxi

2 = 1540.0, and Σxiyi

= 1753.9, respectively.
6.4.1.4 The denominator (D) is calculated using Eq 13 and

the values Σxi
2 = 1540.0 and Σxi = 76.0 from 6.4.1.3.

D 5 ~6·1540.0! 2 ~76.0·76.0! 5 3464.0 (26)

6.4.1.5 The value for m is calculated using the values n = 6
Σxi · yi = 1753.9, Σxi = 76.0, Σyi = 86.7, and D = 3640.0, from
6.4.1.3 and 6.4.1.4 and Eq 7:

m 5
nΣ~xi yi! 2 Σxi Σyi

D
(27)

m 5
~6·1753.9! 2 ~76.0·86.7!

3464.0
5

10523.4 2 6589.2
3464.0

(28)

51.1357

6.4.1.6 The value for b is calculated using the values n = 6,
Σxi · yi = 1753.9, Σxi = 76.0, and Σyi = 86.7, from 6.4.1.3 and
6.4.1.4 and Eq 8:

b 5
~1540.0·86.7! 2 ~76.0·1753.9!

3464.0
5

133518.0 2 133296.4
3464.0

(29)

50.064

6.4.1.7 Using the values for m = 1.1357 and b = 0.064 from
6.4.1.5 and 6.4.1.6, and the value Σxi = 76.0 from Table 2, the
n = 6, values for δyi are calculated values using Eq 9 and
recorded in Column F in Table 2.

6.4.1.8 From the values in Column F of Table 2, the six
values for (δyi)

2 are calculated and recorded in Column G.

TABLE 1 Uncertainties (4)

Description Example Uncertainty
Addition or Subtraction z = a + d – c

sz 5 fssad2 1 ssdd2 1 sscd2g1⁄2 (19)

Multiplication or Division z = a d /c
sz 5 fssa ⁄ ad2 1 ssd ⁄ dd2 1 ssc ⁄ cd2g1⁄2 (20)

Exponential z = ax

sz ⁄z 5 xssa ⁄ ad (21)

Logarithmic z = log10a
sz 5 0.434sa ⁄a (22)

z = ln a
sz 5 sa ⁄a (23)

Antilogarithm z = 10a

sz ⁄z 5 2.303sa (24)

z = ea

sz ⁄z 5 sa (25)
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6.4.1.9 The values in Column G of Table 2 are summed to
obtain Σ (δyi)

2.
6.4.1.10 The value of sy is calculated using the value from

6.4.1.9 and Eq 10:

sy 5 @0.050 092 02/4#1/2 5 0.1119 (30)

6.4.1.11 The value for sm (expressed to two significant
figures) is calculated using the values of D = 3464.0 and sy =
0.1119 from 6.4.1.4 and 6.4.1.10, respectively.

sm 5 0.1119 F 6
3464.0G

1/2

5 0.0047 (31)

6.4.1.12 The value for sb (expressed to two significant
figures) is calculated using the values ofΣxi

2, D = 3464.0, and
sy = 0.119, from 6.4.1.3, 6.4.1.4, and 6.4.1.10, respectively.

sb 5 0.1119 F 1540.0
3464.0G

1/2

5 0.075 (32)

6.4.1.13 The value of the slope along with its estimation of
precision is obtained from 6.4.1.5 and 6.4.1.11 and reported as
follows:

m6sm (33)

m 5 1.135760.0047 (34)

6.4.2 Table 2 provides an example set of data that may be
used to examine the manual calculation of the correlation
coefficient (r).

6.4.2.1 The value of r is calculated using the values n = 6,
Σxi = 76.0, Σyi = 86.7, Σxi

2 = 1540.0, Σxiyi = 1753.9, and
Σ(yI)

2 = 1997.57 from Table 2 and Eq 14.

r 5
$~6·1753.9! 2 ~76.0·86.7!%

$@~6·1540.0! 2 ~76.0·76.0!#1/2·@~6·1997.57! 2 ~86.7·86.7!#1/2%

(35)

5
$10523.4 2 6589.2%

$@9240 2 5776#1/2·@11985.42 2 7516.89#1/2%

5
3934.2

$@3464#1/2·@4468.53#1/2%

5
3934.2

$58.856·66.847%

50.99996

6.4.3 Thermal conductivity (λ) is determined by the flash
method using the equation λ = ρ cpa. One worker (5) provides
values of ρ = 8.340 6 0.04 g (cm)-3, cp = 0.444 6 0.009 J g-1

K-1 and a = 3.428 6 0.09 (mm)2 s-1.

6.4.3.1 Since λ is of the form z = a d c, the value of sz is
calculated using the values from 6.4.3 and Eq 18.

sλ 5 @~0.04 ⁄ 8.340!2 1 ~0.009 ⁄ 0.444!2 1 ~0.09 ⁄ 3.428!2#1⁄2(36)

5@~0.48 %!2 1 ~2.0 %!2 1 2.6 %!2#1⁄2

5@0.230 1 4.00 1 6.76#1⁄2 %

5@10.96#1⁄2 %

53.3 %

7. Report

7.1 Report the following information:

7.1.1 All of the statistical values required to meet the needs
of the respective applications method.

7.1.2 The specific dated version of this practice that is used.

8. Keywords

8.1 best fit; error; intercept; linear regression; mean; preci-
sion; propagation of uncertainties; relative standard deviation;
slope; standard deviation; variance; uncertainty

TABLE 2 Example Set of Data and Intermediate Calculations (n = 6)

Column A B C D E F G H
Experi-
ment

xi yi xi
2 xi yi m xi + b δyi (δ yi)

2 (yi)
2

1 1.0 1.2 1.0 1.2 1.1997 0.0003 0.000 000 09 1.44
2 1.0 1.3 1.0 1.3 1.1997 0.1003 0.010 060 09 1.69
3 12.0 13.7 144.0 164.0 13.6924 0.0076 0.000 057 76 187.69
4 12.0 13.5 144.0 162.0 13.6924 -0.1924 0.037 017 76 182.25
5 25.0 28.5 625.0 712.5 28.4565 0.0435 0.001 892 25 812.25
6 25.0 28.5 625.0 712.5 28.4565 0.0435 0.001 892 25 812.25

____ ____ _____ _____ ____________ _______
Σ 76.0 86.7 1540.0 1753.9 0.050 920 20 1997.57
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that may impact the use of this standard. (Approved April 1, 2016.)

(1) Editorial changes to 1.2, 1.3, 2.1, 4.2.3, 4.2.4, 6.2, and
Section 8.

(2) Addition of 6.3, Table 1, 6.4.3, and 6.4.3.1.
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